KEQAAAIO |

O1 BACIKEG €VvvoIeG

1.1 Aodproteg £vvoleg, aftopata

AUTO 10YUel aKOW KAl yia To 1610 pag 1o ey®:
10 avtidapBavopaote POVOV @G EKONA®OT, OXL
®G KATL TTOU Prtopet va urdpxet kad eauto.

Thomas Mann, Schopenhauer

Ot évvoleg, TOUAGY10TOV O1 pabnuatikeg, eivat oav tig Popdeg UANG, mou dlaom@viatl o popla, autd og
dtopa rmou He T Og1pd Toug dlacTievial ota otoiXelwdn oopatidia k.Am. X yeoperpia n diaomnaon
og 0Aogva armouotepeg £vvoleg KataAnyetl otig Aeyopeveg adploteg évvoileg. 'Evvoieg rou eivatl tooo
AarAég KAl O1KElEG Ao v eprelpia pag, ®ote dev propovpe va Bpoupe o armiég pe ) Porndeia tov
oroiwv va tg nieptypdywoupe ([Hel76]). Tétoleg évvoieg oty Tewpetpia ival to onpeto, 1o eninedo,
0 X®pog, 1 eubeia, n évvola tou onpeiou petagu Svo dAdwv onpeiov Kat n évvola g todtntag Suo
OXNUATOU.

MaBaivoupe va xepilopaocte auteg TG £vvoleg BACEL TV 1810THTMV TOUG 1] A§LOHRATOV IT0U IEPT-
YPAPOUV KATO XAPAKINPIOTIKA TOUG Kal Ta omnoia anodsyousda xwpic anodein. Bexkivdpe Aomov
He TG aopioteg évvoleg. [eptypagouiie TG Baoikeg 1610TTeg TOUG e adidpata Kat and Kel Kat répa,
ouvdudadoviag tig Baoikeég 1810tnteg pe ) Aoyikr), oupnepaivoupe diAeg 1610tnteg, ta dewpnuata 1
IIPOTACELS KAl Ta Topiopiata (Apeoeg Aoyikég ouvenieleg tov Sewpnudtev). Ta péxpig evég onueiou a-
nodeixBevia Sewprjpata padl pe ta aflopata, XPrnotpornolouvial yid va OURIEPAVOULE VEEG 1810 Teg,
6nAadn véa Sewpnpata.

Me 10V tpo1I0 autod Ytioupe olya-olyd €éva KaAd opyavepévo Kat SOPNPEVO TTVEURATIKO 01K0§0-
Pnpa mou oUuykpotel ) yvoorn pag oty Feopetpia. Eav oe kamoto onpeio kavoupe pa rapadoxr)
A.x. A = B xai, oumpgdpevol ot AOYKr), KAtaAnoupe Ot autod odnyei o avtigpaor mpog KAmoo
alopa 1 ev e petady arodeiyBev Sewpnpa, tote Aépe 6t 1) unoBeon) pag odnyet oe droro Kat eipacte
UTIoXpE®PEVOL va SexBoupe 0Tl 10XUEL 1] AOYIKY apvnon tng 8otntag (oto mapadetypa A # B). H
1€B08og autr) tou cUAAOYIOPOU Aéyetatl €1 ATOMOV AMAY®YN KAl XP1olooteital Katd KOpov oty
yeopetpia.

H EuxAeibela Tewpetpia e§etalet 11g 181011eg OXNIATOV OTO X®PO KAl TO erinedo Kat Kuping autég
rou oxetidoviat pe petprioetg. Qg oxnpa Sewpoupe orotadjriote cuAdoyr) onpeiov tou ermredou (e-
niiredo oxnpa) 1) 1ou XwWPou (oxnpa oto Xwpo). Metpdpe pfkn, yovieg kat epBadd. Lto X®wpo petpdpe
Kat OyKoug. Zuvh0wg 1o pabnpa xopidetat oe §Uo pépn. 10 POTO PEPOG, IToU ovoudletal emunedo-
petpia, e§etdlovial 1810u)teg OXNUAT®V TOU EMUTESOU, OIKG TO TPIYOVO, TO TEIPAY®VO, 0 KUKAOG K.ATL.
Y10 Seutepo pépog, mou ovopaletal otepEopeTpia, sgetadovial 1810tneg WV OXNUAT®V TOU XOPOoU,



2 KE®AAAIO 1. OI BAXIKEYX ENNOIEX

Om®G 0 KUB0g, 1 opaipa K.Ar.

2x06A10-1 Ta afivpata rou da erudédoupe ©g Baoikég 1810t teg Kal onueio ekkivnong g pelé-
g pag, dev eival mpaypatuka ave§aputa petadu toug. Oplopéva anod autd £ival OUVENEIEG TV
daAAwv. Enopévaeg, 9a priopovoayie va ekivrjooupe pe Atyotepa, avedptnta petagy toug, adAd emap-
K] yla va anodeioupe 0Aeg 11g urtodotreg 1610t1eg g dewprjpata. Auto ®otooo 9a eixe ) ouvérnela
va XpovotpiBrjooupe og TIOAU AMAEG 1810TNTEG, ATTOSEIKVUOVIAG TI§ KAl AUTEG @G OUVETTEIEG TOV Aly®V
adlopdtev pag.

[Mpotipnoa Aordv va eVoePIAT®o® KATTOEG artd autég TG 1810trteg ota afiopatda, pe ) llocodia
OTL I ATIOKAAUYI ITI0 KPUP®V 1810 TRV SN1oupyel Iep1oootepo evitapépov and v embBeBainon tov
npopavav. T'a pia drapopetiky) opeia, 0o egetdletal Aertopep®s 10 9épa 1oV aSlopdtev, propet
Kaveig va &et 1o oAU yvwoto BiBAio [Hil03] tou Hilbert 1862-1943, rou sivat aplepop£vo e§ 0AOKATL-
POU 0TI OUZTNON TV ASIOPATOV, TNV AVESAPTNoia Toug Kat ) HETASy TOUg PN-avidatkotntd. Ao
auto 1o BBAi0 TIPoEpxoVIal KAl Td MEPLosOTEPA TRV ASIOIAT®V TG eUbeiag IO H1aTUNIOVE MAPAKATE.
AvTika010T6) ©OTO00 PEPTKA aATtd autd pe adliopata arno 1o ouotnua tou Birkhoff 1884-1944 ([Bir32]),
rou e§aopadidouv 1o ot o1 eubeieg eivat, otnv oucia, avilypada T0U GUVOAOU T®V MPAYHATIKOV apld-
pov.

Ag onpewdel maviwg, ot n Yepedionon tng EukAeidelag yeoperpiag propet va yivel kat pe oAy
Atya a§wopata. O Hilbert, oto ripoavagepBév BiBAio tou, kabog kat o Cairns 1904-1982 ([Cai33]),
6idouv ouotrjuata pe téooepa povov adtopata. O Bachmann 1909-1982 ([Bac73]) 6i6et éva cuotpa
EVIE a§lopAtey. e 0Aa autd Ta CUCT ATt OR®S UIElEPXOoVTIAL To ouvOeteg nadnuaukég Sopég
(tortoAoy1kol X®Opot, petacXnpatiopol, opadsg K.a.).

IX06A10-2 Ta otoixeia tou Eukleibn (mepimou 325-265 m.X.) ([Hei85], [Hea08]) apyitouv pe v
napaBeon 23 oplopdv o1 4 MPOTOL €K TV OIOI®MV Kat 0 tedeutaiog eivat ot e§Ag:

(1) Znpeiov éotv, oU 11€POG OUBEV.

(2) Tpappn 6e prnKog armatég.

(3) T'papung de mépata onpeia.

(4) EuBeia ypappn eotw, 1ug €§ 100U 101G £ £aUTr|§ OnHeiog Keitat.

(23) IMapaAAnAot ewotv eubeiatl, aitiveg ev @ aAUTE erUIedem ovoal Kat eKBaAAopeval €1§ ATIEIPOV e
ekdtepa ta pépn ert pundétepa ouprinouoty aAAnAaig.
Apéowg peta toug 23 oplopoug akodouBouv ta 5 Attjpata, rou gpeig ovopddoupe aSiovpata:

Hutr)o6e arno naviog onpeiou emni rmav onpeiov eubeiav ypappnv ayayeiv.
Kat menepaopévnyv eubeiav katd 1o ouvexég err’ eubeiag ekBaleiv.
Kat mavti kévipe kat draotrjpatt KUkAov ypdgpeobat.

Kat mdoag tag opBag ywviag ioag adAniag sivat.

ok N

Kat edv e1g 600 eubeiag eubeia eprminovoa tag evog Kat el ta autd pépn yoviag duo opbaov
eldooovag motr), ekBaAlopévag tag SUo eubeiag eIT ATIELPOV CUNIUITIEY, £ A P€PT €101V Al TV
600 0pBAV EAACOOVEG.

TTOUG 0p1loPoUg aUToUg TEPIEXOVIAL, TO00 £VVOlEG TIOU el Tepiypayape og aoptoteg (1,2,4), 6oo
Kal Kavovikoi optopol, onwg toug divoupe kat onpepa (3,23). Ta mévie a§iopata tou EuxkAeidn
duotuxwg dev emapkouv yla Vv arnodeln 0Awv TV MPOTAce®v Iou akodoubouv oto BiBAio tou.
ZuxvdA XPIOHOTIOEL KATIOEG 1810TnTeg Iou Sev IMPOKUITIOUV artd Td MEVIE auTtd adidpatd, Imou eivat
OH®OG 0WOTEG. ATAG Xpetadetat 1) ripooBnKkn Kat AAAeV a§lopdiev, MOTE va IPOKUYEL AUTO ToU OrjHepa
Aépe mAnpeg ovotnua afloudtov, To Oroio eivat IKavo va opiget 1g arodei§elg GAov v 1810t TV
TOV OXNHATEV ITOU avaKAAUTTIoupe Kat va 1§ BaAet oe pia Aoyikr) oetpa ([Youl?, o. 36]).

TXeuKd pe 1o Atyo Xpovo rmou avadiokel o EukAeidng otoug oplopoug Kat ta a§lopatd CUPQOVE,
ylati Kat enavaAnyiv X6 mapatnpenoet 0Tt 6tav o pabntrg moAtopkeital pe s1acapnoetg Kat avdiuon
AETIIOPEPEIDV V1A EVVOLEG TOV OTOIMV £XEL P QUOIKT 51aioBnon, tote apyidel va appiBaddet kat yia
autd mou 1&epe Kat va priepdevctal meptocdtepo, avti va getidetat. Xpetdletat Aoirdv mpocoxr], wote
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TIEPLO0OTEPO va eVIoXUOEL 1 pUOKT) Tou S1aioBnon yla autd rmou katadaBaivel pe KArolo tporo, napd
va apdo8nindet n §1aiobnor| Tou Kat ot IPONYOUHEVES EPIEIPIKES YVAOOELS TOU.

Axoloubavrag Aowrov tov Eukdeidn), 6ev 9a otabwm 18iaitepa oug aopioteg £vvoieg Kat ta aglopa-
1a ([Youl7, o.165], [Log80]). ®a dworm éva ouotnua mAnpeg, KAvo va otnpitel 0Aeg TG peténetta
npotdocelg pag kat dewprnpata. Epruoteudpevog, wotooo, ) diaiobnon tou avayvootn, dev 9a ou-
Inoe 18uaitepa tig aAAnAe§aptioelg 1OV aSlOPATOV AUTEV Kal TIS aoploteg EVVOlEg OTIG OToieg autd
avagépoviat.

1.2 Eu6cia kat euOvypappo tpnipa

H eubeia ypappr) eivatl katnyopnpa tou aneipou. Emiong o avbperog
ou rpoatcfavetat 1o Arepo o avarnapdyet ota €pya tou.

Honore de Balzac, H Avdponwn Kouwbdia

To ertirebo aroteAeitat ard onpeia rou oupBoAilope pe kepadaia ypappata A, B, I, ... 1] kepadaia
pe tovoug A’, B, I'’, ... fj kepadaia pe beikteg Ay, Ag, ... KA. To onuavikotepo Kat €va aro ta
mo arld oxnuata tou erurnédou eival i eubeia nou cupBoAidoupe pe pikpd ypappata &, ¢, 1, ... 0

Zxnua 1.2.1: Eubeia ¢

ypdppata pe tovoug €, ¢, ... 1 ypappata pe deikieg €1, &, ... KA a ug eubeieg Sexdpaote g
€ENg apy1kEG 1810t teg (adiopara).

Afiopa 1.2.1 Avo dwagopetica onueia A, B opifouv uia axpibag evdeia mou oupbofifoue ue AB.

Zxnua 1.2.2: Eubeia AB

Afiopa 1.2.2 Kdde evdeia gxet ansipa onueia. INa kade eudeia Uapouv drelpa onuela tou emmeSou
rou Sev avnkouv os autiv. I'ia KAde ONUEIO UTAPXOUV ATelpes eUdeicg Tou Sev biépyovtal ano avto.

Afiopa 1.2.3 Kdde eudeia ywpilet 10 eninedo oe dUo uépn mou Acyovtar npienineda, ta omoia Sev
&xouv kowa onueia pe ™ evdeia. Mia eudeia mou gxet SUo onueia A kat B oe Stapopeticad nuienineda
g evdeiag € Téuvel TNL gvdela € (1o TPT0 YeDpPnUa Tapardate AeL 0Tl UTapx et TOTe £va akpiBa¢ oNueio
Tour¢ g € pue mu evdeia AB). Zuxva xpnoworowovue t AEfn pEPLa g eudeiag, evvowurag va amo
ta dvo nuienineba avtrg.

Zxnpa 1.2.3: Hpentineda opidopeva amno pia eubesia
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Afiopa 1.2.4 Avo onueia A, B ag evdeiag € opidouv éva eu@lypappo Tpfpa nou ouuboAifouue
emiong ue AB. To AB anotefleitar ano ta A, B kadw¢ kat 0a ta onueia mou supiorovtar peta§ld tou
A rat tou B. Ta A kat B A¢yovtar arpa tou euduypduuou tunuatog. Ta onueia tou evduypdupou
TUNUATOG, EKTOC TV AKP®U, AgUe OTL anoteloUv T0 EOWTEPLRO TOU EUOUYPAUUOU TUNUATOG.

o ©

o
A

xnpa 1.2.4: Eubuypappo urpa AB

Afiopa 1.2.5 Av ta onueia A rat B supiokovtar oto 610 nuieninedo mg evdeiag &, 10t Kkat oda
Ta onueia tou gvduypauuou tunuatog AB mepiéyovtar oto (6o nuieminedo. Av ta onueia A kar B
eupiokovtar oe dagopstika nuietineda mg svdeiag €, 10te 10 onueto touns E g evdeiag € kar e
evdeiag AB eupioketatl petalv tov A kat B.

A
TZxnpa 1.2.5: A xkat B og Stagopetika npienineda g

Ex06A10-1 10 ASiopa 1.2.4 n Aégn petafu sivat adplon. Oa yivel caprg OPKS OtV EMOUEVH IIAPA-
ypago pe ) Borbeia g £vvolag Tou PHKOUG ToU eUBUYPAPIoU TUNIATOG.

IX0A10-2 H xprjon tou 16iou ocupBolou AB yila 1o eubBuypappo tuipa kabwg kat v eubeia mou
opietat amo ta A kat B §ev npénetl va pag naparmdava. Kdbe @opd n onpaocia tou cupBoédou Sa
IIPOKUITIEL ATIO Ta oUpdpadopeva. Zuyxvd Sa ypagouyie yia v eubeia € = AB, Sswpoviag ot autd to
oUPBOAO AVTUTPOORITEVEL T PPAon 1 £uBeia € mou opiletatl and ta onpeia A kat B. Luyva eriong
9a Sswpoviie o1 1o eubUypappo tunua AB kabopilel pia katetOuvon e g eubeiag AB kat Ott to
A elval n apx1) kat 1o B eival 1o népag (1 1€Aog) tou tpnpartog AB.

A’ B’

Ixfpa 1.2.6: IMapdadindeg AB kat A’'B’

IMapaAAnAeg ovopdadoupe o eubeieg ou dev tépvoviat. Zuxvd tnv eubeia, oty onoia meptéxetat
éva eubuypappo tufpa, ovopdloupe @opéa tou subuypdappou turpatog. IHapdAAnAa Aépe Suo
eubUypappa THPATa TV Oroimv o1 opelg eival eubeieg apaddndeg. Tépvouoatng cubeiag € Aépe
pia eubeia €, S1aPopetik) G &, IOV TEPVEL TNV &.

Ixnua 1.2.7: Tepvopeveg eubeieg € kat &
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IIpdtaon 1.2.1 Avo diagopetikeg eudeieg 1) elval tapdAANAeS 1) TEuvovTal oe £va akpBOg ONUEIO.

Amndbeiln: Zinv Ipdtaon 1.13.1 Sa oupe 611 unAPXoUV OVIeG TTapdAAnldeg eubeieg. Av o1 duUo eubeieg
e xatl & Sev tépvoviat, tote givat § oplopou rapdAAndeg. Av tépvoviat, Tote 9a £Xouv £va 116Vo Koo
onpeio A. Touto 61011, av eixav kat deutepo onpeio toung B, Stagopetikd tou A, Sa sixape 6o
dlapopetikég eubeieg € kat & Siepyxopeveg and ta dvo onpeia A kat B, mou eivat advvatov ot
avugdoket oo ASiopa 1.2.1, 0.€.5.

‘Aoxrnon 1.2.1 Aibetai evdeia e. Acife o1, av 1o evdUypauuo tunua AB Sev téuvet t eudeia g, T0te 1a
onueia A xat B mepigyovtat oto 610 nuieminedo.

A/B

&

Zxnpa 1.2.8: A, B and wv 1dia pepld ing &

Yrobeiln : Xprion g €1g ATOMOV anaynyng. Ymobeoe ot 1o AB dev tépvel v € kat ta A, B epiéxoviat
oe dlapopetika nuternineda mg e. Tote, katd 1o Afiopa 1.2.5, 1o eubuypappo tpnpa AB Sa tépvet
v € o€ éva onpeio E, aviipaokoviag otnVv urobeor).

‘Aoxrnon 1.2.2 Acife ou yia kade onueio O 10U emMESOU UTAPYXOUV ATelpeg eUdeleg SlEPYOUEVES ATLO
avo.

X\ Y z
Zxnupa 1.2.9: Anepia eubeiwv d1a tou O

Ynodeiln: Oswpnoe pia eubeia € rou Sev Sigpxetatl ard o O. Katad to Afiopa 1.2.2, unapxet pia
1étola eubeia. ‘Oploe katory tig eubeieg OX, OY, ... K.AM. 10U S1Epxovral arod 1o O kat éva onpeio
avtictoxa X, Y,..., Z g e. Kat mdAt katd o A§lopa 1.2.2, unapyouv dnepa onpeia X, Y,..., Z erd
G € Kat Kabe éva and auvtd opilet pia Stapopetikn eubeia rou Siepxetar ano 1o O.

1.3 Mnxkog, andotaoct)

MiAnoa oV apxr yia optopous. 'a va tedeiwon, 9a fsda va e
0Tl KAvoupe éva oAU ouvnOiopévo AdBog, otav dempoupe rwg dev
yveopidoupe kdu enetdr) Sev elpaote kavoi va to opicoupe.

Jorge Luis Borges, H téyvn tou otiyou

Ta afiopata autig mg napaypd@ou ouviéouv TG eubeieg e TOUG MPAYHRATIKOUG aplOpoug 11£0®
g €vvolag g amootaong SUo onpeimv, anocapnvifouv mv évvola tou onueiov puetalv 6vo dAdwv
onueio, Kabmg Kat v €vvola Tou eubuypdppou tpfipatog AB, ou aroteAeital aro oAa ta onpeia
petadu wv A, B.
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Afiopa 1.3.1 Ia kdde {evyog onueiov A kar B opiletat évag mpayuarkog apduog |AB| > 0 mou
ovoualoupe anéotacy 1w onuelowv kat tkavornotel 1g 101omtes |AB| = |BA| kat|AB| = 0 tdte kai uovov,
Jdtav ta onueia avta tavtifovtat.

A E B

Txfna 1.3.1: |AB| = |AE| + |EB]

AoBéviev 6Uo onpeiwv A kat B, Aépe ot 1o onueio E supioketal petafu tov 1) avapeoa ota A xat B
(Zxnpa 1.3.1), otav niepiéxetat oty eubeia tov A, B Kat 10XUeL

|AE| + |[EB| = |AB].

Afiopa 1.3.2 a kade pada Siagopeticodv onueiov A, B kat E mg¢ ibiag sudeiag, va ek tov 10tdv
elvar avaueoa ota aifa 6vo. Av 1o E givat uetav twv A kar B, 1o0te |AB| = |AE| +|EB|. Kat avtiotpoga,
av wxver avtn n oxéon, tote 10 E givar uetalv tov A kat B.

Zxnua 1.3.2: Znpueia oe andotaor § arnd 10 AKPO AVUKEIPEVOV NIEUOEIOV

Af§iopa 1.3.3 'Eva onucio A gudeiag e ywpiler tqu evdela oe §vo ugon € rat &’ mov éxouv povaducd
Koo onueio 10 A kat Aéyovtal nuieuBeieg Le Arpo 1) apXn 10 A. ['a kade Ietud apduod & unapyet
éva axpiBag onueio B' otnu & ue |B'A|l = 6 kat éva axpibeg onueio B omu ¢’ ue |B’Al = 6. To A givar
10 pE€oov tou euduypauuou tunuatog B'B”.

Edv ta onpeia A, B’ xat B” nepiéxoviat oty idwa eubeia ¢ xat €, €’ oupBoAidouv tig nuieubeieg tng
£ He axkpo 10 A, Aépe ou ta B', B” elval o 81apopeTirEG peEPLEG 10U A OTAV TO £va TEPIEXETAL OTNV
& rat 1o dAdo oy £’ (Exfpa 1.3.2). Aépe 6u ta B kat B” eivat ano v iéta pepra tou A dtav
mepLEYOVIAl Kat ta 8uo oe pia aro ug € kat €.

Mrkog tou eubuypappou tpunpatog AB ovopaloupe v ardotaon [AB| tov dkpev tou. Agpe ot
8u0 eubuypappa unpata AB kat I'4 ing i81ag eubeiag 1) Srapopetikov eubeiov eivatl ioa otav xouv
10 1610 pnkog.

Ot 6Uo nuieubeieg rou opidoviat arnd 1o onueio A erti ng eubeiag € Aéyovial avuikeipeveg. Ia-
paAAnAeg ovopaloupe Uo nuieubeieg rou nepiExovial oe riapaddndeg subeieg.

Zx06A10 To Afiopa 1.3.3 tev eubetwv onpaivel 61t PIopovie va KATAOKEUACOUE eUOUYypappio Turpa
ortoloudrote prjkoug Yedoupe. H mpaktiky KATaoKeur A.X. MeEPlopldopevol povo ota duo dpyava
oxedlaong Tou kavova (xapaxa) kat tou dabrty, onwg ouvnBidetat, eival Eéva dido 9¢pa mou Sa pag
AraoyoAnoetl KAtd Kalpoug. I1.X. n KAtaokeun tou Péoou M evog §00£viog eubuypapiou tTHnpatog
AB pe ) Borjfeia tou kKavova KAt tou 61abhtn arnattel yvoon v 1810tV T0U KUKAOU 1tou Sev
gxoupe pdbet akopn. Qotdéoo n arodeidn g vrapsng tou M BAcEl TOV mApArave 1810tV eivat
arn.

‘Aoxnon 1.3.1 'Eow ou B kat E eivar 6vo onueia oty ibia nuicvdeia AX pe dkpo 10 A. Agie ot n
|AE| > |AB| ovvenayetar ot 1o B givar puetalv tov A kat E. Kai avtiotpoga, av 10 B givar avduesoa oto
A rat 10 E, 10T€ 10)UEL 1] TOONYOUUEVN OXEON.
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A B E X

Zxnua 1.3.3: To B avapeoa oto A kat 1o E

Ynodeiln : "Eotw ott to B 8ev eivat petadu v A xkat E. Tote 1) to B 9a tautiletat pe 1o E Kat ouvenag,
|AB| = |AE|, mou eivat dtoro, 1 1o E 9a sivat petady wv A kat B omote, katd to A§lopa 1.3.2, Sa
woxvetl |AE| + |[EB| = |AB|. Auto 6pweg ouverntayetat ot |[AB| > |AE|, avtibeta pie v undbeon.

‘Aoxknon 1.3.2 (AumAaociaoudg evduypdupou tunuarog) Aibetar evdvypauuo unua AB. Agife ou otnu
evdeia AB umapyouv dvo onueia E kat Z 1ot eote 10 B va givar 1o péoov touv AE kat 10 A va givat 1o
uéoov tou ZB.

Z A B E

Zxnpa 1.3.4: Autdaoctaopog tou AB

Ynodeln : Tlape 1o E eni g nuieubeiag pe akpo to B rou Sev mepiéxetl 1o A kat og arootaot) |AB]
arto 1o B. Avdaloya ripdge ya to Z.

‘Aoxrnon 1.3.3 Acife ot yia wade evdvypauuo tunua AB, undpyet éva akpibog onueio M (to puéoov
tou AB) étot wote |AM| = |MB|.

Yrodein: Av |AB| = A, 16te 10 onpeio M oe andotaon /2 and to A 1pog ) PePd Tou B, 1mou
eSaopadiletal arno 1o ASiopa 1.3.3, eivat to {nrovpevo.

‘Aoxknon 1.3.4 Acife o, av §vo onueia A kat B givat ano mu ibia uepia evdeiag g, 10te 10 U UYPaupo
unua AB 6ev téuvetl T €.

Yrobeiln: Av 1o AB gtepve Ty €, 10te 10 onpeto topng I Sa frav dapopetkd twv A kat B, apa Sa
frav petady avtov kat Ya eixape avtigpaon oto Afiopa 1.2.5.

‘Aoxrnon 1.3.5 Acife ou pia evdeia € eivar tapaiiniog mg € 10te Kkat uovov, otav £va ek 1LV dU0
NUETUTES®V NG € TePlE)el kKade (eUyog SlaPopetikdv onuelwv g € .

Ynobeifn: Av uniapyouv duo onueia A xat B g £ mepiexopeva oe Siapopetkd nuierineda g &,
1ote Kata 1o ASiopa 1.2.5, n & 9a tépver v €. Avtiotpoga, av éva arno ta duo nuierineda mg &
repiéxel 6Aa ta duvatd {euyn onpeiwv g &', tote autr) Sev Propet va tépvel v €. Av v £IEPVE OTO
onpeio A, tote 10 A 9a 6pie dUo avukeipeveg nueubeieg e tng € Kat eruAéyoviag amno €va onueio
oe kaBe nuieubeia 9a Bpiokape §Yo onpeia ng € oe SaPpopeukd nuierineda g &.

‘Aoxrnon 1.3.6 Acife ou ta onueia B kai I ¢ evdeiag € givat and mu ibia pepid tov onueiov A g &,
101e Kat povov, otav |BI'| = ||AB| — |AT|.

Ynobeiln: Av ta B, I' eivat ounv i6a nuieubeia tou A, tote 1) 10 B Sa eival petagu tou A kat I, ondte
Al = |AB| + |BI'|, fj to I" 9a eivat petady wv A kat B, onote |[AB| = |Al + [I'B|. Zuvenwg, kat otug
8vo neputtwoetg [BI| = ||AB| — |AL], 6nAadr) to {nrovpevo. ITapopolog cuAdoyiopog arnodetkvuet Kat
10 avtiotpogo.

‘Aoxknon 1.3.7 'Eoww M 10 péoov tou evdvypauuou tunuatog AB. Agife Ot av 1o onueio mg ivat oto
£0wtePK0 ToU AB, 101 1 anootaon |I'M| = %III"AI —|I'B||. Eav o I' givai otnv evdeia AB aiia exktdg
tou tunuatog AB, tte |I'M| = %(|I"A| + |B|).
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1.4 Tovieg

Eirte o Atddokaldog: 'Omotog Sev @Aéyetat art o {nio, dev tov patide. ‘Orotog dev
ACYXEL va EKPPAOTEl, Hev TOV KATATOri¢w. Av 08 KAIOO0V AMMOKAAUYE ) pia yovia
rat Sev pou ermotpeyet pe tig dAldeg tpetg, Sev tou eravaiapbave to pabnpa.

Kougoukiog, Avaexta 7.8

Avo nuieubeieg OX, OY pe Koo dxkpo O Kat pn-reptexopeves oty i6ia eubeia, xopidouv 1o ermiredo
oe 600 pépn Kat opidouv pia KUPTH ywvia 1 arid yevia kat pia pn-kuptn yeovia. Kupty yovia

Y
@ 1
Y
Mn-kvptij yovio,
@ Twvio
P X
o
o X

Zxnupa 1.4.1: Teovia XOY Mn)-kupt yovia XOY

) armdd yevia Aéyetatl 1o oxnpa rmou oupBoAidoupe pe XOY xat arotedeitat aro g U0 nuieudeieg
OX xat OY padi pe 1o éva amnod ta 6Uo pépn tou ermredou mou AEyetal £00TEPIKO g yoviag. To
£0WTEPLKO )G yoviag (Exnua 1.4.1-1) eival 1o pépog tou ermutédou mou arotedeital anod ta onpeia
P 1tou 1kavortotouv 1g 6uo 1810tnteg:

1. 10 P xat n nuieuBeia OY eivat aro vy ida peptd tng subeiag OX,

2. 1o P xat n nuieubeia OX eivat aro myv idia pepia g eubeiag OY.

To onueio O Aéyetat Ropudn ng yoviag. Ot nuieubeieg OX, OY Aéyovial MAEUPEG TG Yoviag .
Mn-ruptr yovia Aéyetal To oxnpa rou opiletat dAt and ug nuieubeieg OX xat OY kat ouviotatat
Arto TO UTIOAOLTO PEPOG TOU EMUITESOU €KTOG TOU EOMTEPIKOU TG YRviag XOY kat tov nNueube1dv rmou
mv opifouv (Exfipa 1.4.1-11). To undAowrto autd NEPOG TOU eTUIEGOU OVOPALOUNE E0WTEPLRG NG
Hn-ruptrg yoviag XOY, 1 e§oteptro g Kuptig yoviag XOY.

Zuyva 9a plddpe yua yovieg Xopig va Kavoupe §1akplorn yla 1o av eivat kuptr) 1) pn-kuptr). To akpiBeg
vonua, énAadr) av mpokettal yla Kuptr 1] Pin-Kuptr), 9a mpoKUIel T0TE Ao ta oupppalopeva. Zinv
epirtoorn rou ot SUo nuieubeieg mepiexoviat oty idia eubeia opidoulie TG EMOPIEVES E101KEG YWVIEG.

m 0 X v

X
o

xnpa 1.4.2: IMemAatuopévn yevia Mn&evikr) yovia

IMenmAatuopévn ywvia 1 eubeia yovia ovopadoupe to oxnpa rou arotedeitat arod dUo avuxeipe-
veg nuieubeieg. Ormorodrrote and ta dvo nuiernineda mou opilel n eubeia OX pmnopet va SewpnOet
E0WTEPIKO T EGOTEPIKO NG MEMAATUOUEVNG Yoviag.

Mn&evikrn yovia ovopdioupe 1o oxfjpa rou anotedeitat ano duo tautigopeveg npeubeieg OX kat
OY. @swpoulie 0T 1 Yovia auth) Sev €Xel E0MTEPIKO, EVE OAOKANPO To eminedo mAnv g OX Sswpeitat
10 EEOTEPIKO AUTG NG Yoviag.

IIAfipn otpodn 1 MANPN yovia ovopdadoupe To oXfpa rou arote)eitat ard o tautdopevesg
nueubeieg OX kat OY (Zxhpa 1.4.3). ES6 oG e0mtepiko g yoviag Sewpoupe oAokAnpo to eriredo
mAnv g OX, eve Sev undpyet e§RTEPIKO.

Ot Baoikég 16101teg (aSiopata) IV yovioy ivat ot €§1g:
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X

Zxnpa 1.4.3: TIAnpng otpodn

A§iopa 1.4.1 TNa kdde yovia (kKuptn 1 un’))@ opiletar évag apduog |)?O\Y | = |@(l > 0 mou Aéyetat
BETPO TG Ywviag oc poipeg . Ioxvet |XOY| = 0 10te katr povov otav n yovia givat n undevik.

M B () !
- P
1) X
() 0 o
X
A
xnpa 1.4.4: Toeg yovieg ekatépebdev g OX |)ﬁ | = |)?(i’| + |P/O? |

Afiopa 1.4.2 INa kdde apduo o ue 0 < o < 180° unapyouv 6vo akpibwg nuieudeieg OA, OB otig SUo
nAeupég ¢ evdeiag OX £rot wote ot yovieg XOA kai XOB va ucavorowvv | XOA| = | XOB| = & (Zxnua
1.4.4-1). H nemdatvouévn yovia gxet puétpo 180 poipeg.

Ex apadooeng 10 PETpo @ ot poipeg oupBolidetal pe ©°. 'Etot yovia 30° onpaivet yovia 30 popov.
To 1/60-00t6 tng poipag Aéyetal mpeTo g poipag 1) Aemtéd kat oupbodidetal pe éva tévo. To
1/60-00T16 tou Aertou Aéyetal devtepo tr]g uoipqg Kat oupBoAiletat pe o tovoug. 'Etot, 30°23'11”
oupBoAilet o pérpo mou oovtat pe 30 + = + ﬁ poipeg.

—_— —_—
Avo yovieg ABI™ xat A’ B’ Aéyoviat 10€g, TOTe KAl Povov, otav ta pétpa toug sivat ioa: |ABIT| =
—_—
|A’B'T|.

IX0A10-1 Tuyxvd, ota ernopevad, 9a mapaleirmoupe 11§ AroAuteg TIHES KAt yla 6Uo ioeg ywovieg Sa
ypagpoupe aridd ABI" = A’B'I”’, avti yua |ABI| = |A’B'T"|.

Afiopa 1.4.3 INa kade onueio P 010 e0wTepR0 TG yoviag X0y (KUpTNG 1 UN-KUPTNG), 1a UETPa U
ya)vldw }TO\Y XOP a1 POY ucavomotouv n XO XOY = )?O\P + POY. Ze kdde tétoa Tepintoon Aue ot n
yovia XOY eivai 10 aépolopa twv youldv XOP Kat POY. EUXUa yla va dnAwoovue pa tetola oxéon
9a napaieirovue ta andivia kat 9a ypagpouvue XOY = XOP + POY.

AUO0 ywvieg, TIOU £€XOUV KO1VI] KOPU®I] Kal Pia MAeupd ermiong KoOwvr] Kat pn tepvopeva avtiototxa
E0MTEPIKA (OIS O1 XOP xat POY tou oxnpartog 1.4.4), Aéyovial epedng. Xwpiloviag pia pn-ruptn
yovia oe §Uo pépn, PEO® £vOG ONUEIOU OTO £0MTEPIKO TG, KAl XPNOIHOIIOIOVIAS T0 ITPONYOUHEVO
adiopa, BAémoupe 011 O1 PN-KUPTEG Ywvieg £xouv pétpo @ > 180°. To afiopa s§aopalilet ertiong v
unapgn g dixotrépou, mou eival nuieubeia Siepyopevn anod v KoOpudr) g yoviag Kat ) xwpidet
oe &U0 ioeg (epetng) yovies.

‘Aoxrnon 1.4.1 ('Yrnapn Aiyorouou) Agife ot yia kade yovia X0y unapxet pila akpilbaog nuievdeia OZ
010 E0WTEPLKO NG TOU TN xwpllel oe Vo ioeg yavieg XOZ, ZOY ue |XOZ| = |ZOY| = |XOY| /2.

T'ovia §Uo subuypdappev tunuatwv AB xkat Al', rou éxouv Koo Axkpo to onueio A, Aépe ) yovia
ou oxnpatidetat anod tg aviiotoiyxeg nueubeieg AB kat Al (Zxnpa 1.4.5-1).
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0 (1
r,’ B
e N o
Zxnua 1.4.5: Teovia tpnpatev AB kat AIC ‘ABpoiopa i0eV yoviev

‘Aoxknon 1.4.2 Bpeg ) Siyotopo pag nemjatvousvng yoviag XOY. Agife Ot 10 pETPO pag mANpoug
otpogr¢ elvar 360 poipeg.

‘Aoknon 1. 4 3 _,smv(ovtag ano yeovia AOB UETPOU ©, KartaokevudlOUUE 10 Ue aUTHL ePelns TpOg 10

i610 ugpog BOF r OA KA. INa mowa uépa o n dtadkaoia avty ueta ano v Brpara opilel yovia AO.Q
g omolag N mAsupa O ouumintel pe U apyucy OA (Zxnua 1.4.5-10);

‘Aornon 1.4.4 'Eoto yovia XoY UE UETPO IX/O\Y | = a kat P onueio oto eowteptnd ¢ yoviag. Asife
ot |XOP| < a. Avtiopoga 6¢eife ot yia kade 9etko S < a vmdpyel onueio P e0wtepud ¢ yoviag €10t
wote |XOP| = B. Acife arxdun ot oda avta ta onueia P nepiéyoviar o nuigudeia pe daxpo to O.

‘Aoknon 1.4.5 'Eoww Ou ta onueia A kai B mepiéyovtat 010 e00TEQLULO NG KUPTHS yRLlag XOY. Acile
o kat kdde onueio Tou evduypaupou Tunpuarog AB mepiéxetal oto e0wtepud ¢ ywviag XOY . Acife on
n avdjoyn 1610tia Sev 10X UEL Yla UN-KUPTES YOUIES.

—

Zxnupa 1.4.6: Enpeia oto e001ep1ko yoviag XOY

‘Aoknon 1.4.6 Aibstar kupt yovia XOY xat onueio P emi t¢ avukeiusung nuievdeiag OX' g OX,
Kadw¢ kat onueio Z mg nuievdeiag OY . Acife ot kade onueio H ¢ nuevdeiag PZ eUplokOUEVO EKTOG
T0U gvdUypauuou Tunuatog PZ mepiéxetat oto 0wtepiko e yoviag XOY .

Yrodeiln: Ex kataokeung to H mepiéxetal oy pepia mg €ubeiag OY otnv oroia MmepiEXeTal Kat 1
OX. Emiong ta Z, H niepi€xovtatl aro v idia peptd ng eubeiag OX 616t 1o onpeio toung P ing ZH
pe v OX eilvatl eKtog tou eubuypdppou tpnpatog ZH.

2x06A10-2 To Afiopa 1.4.2 10V yOViOv onuaivel 0Tl PIOPOUHE VA KATAOKEUGOOUHE OMOladrIiote
yovia 9éAoupe kat anod tg 6o pepiég plag nuievbeiag. ‘'Oneg Opeg Kat yla eubuypappa tpnpata
€101 KAl Y1d YOVIEG, 1] IIPAKTIKY KATAOKEUT CUYKEKPIIEVNG Y@Viag e ) Borifeia Tou Kavova Kat Tou
61aBntn, otav auto sivat epikid, onwg A.X. 1 yovia 60 polpav, sivat éva Stapopetiko {nunpa kat Sa
XPEWAOTOUV KAl TTAAL 1810TTeg TOU KUKAOU Y1d VA PITOPECOUE VA S1KALOAOYT)OOUE TV KATAOKEUT).

2X06A10-3 Afilel TOV KOTIO va MApATnprjoel KAVEIG OPIOPEVEG KOWEG 1810TnTeg petady yoviov Kat eubu-
YPAUP®V THNPRATRV, 18iaitepa 6oov apopd g Evvoleg uetalu, dradoyukes kat ueépo. To oxnpa 1.4.7
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7 \f r y
Zxnpa 1.4.7: Avuiotoiyion eubuypdppev THNHATOV - YOVIOV

belxvel OO0 PUOIOAOYIKY €ival autn 1 ouoxEtion. Amnod éva otabepo onpeio O ektog g otabeprg
eubeiag € kat yia kdbe eubuypappo pfpa AB authg Kataokeuddetatl 1) yovia AOB. Méow autng mg
avtiotoiyiong eUBUYPAPPOV TUNHATOV - YOVIOV 01 EVVO1EG TIOU avépepa petadpEpovial amnod v eubeia
otg yovieg pe xopudr) to O. E‘[Ol 10 AF etvat 1o aBpotopa v AB kat Bl' kat 1 avtiotoyn yevia
AOF etvat 1o dBpoiopa twv AOB xat BOF To B eivat petadu v A kat I kat avadoya n OB eivat
petady twv OA xat OI, oe 6Uo Staboxikd eubBUypappa THAPATA AVIIOTOLXOUV EPEELS YOVIEG K.0.K.

Me v gukaipia tou oxnpatog 1.4.7 prnopoupe va 9écoupe apéong 6Uo mpoBAnpata, ta oroia,
Ou®G, yla va Aucoupe 9a rpéretl mpota va padoupe va xewpilopaote kamowa epyaleia (beg ya n
Avon toug g ‘Aoknoetg 3.9.7 kat 3.8.10).

IIpo6Anpa 1.4.1 Ynodeoe ou oo oxnua 1.4.7 n yovia AOB EXEL 0TAdEPO UETPO IA/OTB’I = a Kat mept
otpépetar mepi 1o O. I'a mota 9éon g yiveral 10 UNKog TOU avtioTOLYOU gUdUYPAUUoU Tunuarog AB

eAayioto;

IIpoBAnpa 1.4.2 Ynodeoe ou oto oxnua 1.4.7 o tunua AB yiiotpa tave oty evdeia & ywpic va
aifalet o unrog tou. Ia mowa 9¢on tou AB yivetar n avtiotoryn yevia AOB uéyotn ;

1.5 Toviov £idn

Nopot, oty 1o mAatia onpaocta, eivatl ot avaykaieg ox€oelg 1mou rnydadouv amno t) euon
1@V MPAYHATOV KdAl, PE TV £vvold autr), 6Ad Ta Ovid £X0UV TOUG VOHOUG TOUG.

Montesquieu, To mtvevua 1@V vouwv, 1748

Avo tepvopeveg oto onpeio O subeieg OX kat OY opilouv téooepig yovieg. Ot yovieg autég ava
U0 oxnuatidouv {eUyn KAt KOPUPHRV YOV, SnAadr) yovidv K TOV OIOiOV £KAOTH £XEl ®G TTAEU-

Zxnpa 1.5.1: Tovieg §vo eubeiwv

PEG TIG TIPOEKTAOELS NG AAAng (Exfpa 1.5.1). T s s duo nsnAatucrp.evag XOX' kat YOY’ sxoupa
180° = |XOX'| = |XOY| + |YOX'|. Ertiong 180° = |YOY’| = |YOX| + |XOY’|. Enedry |XOY]| = |YOX|
oUPITEPAiVOUE OTL 01 KATA KOPUPNV YROVIEg YOX’ Kat XOY' etvat ioeg. Avadoya Geixvoupe kat ot ot
XOY xa1 X'OY” sivat i0eg. Arodei§ape ouvenwg myv:
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IIpotaon 1.5.1 Katd Kopu@nv yewvieg glval i0eg.

AU0 ywvieg Tou €xouv dBpotoja pétpev 180° Aéyovial mapanAnpORATIREG. 10 IPONYOULEVO OX1-
pa kdOe euyog 51a80X1IKOV YOVIOV arotedeitatl and maparninpouatkeg yovieg. OpOn Aédyetat pia
yovia rou éxet pérpo 90°. Ilpopavag pia opbr ivat ion pe v naparmnpepatiky mg. IIposkteivo-
vtag TG MAeUpES piag opbng yeviag oto onpeio O, dnAadn dewpwviag Kat TG avikeipeveg nueubeieg
TV AEUP®V, opiloupe T€00EPlS 0pPOEG YwVieg YUP® arod To onpeio auto, mou avd dvo sival 1 katd
KOPUGI)V 1] IAPATIANPOUATIKEG.

’
xnpa 1.5.2: Kdbeteg eubeieg

'Etot §Uo eubeieg Tou tépvoviat oto onpeio O katl oxnuatidouv pia (aro tig 1€ooeptg) yovieg opbr) Sa
oxnuatidouv kat tg uniddoireg opbeg. Auo tétoieg eubeieg Aéyovial kaOeteg. Ofeia Aéyetal pia yovia

oksia apPieio Y
0 X 0

Zxnpa 1.5.3: Ofela kat apBleia yovia

XOY g ortoiag to PErpo |)ﬁ | < 90°. ApBAeia Aéyetal pia yovia tng oroiag to pérpo |)ﬁ | > 90°.
[Mpogpavmg av pia yevia eivat ogeia t1ote 1 naparnpepatkn g da eivat apBleia katr tovpmnaiw.
Aépe ot ) yovia a elval peyadutepn/pikpotepn g yoviag B av 1oxXUel KAt avdaloyo yia ta pétpa
toug: |a| < Bl (avtiotoxa |al > [B]). IIpopaveg kabe apBleia sivat peyadutepn g opbng mou pe
) oe1pd g eival peyadutepn KaOe ofeiag. STUPMANPOHATIRKEG Aéyovial §U0 ywvieg TV ormoiov ta

) X (1

o

Zxnpa 1.5.4: IaparmAnpopPatikeg, ZUPMANPOUATIKEG, TF'ovieg pe kKAOeteg MAEUPES

pépa a, B €xouv aBpotopa a + B = 90° (ExApa 1.5.4-11). I[Ipodpaveg CUPIANPOUATIKEG YoVieg ivatl
ogeleg kat ot dvo.

‘Eva onueio X’ ot0 coatepko piag opbrg yoviag XOY opidel 6U0 CUPMANPOUATIKEG YoVieg a =
X0X’, B=X0OY.

IIpdétaon 1.5.2 Avo ymvisg@ ka1 YOY” mou &xouv s mieupEg Toug avtiototya kKAdeTeg ival 1 10eg
1N napaninpoouatxss (Exnua 1.5.4-11).

Anobeiln: Edv o1 OY kat OY” eivat ripog 1o 1610 pépog g OX’ tdte o1 yovieg a = XOX' xard’ = YOY’
elvat ioeg wg £xouoeg Kowr] ouprAnpepatkn yeovia . Eav ot OY kat OY” eival oe Sapopeuxkda
pépn g OX’ tdte n avuxkeipevn nuieubeia OY’ g OY” oxnuatidel maparmnpopatky g yoviag
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@ = YOY” kai eivat ard 1o 610 pépog g OX’ pe v OY, dpa kata to nponyndév 180° — a’ = a,
0.e.0.

‘Aoxrnon 1.5.1 Acife ou and onueio A gvdeiag € digpyetat pia axpibog eudeia { KAdetog oy &.

A
Zxnupa 1.5.5: Kabetog { g &

Anobeifn: ‘Apeor) ouveénela tou AGiopartog 1.4.2, katd 1o ornoio urtdpyet pia akpBog yovia 90 poipeov
e Kopugn oto A, pia mieupd tautiddpevn Pe Vv € Katl epleXopevn) oe éva amnod ta duo nuierineda
mg &, 0.€.6.

1.6 Tpiywva

Kabapoypappéva peg ota @pouta: 0 KUKAOG, T0 TEIPAYRVO
To tpiywvo kat o popBog

'Onwg ta BAEnouy ta 1ouAld, va yivel arAog o KOo10g

‘Eva oxédilo Iikacoo

Me yuvaika, natdakt Kat rrmokeviaupo.

Odbvoogag EAvmng, Ta etepodaiin

To tpiyevo, petd v eubeia Kat ) ywvia, elvat to armlouotepo oxnpa tou ermmedou. [apd v amdo-
TNTA TOU €XEL ATIELPEG 1O10TNTEG KA ATIOTEAET AVIIKEIIEVO PEALTNG YVOOTOV KAl AYVeOOTeV Madnpatkov
0Awv TeV eroXmv. Ta péxpt topa oupnepdopata eivatl tooa moAAd, Iou OUYKPOTOUV 1861KO KAAS0 g
yeopetpiag, m Aeyopevn ewpetpia tou tpyovou ([Kan96], [Gall3], [Lalb2], [Yiul3]).

Tpiywvo Aéyetal 1o oxrjpa rou opidetat aro tpia onpeia A, B kat I, pn) repiexopeva oe pia xkat
povov eubela, kabwg Kat ta ubUypappia THHpata mou ta evovouv. Ta tpia autd onpeia Aéyoviat

A

@ D

B r

Zxnua 1.6.1: Tpiyovo Eomtepikd Katl eERTEPIKO TPLYHOVOU

KOPUPEG TOU TPpydvou. Ta subuypappa tpnpata rou opidoviatl ard §Uo KOPUPEG TOU TPLYOVOU
Aéyovial MAEUPEG TOU TPy@Vou. I'wvieg TOU TPLydVOU ovopaloupe Tig (KUPTEG) YwVieg Iou oxn)-
patiovtal oe KA KOPUPI TOU AId TG MAEUPEG TOU TPIY®OVOU HE apXl] AUTHV TV KOPU®I). Td HNKI
@V MAEUPOV TAP1oTAvoVIal ouvnOmg e Ta AdTivikd ypappata

a=|BIl, b=|lAl, c=|AB|
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KAt Ta PETPA T®V YOVIOV TOU TPLY®OVoU e ta pikpd EAAnvika
a=|BAIl. B=|BA, y=|ATB famdape a=A B=B, y=1I.

Toug oupBoAilopoug autoug Ya XPNOoIoIolw CUXVA Kdl otd eropeva KedpdaAala.
Aépe o ot yovieg ABI' , ﬁ T'AB sivat avtiotoiya anévavtt tov rieupov Al°, BA xat I'B. To
abpolopa OV PNKOV TV TAEUP®V
o=a+b+c,

A¢yetal mepipetpog tou tptyevou. To T = 0/2 ovopdloupe NRIEPLRETPO TOU TPIYOVOU

‘Eva tpiyevo Aéyetat: (1) o§uyavio, (2) apBAuydvio, (3) okaAnve, 6tav avtiotoixa, (1) €xet 0Aeg
TG YywVieg Tou ogeleg, (2) £xetl pia yovia apBleia, (3) £éxel meupég pe Srapopetkd UK.

Avo tpiyova ABIT kat A’B'I” Aépe ou sivar ioa, dtav éxouv ioeg avtiotoiyxeg rmieupég (a = a’,
b= b, c = ) kat avtiotoka ioeg yovieg (a = a’, B=8. vy =Y.
Ot Baoikeég 1810tteg (afiopata) Tou Py@vou eivat ot egng:

Afiopa 1.6.1 Kdde oiywvo xwpilel 10 eminedo oe SU0 UEPT TO EOWTEPLRO Kal EFWTEPLKO (Zynua
1.6.1-1I). Avo onueia X kar'Y, TeplEXOUEVA OTO EOWTEPUKO TOU TOLYyDOVOU, 0pilouv euduypappuo tunua XY
nou TepiExetat € 0AOKANPOU 0T0 €0WTEPUKO TOU TPLydvoU. Avo onueia X kat Z, TeplexOpusva 1o €va oto
£0WTEPIKO Kat 10 dAfo o1o e€wTepkod Tou, 0pilouv evdUypauuo Tunua XZ 1o omoio 1 TEPLEXEL KOpUPN
TOU TPLy@VOU N TEUVEL pla akplBad¢ TAEUPA TOU TOLY@VOU OE E0WTEPUKLO TG TAcupdg onueio Q.

I’

4 H r A

xnpa 1.6.2: Tpiyova pe avtiotolyeg MAEUPES 10eg

Afiopa 1.6.2 (loomtag 6vo pryevev) Avo iyova ABIT kat A'B'T” mou éyouv avtiotoyeg TAeUPES
ioeg (IAB| = |A’B'|, |BI'| = |B'I"’|, |[l'A| = |’ A’|) eivat ica. AnAadn éouv kat Ti¢ avtioTOL(ES YOVIES 10EG.
Maota arévavt ano avtiotowa (oeg micupeg 9a supiorovtal ioeg yovieg (Exnua 1.6.2).

Zxnua 1.6.3: ASiopa tou Pasch Topn arévavi Meupag

A§iopa 1.6.3 (Tou Pasch (1843-1940)) Av uia eudeia € téuver pia nicvpa AB 10U Totyodvou kat Sev
Siépxetar ano pia kopugn tou, 10te 9a teuvel kKat pia ano tg aiieg nisupég (Exnua 1.6.3-I).

2x06A10-1 To adiopa yia 10 e0mTEPIKO KAl §WTEPIKO TOU TPIYMVOU £lval pia ard Tig MEPUTIVOELS [TOU
avépepa otnv apxr) 1ou Kepadaiou. Zuvdayetal ano ta urodoura a§lopatd, ouvernog 9a propovoe va
arodeiyBei wg Jevpnua. H anoddeidn wotdoo niepiéxet Aertopépeieg otig oroieg ev Kpive oKOIpo va
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eprdakel o pabnig. 'Etot 1o Bale €66 wg adiopa.

To tedeutaio Afiopa 1.6.3 @aivetal autovonto, ®OTooo 1 1810tta 1ou ekppadet dev ouvayetatl a-
o ta nporyoupeva aiopata. H xpnowdntd tou gaivetatl Kat amno v enopevy npotacn kabog kat
VvV Aoknorn rmou akoloubei. Ot Vo autég mpotdoelg napatibevial amdeg yia va SOoouv pia yeuon
TV AEMTIOPEPEIDOV TIOU TIPETIEL VA TIPOO0EEEL Kavelg, av 9édet va arodeiel d/oug Toug 10XUPIoOUG TOU
Bdoet tov a§lopdtev. 'Eva mAndog mapdpoim®v «autovontevr Ipotdoe®v pUropet va detl kavelg ota
[Efi80, o.42-84], [Bel07].

IIpdtaon 1.6.1 Edv 10 4 gival éva €0wteptcd onueio tou 1ptydvou, 10te n A4 téuvel tmu anévavt
nAsvpa Bl tou otyovou (Zxnua 1.6.3-1I).

Anddeiln: Tape onpeio E oto eubuypappo tunua A4. @swpnoe katormy 1o piyevo ABA kat mv
tépvouoa 'E. Katd 1o Afiopa 1.6.3 n) eubBeia T'E Sa cuvavid kat pia §eUtepn mAeupd tou Ipty@vou
AB/. Ene1dr) n mAeupd B4 autoy Tou 1piyevou givatl eKT0g g yoviag )ﬁ n I'E Sa ouvavtd v AB
oe éva onpueio Z. @swpnoe 1ote 10 Tpiywvo BI'Z kat tnv eubeia AE mou ouvavid v reupd tou ' Z.
Kata 10 1.6.3 n AE 9a ouvavid kat pia dAAn mAeupd tou tptyevou 1ou dev propet va eivat ) BZ,
8101 tote 1 AE Sa ouvérure pe ) BZ. ‘Apa n AE, nou givat ) i8ia pe v eubeia A4, Sa ouvavid v
rAeupd Bl tou tpiyevou BI'Z, tou eivat kat Agupd tou tptyovou ABI, 0.€.6.

‘Aoxrnon 1.6.1 Aibetai svdeia €. Acife 011 n oxéon petalv 6vo onueiwv A kai B: {ta A ka1 B mepiéyovtat
oto 610 nuieninedo ¢ €} eivar yuetabankn. Andadn av ta A kat B givai oto idto nuueninedo kat ta B
kat I givar emiong oto (6o nuueninedo 10t kat ta A kat I elvat oto 610 nuerinedo.

Zxnpa 1.6.4: To vonpa tou a§iopatog 1.6.3

Ynobeln: Yniobeoe o1l ta A, B eivat oto 1610 nuientinedo kat 6t ta B, I eniong oto 1610 nuieninedo
opwg ot ta A, I Bev eivat. Tote (ASiopa 1.2.5) untdpyet onueio E g eubeiag ¢ emti tou Al kat petagu
10V A xat I'. Me dAAa Adyia i € tépver v Al. Enedn) i € dev mepiexet ta A, B, I kat tépvet ) pia
rmeupd tou tprywvou (AlN), Sa tépvel katd 1o Afiopa 1.6.3 kat pia anod ug dhdeg §vo. Av tépvel
BI' oe onpeio Z, éxoupe atoro 610t 10te ta B, I' 9a eival oe 51apopeTikég MAEUPES TNG €. AV TEHVEL
Vv AB, 9a €xoupe avaloyo dtoro. Apa n Al’ 6ev propet va tEPveL v &.

Zxnpa 1.6.5: Aldapeoog, Atxotopog, Yyog

A1dpeoog ToU TPIY@VOU AEyetal 10 euBUYPAPIO THNA TIOU EVAOVEL Jld KOPUQT) TOU HE TO PECOV TG
arévavtl TAeUpds. AtXOTOROGTIOU TPIYOVOU AEYETAl TO UBUYPAPHO THLA TOU EVOVEL 1A KOPU(T)
e TV arnévavil MAEUPA ToU Kat Xopidet ) yovia g Kopudng o dUo 1oeg yovieg. Zuxva ovopaloupe
duxotopo kat 0AOKAnpn v gubeia 1) nuieubeia nou dixotopel ) yovia tou tpiyovou. Efotepiki)
yovia tou piyovou Aéyetal pia nmaparninpeopatikiy yeviag ipiyevou, AX. g A, nou TIPOKUITTEL
mpoekteivoviag pia amo tig mAeupEg ToU Tptyevou, A.X. v Al (6nAadn Sewpwviag v subeia Al),
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OITOTE TMPOKUITIEL ) BAX (oxfipa 1.6.5). Efwtepiry) S1X0Ttopogipiydvou Aéyetatl 1 81X0topog piag
eSRTEPIKNG yoviag tou. YYog Tou Tpy®vou Afyetat 10 euBUYypAPo THUNHA [TOU EVOVEL TNV KOPU(T)
TOU TPIYOVOU He £va ONIEI0 TG anévavit Meupag g Kat eivat Kabeto otnv mieupd auvtr (v vrapdn
tou Uyoug Sa eSaoPpalriooupe Alyo apyotepa oty § 1.12). 'Onwg Sa Soupe apyodtepa, ot tpeig Siapecot
TOU TPLy®OVOU diépyovial armo kKoo onpeio (Bempnpa 2.8.1), ot tpeig Sixotopot Hipxoviat anod dAlo
Kowo onpeio (@edpnpa 2.2.2) kat 1€dog ta 1pia uvyn Si€pxovial Kat autd amnod Tpito Koo onueio
(Bswpnna 2.8.2).

Ot 81apeoot, ta Uy Kat ot 1X0TOH01 (E0MTEPIKEG KAl EEWTEPIKEG) TPIYWVOU avadEPOVIAL OUXVA G
deutepeviovta oToLXELA TOU TPIYOVOU.

IXO0A10-2 Luyvd 1 YVOOT TOV UNKOV TPV ard autd ta ototxeia apkel yla v akpiBr) KataoKeU-
) tou tpryovou. Ta mapadeypa, oy Aoknon 2.13.11, 9a Sovpe ot 10 Tpiywvo Kataokeudletat
€UKOAQ, otav yvopiloupe ta tpia pnkn |AY], |A4| xat |AM|, tyoug, dixotopou kat Siap€éocou ano v
161a Kopudr). ZUvnO®G, 0TS KATAOKEUEG TPIYOV®V AIIAITOUE ) XPNOn AIOKAEIOTIKA KAl J1OVOV ToU
Kavova kat tou dabr ([Pet01], [AdI0O6], [Eve63, o. 183]).

‘Eva, oxeukd ouvBeto, rpoBAnpa eival va arodei§oupie 0T pia Oplopévn) KATAOKEUT] e XPT|0n
Bovo tou kavova kat diabnin sivat aduvarn (§ 2.4). T'a napddetypia, n KATAOKEUT TOU TPLyOVOU At
10 Uyog |AY| kat d1dpeco |AM| aro v i81a kopudr], adAd Sixotdpo ard piav dAAn Kopudr) Kat Oxt
mv A, anodeikvuetat aduvary ([Fur37, o. 38]).

DUOIKA, TO Va PNV KATAOKEUALETAl T0 Tply®vo He ta oUyKekpipéva dedopéva péom Kavova Kat
b1aBntn, 6ev onpaivel ot 1o piyevo dev kataokeudadetal pe aAAa péoa 1 ot dev unapyet. ‘Etot, yua
napadetypa, §00éviav 1plev Jetkov apldpov, urndpxet akpBmg £va TPiymvo Iou £XEl aUuToug TOUG
ap1Bpolg ®g PNKI TV d1xotopev tou. Qotdoo 10 Tpiyevo autod dev propet va Kataokeuaobel pe tov
Kavova xkat to iabnin ([MP94], [OxmO08]).

‘Aoxrnon 1.6.2 Acife ou n eowteprn kat eEwtepikrn Sy(0TOUOg Uag KOPUPHS TPYOUOU glval KAJETES
evdeieg.

1.7 H wooétnta oXnpatov

Mrnapprnaytavvn
Maxkpuytavvn

nape pavpo ylatayavt
Kl €Aa ot {@r) pag oo
10 otpaBo va kaveig 10o.

Nirog I'tatoog

‘Eva onpeio, pia gubeia, pia nuieubeia, éva eubuypappo tphpa, éva tpiyovo, sival oxppata. Ie-
VIKOTEPQ, OXNHa (tou ermrédou) ovopddouiie OmolodnII0TeE CUYKEKPIPIEVO GUVOAO onpeinv Tou. Autd
rou edetaoape péXPl topa eival ta andovotepa oxnpata. Ita enopeva pabrpata da yvepicoupe
dAAa o ouvBeta oxnpata kat 9a pedetrjooupe 1I810TNTEG TTOU 10XUOUYV yia KabBéva and autd Kkat sivat
o1 1616 yia ta Aeydpeva ioa oxnpata.

Kda0Oe oxfjpa €xet évav kavova rou kabopidet riote eivat 100 e éva aAdo. Ta eubuypappa tpnpata
€xouv 10 pfkog toug. Eivat ioa tdte akpiBog, otav €xouv 10 1610 pnkog. Ot yovieg 1o id10. 'Exouv
Kat autég 1o pétpo toug. Eival ioeg otav €xouv ioa pétpa. Xta tpiywva, n tootnta repldapBavet
nieplooodtepa otolxela. O oplopog tig 1w0otntag arnattel and §uo tpiywva va £€Xouv 10eg aviioTtolyeg
rm\eupég Kat ioeg avtiotoxeg ywvieg. To Afiopa 1.6.2 6ivel 10 Baoikd KPl)plo 100tNTag Ipyovay.
Aéet o1, Otav U0 Tpiynva £€XoUuv aviiotolXeg MAEUPES i0eg, TOTE eival ioa. AnAadn kat ot avtiotolXeg
yovieg Toug (ot artévavtt and tg ioeg mAeupeg) Sa eivarl kat autég ioeg. Ilapaxkdto (§ 1.9) Sa doupe
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Kat dAAa kpipla 100ttag Iptyovev. ‘Oco 1o IoAUITIAOKO £ival To oXNHd, T000 MEPIO0OTEPA OToLXEla
TOU TIPETIEL VA OUYKPIvVOUpE yia va KataAnioupe Ot ivat ico pe éva dio.

O EuxAeidng ota otoixeia tou Sev xpovorpiBel otnv avaduon g évvolag tng 100ttag. Yiobetel
Pla andoiky évvola 100TnTag Katd v oroia dUo oxfjpata eivat ioa, tote Kat Lovov 0tav PItopoulie va
HETATOITIOOULIE TO £va KAl VA TO TOMOOET|00UE TTIAVR 0TO AAAO £101 OOTe Ta HU0 oXatd va CUPIIECOUV
axkp1Bag. T 9a et opwg petatonioovpe; H évvola tng petatorong eivat ouvletn. @epeAiwvetal pe )
YEVIKT| évvola tou Metaoynuatiouou kat e1dikotepa g Iooustpiag, yia v oroia Sa pidrjooupe rmoAu
apyotepa (§ 7.1).

Apxikd Segpediwvoupe v oot ta divoviag yia kabe oxnpa tov kavova tou, dnAadn note akpiBog
eivat 100 pe éva dAdo. Qotdéco Sev PAArTiel va OREPTOPACTE KAl PE Tov Tporo tou EuxkAeibrn. Zto
ertinedo, dUo oxnuata mou eivatl ioca Pe Tov Kavova 100TNTAag Toug, €lval ioa Kat Katd v €vvola Tou
EuxAeidn), péow petatorong kat oupritoong. Kat aviiotpopa av priopouv va torobetndouv, oote va
oupImEcOUY, T0Te elval ioa Kat pe tov kavova mou divoupe os kaBe nepimiwor. To mpoBAnpa sivat
oty ya va arodei§oupe aut)v v woduvapia, mpénet va pedetrjooupe Siapopa Jnurpata, mouv n Ka-
Taypagn Toug, oe auto 1o onpeio, Sa dnuioupyovoe kanoteg Suokodieg katavonong. Ieplopidopaote
Aoutov oty rapadoyrn auvthg tng apxng tou EukAeidn. Auto mpaktika onpaivel ot to emninedo eivat
oav pla mlaotiky dapdvela Katl ta oXNPata Propouv va Komouv ard 10 PEPOG ToU €X0UV apXlKd
oxedlaoBel kat va petateBouv oto PEPOG ToU eival 1o dAAo oxnpd, va TorofstnBouv mave oe autod
Kat va oupniécouv. IToAU apyotepa, oty § 7.5, Tou 1 oUviot® yia pa devtepn avayveor, yivetat
avotnpr) Yegpedioon g 100TNTAG.

A A*
Zxnpa 1.7.1: Toa aAAd 51adopetikd ripooavatoAiopéva

TNHE®ve pla 18lattepdtnta mg £vvolag g 100ttag, ou @avep®vetatl oto oxnua 1.7.1 kat €xel va
KAVEL PE TO AEYOHEVO MPOOAVATOALOPRO OV OXNHAtwv. Ta 6uo tpiywva eivatl ioa pe ) 8kt pag év-
voua. ‘Exouv opwg tyv dattepomta ot n Siadoxn A — B — [ eival katd ) @opd 10U poAoy10U, EVR
n 6wdoyxn A* — B* — I'* eivar avtiBetn) g @opdg tou podoyou. To tpiyovo ABIT Aéyetal apvntira
npooavatoAiopivo, eve 10 A*B* [ Aéyetal 9stira npooavatoAiopévo. [a va kavoupe 1o ABI va
oupriéoetl pe o A'B T, pe v évvola g PETAatornong, MMPEIMEL Va T0 KOWOUHE KAl VA TO0 YUPIoOUHE
ano Vv roe pepld, pe tov 1poro rmou yupidoupe pla oeAiba kat mape otnyv arno mioe ng. Ta mpay-
pata yivovtat Alyo rmo oUvOeta oto X®POo, OI0U Iapouoctdletal 10 avaAoyo @atvollevo Kat ekel 6ev
UMApPXEL KATL £50 Ao TO XOPO Yid va KAVOULE auto To avarodoyupiopia tou rpooavatoAdiopou. Exet
n évvold g 100TNTag e ToV TPOTIOo o v opidoupe, yia Kabe oxrpa Sexopiotd, dev eival 100duvaun
He Vv évvola tng oupIt®ong (6eg A.x. to oxoAo otnv § 9.2 kat og pia 6evtepn Avayvaon )V mMANen
eEPLypadn tng 100tntag oto Xwpo oty §12.5). O tporog Aorov rmou xelpt{opacte v 100tnta ivat
0 ao(aAng arnd avtdv g UeTaroniong, 600 dev Praivoupe otig AETTTOPEPELEG TOU AKP1B0UG OP1OHI0U
autng mg évvolag.

Ix0Aro-1 Ta oplopéva oxnpata 1 100tIa He v €vvold Tng Hetatorong eivat pogavrg. 'Etot,
A.X. 600 omoteodnmiote eubeieg a kat B eivat ioeg, pe Vv €vvola, 0Tl 1 a PIopet va petatormodel kat
va tortoBetnBet el g B, £tol ®ote o1 Huo eubeieg va oupnécouv. ITapopola §Uo tepvopeveg eubei-
€ a xat B, rou oxnuatiouv petadu toug pia yevia pétpou @, ouyKpotouv £va OXIPd Iou eivat 0o
e 1o oxfpa 6uo dAdev eubsiov a’ kat B, ou oxnuati{ouv petadu toug pia yovia tou 16iou pétpou @.

IX0A10-2 Kat éva oxo0A10 yla v opodoyia. Zuxvd yla v 100tnta U0 oXNUATt®v mou £X0UV Y-
vieg, KOpuPEG 1) AAAa Tapdpola XAPAKTPIOTIKA, KAVOURE AVIIOTOXI0e1g HETAsU TV KOPUPHOV TOUG
Bdadoviag oe avtiotoixeg KOPUPES To 1610 ypappa pe Kamoto Seiktn 1) tovo 1 Aotpo 1] Ao onpadt.
‘Etot, otav Aépe ou ta tpiyova ABIT kat A’B'T” eival ioa 810t £xouv avtiotoiyeg rAeupég ioeg, ev-
vooupe ot 1) meupd AB eival avtiotoika ion mpog v A’B’, i) BI' ripog ) B'I” k.An. Tov kavova
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auto akoAouBoupe Kat ota oxfpata tou Xeopou. To va pmopoupe va Bdloupe ta ida ypdppata
ota uroyn@a yla 1o0tta oxapata eivat to mpeto Brpa ya va arnodei§oupe v 100ttd toug, mou
ouVAO®G AVAYETAL OTNV 100TNTA AVIIOTOX®V KAl ArMAOUCTEP®V OTOLXEI®V TOUG.

A
[]

=
B

Zxnpa 1.7.2: 'Eva anmdo oxnpa

‘Aornon 1.7.1 To oynua 1.7.2 anotedeitar and éva svdvypauuo tunua AB unkoug 6 kat tig evdeieg
ToU glvat KAdeteg o auto ota dkpa tou. Acgife ot kade evduypaupo unua A’B’, tou 18iou unkoug 6,
0pilel avdfoya va oxnua 0o TPOog TO TPONYOUUEVO UE TNV EVV0La TNG UETATOTILONG.

Ynodeiln : Adym tng 100tntag twv pnKov, 1o tuipa A’ B’ propet va petatorodei dote va CUNIEEL P
10 AB. Tote, katd 1o ASiopa 1.4.2, 9a ocupriécouv kat ot KaOeteg mpog 10 A’B’ ota dkpa Ttou pe TG
avtiotolyeg kabeteg tou AB ota dkpa tou.

1.8 To 1000KeAEG Katl TOo opBoydVio Tpiywvo

Eide pe ta 61ka tou pdrtia ot to @eyyapt eivatl otpoyyudo
‘Hrtav emniong olyoupog ot ) yn) elvat terpayovn,

Aot tagideywe mevrvia pidia kat dev Bprke

Inpadt va delyvel KATIOU 0Tt eival KUKALKI).

Lord Byron, Don Juan, canto V

Tmv leopetpia, onwg kat oe 6Aa ta Mabnuatikd, petd and évav opiopd 1ag YeEVIKAG Katnyopiag,
eivatl Xprnotpo va eSetdooupe KATOEG £181KEG TIEPUTIOOELS. Aev £ival Omavio, KAMod YeVIKN 1810tr)-
1a ou Yédoupe va arodei§ouple, va TPOKUITIEL EUKOAOTEPA Of Pid €161KI) TEPIMIOON Kal 1 €181K)
arodedn va deixvel kat 1o dpopo yia ) yeviky. ‘AAdote 1dAt, ot 1810tnteg g e181KNG Katnyopiag
BonBouv onv Sratinwon kat arnodeln 810UV G YEVIKAG 1) T S1AWeuor KATIOWag YEVIKIG £1KA-
olag. Ta 1000kelr) Kat ta opboyoivia Tpiyeva eival E181KEG IIEPUTINOOELS TPIYOVROV, ITTOU TIG CUVAVIAHE
otg Satunwoetg kat anodeifelg mMnbmpag yevikov 1810tV o 0Aa ta Kepdalaia g yewperpiag.

A A

B I B r

Zxnpa 1.8.1: To 1000keAég Kat 1o 0pBoyOVIO TPiyevo

IoookeAég Aéyetal 10 TPiy®Vo 1OU £xel HUo mAeupég ioeg. Ot U0 ioeg rMAsupég Aéyovial OREAN Kal 1)
Tpitn mMAeupda Baon tou wookedoug. H kopugr) otnv oroia ouvipgxouv ta okEAn Aéyetal Kopugr Tou
1000KEAOUG.
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OpBoy®vio Tpiywvo Afyetal 1o tpiyemvo rmou éxel pia yovia tou opbr). Ot rAeupég mou opidouv
autv 1) yeovia Aéyovial kaOeteg mAeupég tou opboywviou. H mAeupd mou eival arévavil ano v
opBn ywvia Aéyetal unoteivouoa tou 0pHoymviou Tplymvou.

Ozopnpa 1.8.1 Ze¢ kade wookeeg oiywvo (AB| = |Al'|) ot tapa ) Baon ywvieg (ota B rkai I') eiva
iosg.

A
M | (1 s
‘ N P *
L LA - o L
B r A o —0B
M M|
Zxnpa 1.8.2: To Secdpnpa 10U 1000KEAOUG H peookdbetog tou AB

Anddeiln: Bempnoe ta 6uo piyova ABM kat AMI™ rou oxnuatidoviat @épvoviag v AM, orou M 1o
péoov g PBaong Bl (Zxnpa 1.8.2-1). Ta Yo autd tpiywva £€X0uv Tig MAEUPEG TOUG aviiotolxa 10eg:
|AB| = |AT'| €§ untobéoewg, |BM| = [MI'| 61611 1o M eivatl péoov tng BI™ kat téhog v AM xowr). Kata
10 Aiopa 1.6.2 v tpiyovev ta §Uo autd tpiyeva da sivat ioa, dpa kat ot yovieg toug ota B xkat I
Ya eivat avtiotora ioeg 0.€.6.

IIépiopa 1.8.1 Ze kade oookefeg piywvo (AB| = |Al) n eudeia mou evdvel TV KOPUPT TOU Ue
10 uéoov M g amévavt misupag Siyotousti ™ yovia mg kopugng. (Asg tquv ‘Aoknon 1.9.8 ya 10
avtiorpogo).

IIopiopa 1.8.2 Ze kade woookess iywvo (AB| = |Al'|) n evdeia mou evdvel ) KopPUPT TOU UE TO
uéoov M ¢ amévavu misupdg sivat kadetog otnv Bdon kal xepilel 1o 1piyovo o dUo ioa opdoywuia
piyova (AMB kat AMI') (Aeg ty ‘Aoxknon 1.9.10 ywa 10 avtiorpogo).

MeooxrdaOeto tou eubuypappou tpufpatog AB ovopalouyie v eubeia mou eivat KaBetog oto pécov
Tou eubuypappou tpunpatog (ExfHpa 1.8.2-1I). To iponyoupevo moplopa Propet eniong va Staturnaodet

otnv enopevn poper).

(1

B T

Zxnpa 1.8.3: Zuykplon opBoywviov ZUYKOAANOT 1000KEADV

‘Aoknon 1.8.1 Ta opdoyouvia iywva {ABI', A’BI""} éxouv ioeg unoteivovoeg |BI'| = |BI™'| kat yovieg
@ = ABI' < @ = A’BI"’. Acie ou|AI'| < |A'T"’| Exnua 1.8.3-1).

‘Aoxrnon 1.8.2 'Eow ou ta wiyova BAI' kai I'AA eivail w0ookeAn pe kopugn oto A kat kotwn tmu
nievpa AI'. Aegife 6u o1 micupég AB kar A4 1) 9a mepigxovtar oty idta euvdeia 1 Ya oxnuatifovv
10ookeAEg oiyovo BAA (Exnua 1.8.3-11).

IIépiopa 1.8.3 Ia kdde wookefég plywvo ABIT ue Baon AB, n kopugn tou I eupioketar emi g
UEOOKAdETOU TOU eVUYPAUUOU TUnpuarog AB.
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Ioob6uvapn emiong eivatl kat 1 H1aTUNIROOT) ©

IIépiopa 1.8.4 Kade onueio P mou wanéyel ano ta onueia A kat B eupioketar eni g ueookadérou
T0U gVAUYpauUoU tunuarog AB.

1.9 Kpiujpla 100tntag Iplyodvaev

Eivat AaBog 1o ot i wo0otnta eivat vopog tng @uong. H @uon dev nmapayet
wotnteg. H avotatn apxr) g eival Siatagn kat e§dptnon.

Vauvenargues, Apxég kat Ztoxaouot

Ext6g arnd 1o Baociko Afiopa 1.6.2 100ttag tptydvev rmou avapépetatl kat og IIII-kptrpto (rmAeupd-
MAUPA-TIAEUPA KPLTHP10) 100TNTAG, 10XUOUV Kal dAda §Uo Kplpla 100tTag Mou MPOKUITIOUV ©G
Yewpnpata Bdoet tou MIIT-kprtnpiou. Autd avagépoviatl og ITTI-kptirpto 106ttag (rmsupa-yovia-
mm\eupd kpurpro) kat MTIT-kpurpio 106tntag (yovia-mleupd-yovia Kptt)pto).

B B’

A - r A’ # r

Zxnua 1.9.1: III'TI kptrplo

IIpdtaon 1.9.1 (I[II'TI-kpirrjpio) Avo iyova ABIT, A'B'I”, mou éyouv 6vo avnotozxsg nﬂsupsg ioeg
(AB| = |A’B'|, |Al'| = |A'T"'|) kai Tig¢ TepiexOUEVES O QUTES YwUleg emtiong loeg {|BAF| = |B’A’F’|) elvai
ioa.

Anobefn: TormoBénoe ) yovia A” ndve oty A £€tot Gote va ouprieocouv ot nuieubeieg AB kat A'B’
kabwg xkat ot AI' xat A'T” (ExApa 1.9.1). Auto eivat Suvatdv Adye g UTOTIBEPEVNG 100TTAG TRV
yoviov ota A kat A" avtiotoixeg. Adyw tng eriong unoubépevng 100t tag v pnkev |[AB| = |A’B'|,
9a cupriéocouy kat ta B kat B’ (cupgava pe 1o A§iopa 1.3.3) xat yia tov 1610 Adyo Sa cupriécouv kat
ta I’ xat I, Zuvenwg, 9a oupriéoouv kat ot mdeupeg Bl kat BT kat enopéveg, ta prkn toug da
eivat ioa |BI'| = |B'I”’|. H aAnBsa tng nipdraong mpokurtet epappodoviag to IIIM-kpiu)pio, o.€.8.

B B’

A - I A’ # ad

Zxnpa 1.9.2: TTIT-kpuriptlo

IIpotaon 1.9.2 (I['TI-Kpitrjpto) Avo tpiyova ABIT, A’B'I” mou éyouv 6Uo avtiotoiyeg ywvieg (0eg
(ABI'| = |A’B'I"’| kay, |BI'A| = |B'I["A’|) kat tig nepieyOpueveg oe avteg nieupég entiong ioeg (B = |B'T))
glvat ioa.
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Anodeiln: H anodedn eival apopola pe v mponyoupevn. Torobétnoe ta tpiywva €10l oote va
oupriécouv ot BI' xat B'T”, kabwg kat ot yovieg ota B, B xat I, I" ExApa 1.9.2). Auto eivat
duvatdv Aoye tou aiopatog 1.4.2. Tote Sa ouprniecouv ot eubeieg BA, B’A” xabwg kat ot I'A, I"A’,
apa Sa ouprécouv Kat ot topég toug 1ou opiouv avtictoya ta A kat A’. Ao autrv ) oUPIOor
énetat ou |BA| = |[B’A’| xat [[A| = [["A’|. H aAfifeia tng mpotacng mpoKUITEl epapiiodoviag malt to
MIIII-kpttriplo, 0.€.8.

I B'

Zxnpa 1.9.3: Avo ioeg yovieg TapAdyouV 1000KeAES

IIpotaon 1.9.3 Av 10 10lywvo £xel SUO ywvieg TOU 10e¢ TOTE €ival 100OKENES.

Anodeiln: Oswpnoe éva tpiyovo A’B'TI” ico npog to ABI™ xkat epdppooe to I'TIM-kpurpto. Ta &vo
piyova éxouv ioeg tig mdeupég Bl kat BT avtiotoxa Kat tig yovieg ABI ka1 AT'B' 10eg Kabwg Kat
g ATB xat ABT’ toeg, apa eivat ioa. H mieupd Al mou eival anévavil ot yovia ABT 9a eivat
ion pe v meupd A’B’ ou eivat arnévavil otnv 101 Ipog TV IPONyoUHEevn yovia AT'B . 'Opwg ek
kataokeung n A’B’ eivat ion ipog v AB, dpa tedikd ot AB kat Al 9a eivat ioeg, 0.€.6.

2x06A10-1 H anddeidn avt) (ogpeidetar otov [amuo) £xet éva Aerto kat tapadodo onpeio, drou duvo ioa
Tpiyova Sava-arodewkvuovratl ioa. Tivetat edw éva raiyvibt pe 1ov MPooavatoAilopd tou TPLyovou.

To A’B'I"” eivat pev ico pe to ABIT, adAd €xetl tornofetnBei pe aviiotpodo rpooavatoAlopo mave oto

A A’

xnpa 1.9.4: EnavatortofEtnon 100U Ipty®@vou e aviiBeto mpooavatoAlopo

ABI'. To oxnpa 1.9.4 deiyvetl ) dapopd pe éva pn-toookedég ABIT. Ta 6Uo tpiywva evo eivat ioa,
Tortofetovpieva Pe autov Tov Tporo Sev ouprinouy ev yével. To vonpa g pdtaong eivat 6t ta 6Uo
Tpilywva tornobetovpeva Kat autdv TOV TPOTI0 CUPITITIOUV TOTE KAl HOVOV, 0TaV £ival 1000KEeAT).

IIopiopa 1.9.1 Znueio I' avrjkel otnv peoorddeto € 1ou evduypaupou tunuatog AB, 10te kat povov,
Jdtav wangyet anod ta onueia A xat B.

Amnddeiln: Zto Ioplopa 1.8.4 €ibape ot kabe onpeio I mou woanéyet aro ta A kat B eivat enti tng
pecokabétou. T'a to avtiotpodo, raipvoupe to I el tng PecOKAOETOU Kat deixvoupe Ot ta piyeva



22 KE®AAAIO 1. OI BAXIKEYX ENNOIEX

I"'MA xat I'MB eivat ioa (M 1o péoov tou AB) edpappodloviag to IITTI-kpttriplo, 0.€.6.

ZX0A10-2 To tedeutaio miéplopa Xapaxinpidel ) PECOKAOETO OGS YEWHETPLRO TOMO ONPEIRV ITOU
€XOUV 11a 0plopévr) 1810tnta. A€Ue OUXVA: O YEWUETPUKOG TOTOG TOUV ONUEIOV TTOU EYOUV TNV TAdE
610mta elvar 1o eiva ovvofo. 'Etot Aowutdv 9a Aépe 010 €§1G: 0 YE@UETPIKOC TOTOG TV ONUEIV TTOU
woangyxovv ano dvo onueia A kar B givar n peookaderog tou AB. 'Onwg otnv Mepimtoorn g PHeooKa-
9étou, £101 KAl OTNV VEVIKI) MEPIMTIOON €VOG YEDHETPIKOU TOMOU TpEretl va deifoupe duo mpdypata:
a) Ot KABe oneio TOU YEMUETPIKOU TOTTOU €Xetl v tade 1810tnta, B) ott, av éva onpeio €xet v tade
16101, TOTE AVAKEL AVAYKAOTIKA OTO YEDIETPIKO TOTIO (reptocdtepa oty §2.16).

‘Acrnon 1.9.1 Avo opdoywvia tplyova , ToU EXOUV avtiotolyes KAdeteg MAUPES loou unKkoug, eivat
ioa.

Ynobeén : Epdppooe 1o II'TI-Kp1tplo pe aviiotolxeg yovieg Tig 0pOEG tov dU0 Tpydvey.

‘Aoxknon 1.9.2 Avo opdoyauvia plyova, Tou xouv uia kddetn kat v mpookeiusvn ofela avtiotolya
ion, eivat loa.

Yrodeién : Epdppooe 1o ITIT-kptirpio.

A
A
B I B I

Zxnpa 1.9.5: Toeg 6iapeoot Toeg Siyotdopot

‘Aoxknon 1.9.3 'Eoww ABI 1000keAEG 1olywvo ue ioeg yovieg otig kopugeg B kail. Acgife ot ot Sidueoot
ano g KOpUPES autég elvat loeg. Acife emiong Ot kat oL S1yOTOUOL Ao TG KOPUPES AuTES givat (0.

Yrodeién: 'Eote 6tt M xat N eivat ta péoa tv BA kat I'A avuotoixwsg. Ta tpiyova BMI™ xkat BNI
eivat ioa g €xovta a) ) Bl kowr), B) tig BM kat I'N i0eg g 110£g 100V IAEUp®V, Y) TS Yovieg ota B
rat I ioeg. E@appdletatl Aoutov 1o IITI-kpttriplo 100tntag tpiyovev. Avaloyn eivatl kat 1 anodedn
yia tg dixotopoug, OvVo rmou autr) ) eopd epappodetat to I'TIT-kpitpro. Ipaypartt, €ote ott BH kat
I'Z givat ot S1xotopot v yovieov ota B kat I avtiototya. Tote ta 1piyova BI'H kat BI'Z eival ioa ©g
éxovta a) ) Bl kowr, B) tig yovieg ota B kat I {ogg, y) TG yovieg I@" | = IZ/I"TBI ®G H10EG 106V YOVIOV.

2X06A10-3 loxUel Kat 1 avtiotpodrn g IPOonyouHevng potaong, aild, ot pev nepintoorn twv Siapé-
onVv xpetalopaote pia 1816t td toug rou Sa pabouiie apyotepa (eg Aoknor 2.8.1), otg e Sixotopoug
1 arodegn tou avilotpodou, rou divoupe oty erndpevn iapdypago (@ehpnpa 2.5.2), avapépetatl og
Yedpnpa v Steiner-Lehmus kat eivat arpoodoknta dUokodrn. [a pia urnodoylotiky anodeln deg
Vv Aoknor 3.12.12.

‘Aoxknon 1.9.4 'Eoww E 10 puéoov g nieupag Al tou pryevou ABI. Tpoéktewe ) BE (8idueo0) kata
10 dtmAaoto péxpt 1o A. Acife ot 10 piywvo Al'A sivar ico ue to AI'B.

Ynobeiln: Aei§e npota pe to IITI-kpum)po ou wa piyeva AEB kat I'E4 sivat ioa (Exnpa 1.9.6-1).
Aei&e avaroya ot kat ta BEI kat AEA givat ioa. Zupriépave katormy pe to [IT-kpitpto ot ta ABIC
kat AI'4 eivat ioa.

‘Aoxknon 1.9.5 'Eoww ABI' 1000kef£g toiywvo pe loeg yovieg oug kopupeg B kar I'. Aeife ou ta vyn
ano Tg KOPUPES autég elvat ioa.
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@

Zxnpa 1.9.6: Ilpoéktaon g drapéocou Toa vyn 10ooKkeAoUg

Ynodeln: Eoww ot BE kat I'4 eivat ta vy, avtiotoixa, and tg yovieg B kat I' (Exnpa 1.9.6-1I).
IIpoéktewve ) BE katd 1o 6urAdoio €ng 1o onpeio H kat ) I'4 katd to dumAdoio €og 1o Z. Ta tpiyeova
BEI" xat HEI eivat ioa g €xovta a) v EI’ ko, B) 11§ yovieg oto E 0pBég kat y) tig mmeupég BE
kat EH ioeg ek kataokeung (IIT'TI-kptrjpio). Tuvenwg, 1o tpiyovo BIH eival 10ookedég. Ilapdpola
arodekvuetal ot kat 10 BI'Z eivat 10ookeAég. Ta Vo autd toookedrn) eivat kat ioa, g €xovia a)
) BI' xown, B) i BZ ion tng I'H xat y) 1§ yovieg toug ota B kat I ioeg og Sutdaoieg tov B rat
y avtiotoixa. Apa ot I'Z xat BH, nou eivat diurmddoieg towv uyav, 9a eivat ioeg. Ta tnv avtiotpodn
avtng g 6dtntag deg v ‘Aoknon 1.10.2.

EX06A10-4 Apyotepa 9a Soupe Gt UTIAPXEL KAl €va AKOWI KPP0 100TNTag IPyovev rou da pro-
pouoe va ovopaoBei ITII-kpurjpro. Kat autd av §uo tpiyova ABIT kat A’B'I” éxouv g ywvieg toug
a=a, B =8 rat ug mdevpég a = |BI| = |B'I"’| = a’, téte eivat ioa. Te autfv v mepimoon ta
Tplywva urotiBetatl ot £xouv 6U0 ywvieg ioeg kat pia mAgupd aviiotolxa ion g AAAng, adAd n mAsu-
pd autr) eival n arévavit g a Kat ox1 1 pookeipevn mg a (6nwg oto I'TI-kpttp1o). Autd ®oTtdco
avayetat oto I'TII-kpttpo, 8161t anod myv 100 d TV dU0 YeViov Kat ) oxéon a+ B+ y = 180°, rou
9a beifoupe apyodtepa, MPOKUITIEL 1] 100TTA OAGV TOV YOVIOV TV §U0 TpIyOvev.

M (1 4

Zxnpa 1.9.7: ApgiBoAn nepimwon Kowr) pecokdBetog

To oxfjpa 1.9.7-1 Seiyvetl 01t Hev 1oxUel autd rou Sa propovoe va ovopacdet [I-kpi)plo. Ev yévet
(6tav 1o tpiywvo Sev eivar opBoywvio), undpyouv duo tpiyova ABIT kat A’B'I” yia ta onoia oxvet

a=dad,b=D>b"kata=da. Katautd to oxfjpa 9a 1o avaduooupe napakdt®, otav 9a £xoupe enapkeig
YV®OELS Yl TOV KUKAO Kat Tig 1810TnTég Tou.

‘Aoxknon 1.9.6 Acifeot, avia iyova ABI katA'B' I eivai ioa 101e givai ioeg kat ot Siausoot/ yotduot
tou ABI ue ¢ avtiotoiyeg Siauéooug/ biyotououe tou A'B'T.

‘Aoknon 1.9.7 'Eoww ou ta eudvypauua tuniuara AB kat I'A éxouv kowr peookadeto € kar n AI'
ovvavta v € oo E. Aegife ot kat n B4 ovvavta mu € oto E (Zxnua 1.9.7-11).
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‘Aoxrnon 1.9.8 Acife ot av n Sidusoog AM tou tptyavou ABIT Syotouei ) yovia BAT , TOT€ 10 TPlywVOo
elvar 1w0ookeAgg (avtiotpogo tou ITlopiouarog 1.8.1).

‘Aoxrnon 1.9.9 Acife ou 6vo ioa wiyova ABI kat A’B'I" gxouv avtiototya ioa vyn.

Ynodein : Torobetnoe ta tpiynva €10t wote ot aocetg toug Bl kat B’ va GUPIECOUV KAt 01 KOPUPES
A, A’ va Bpebouv eratépwbev tng BI'. Tote to ABA’ gival 1000KkeAEG Tpiyavo, K.ATL.

‘Aoknon 1.9.10 Acsife ou, av n Siaueoog AM tou tpryevou ABIT givar kadestog ot Baon BI', 10te 10
oly®Lo gival wookegg (avtiotpogo tou Iopiouatog 1.8.2).

1.10 ZIxetTirA peEYED! YOVIAV TPy VOU

Eivat téoo oxetika ta peyébn rmou avtokatapyouviat. ‘Eva tkavo pupprykt
Bapuvet - oe ardAuto adia - EPLo0OTEPO Ao £vav PETPL0 MPKOUIOUPYO.

Odvoocag Eflutng, Mucpdg Nauvtiflog

Ot enopeveg 1810tNEg TOU TPIYy®OVOU otrpidoviatl ota aippata rnou £xoupe arnodexdei ¢wg topa Kat
poeTodlouV 10 £€8ad0og yia T ONPAVIIKY Toy@UIKH avio0tnia g MOPEVNS ITapaypadou.

Ocsopnpa 1.10.1 Ze kdde iywvo ABI' 1 ntapaninpouatucn kade ywviag sival ueyajutepn ekaomng
0V 6U0 dAA®V yoUIoD.

Zxnpa 1.10.1: ZUyKplon yeviov IplyOvou

Amodeln: Ag beloupe 6 n )ﬁ IOV £ival MaparAnPEPATIKL g T, eivat peyadutepn g yoviag
A (Zxnpa 1.10.1). 'Eoctw M to péoov g Al™ xat N eri g nuieubeiag BM, €tol wote |BM| = |[MN]|.
Ta tpiyova ABM kat I'NM éxouv: a) Tig Y®vieg AMB xat TMN 10€G ®G KATA KOPUPNV, PB) Tig TTAEUPES
AM xat MI" ioeg 61011 to M eivat 1o péoov tng Al, y) g mAeupég MB kat MN 10eg €K KATAOKEUNG.
Tuvenag, epappodoviag to IITI-kpipto wotntag ([Ipotaon 1.9.1), ta tpiywva eivat ica. Amno v
100TTa TV TPYOVEV, MIPOKUITIEL OTL ] Yovia BAT eivat ion pe v ATN. H tedevtaia opwg etvat
HIKPOTEPT NG ATX , 81011 10 N glval 010 £0MTEPIKO NG ATX (Aoknon 1.4.6). Avaloya delyxvoupe kat
ot 1 yovia ABT sivat PIKPOTEPT) NG ATX , 0.£.0.

Ixo0Ao-1 Tuyvd n yovia ATX avapépetal og efOTEPLKY TOU TPLy®dvou (6eg § 1.6) kat 1o Jew-
pnua naipvet ) popdr): Kabe e§otepikn) yovia tpiydvou eival peyadutepn eKAOTG TV eViOg Kat
arévavrtt.

—

IIpdétaon 1.10.1 'Eotw Out 10 onueio 4 sivar oto eowtepuieo tou tptyevou ABIT . Tote n yovia BAI sivar
ueyaiutepn g BAI'.

Amnddeifn: Tpoéxktetve pia ard TG MAEUPEG NG E0MTEPIKAG yoviag A.X. t B4 kat opioe 1o onpeio
topng g E pe v Al (ExApa 1.10.2-1). H yovia € = BEI' > a = BAI' G €§®Tep1Kn KAl ATIEVAVTL NG
a oto piyevo ABE. Iapopotla kat § = BAI' > . ZuvoAikd Aowov 6 > a, 0.€.6.
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A
@ ()
B B
Txnpa 1.10.2: a<e<b MeyaAUtepn yovia anévavit peyaiutepng rmAeupdg

Ozopnpa 1.10.2 ¢ rkade iyovo ABIT, amévavi ano pueyaiuviepn nicupd, gupioketat ueyaiuteon
yovia.

Anodeiln: Ag urnioBéooupe ot i) mAeupa Al eivatl peyadutepn tng AB. Tote unapxet onpeio E petadu
tou A katou I étot wote |[AE| = |AB| (ASiopa 1.3.3, Aoknon 1.3. 1) To Ipiycovo BAE 1iou 0xr]pati§sta1
elval 1000KeAEG KAl KATA TO IIPONYOUHEVO Sscopr]pa n yovia ABE = AEB > Al ATB. Emniong ABT > ABE
61011 10 E eival 010 e00TEPIKO NG ywviag ABF ZUVOAKA Aortov ABT > ATE B, 0.e.6.

Ozopnpa 1.10.3 Ze kade iywvo ABIT, anévavt and ) ueyaivispn yovia, eupioketar ueyadvteon
nAsvupa.

Amddeiln: Md g £1G ATOIOV ATAy®YNg. YdOeoe Aoumdv 611, oto ABI n yeovia a > S kat opwg a < b.
ArnoxkAeietat a = b, 8161 10te da eixape kat a = B (OBewpnpa 1.8.1), avtibeta pe v urnobeorn) pag.
ArmoxkAeietatl Opwg Kat a < b, S0t 1o1e, KATA TV IPONYyoUEVH Ipotaoct), da Emperne va 1oyVel Kat
a < f3, mou eivat At avtiBeto pe v undbeor| pag. Ipéret Aowrdv va woxvet a > b, 0.€.6.

IIépropa 1.10.1 Ze kdde 1olywvo 10 dadpoioua U0 yauiodv Tou elval uikpotepo twv 180 uopov.
Anddeiln: 'Eotw a, B, y o1 yovieg tou tptyovou. Katd to @sopnpa 1.10.1 kabe pia amno ug a, B eivat

Pikpotepn g 180° —y: dpa a+y < 180°, B+ vy < 180°. Avdloya arodeikvustat katn a+ 3 < 180°,
0.e.0.

Mépropa 1.10.2 'Eva tpiyovo xetl 10 ToAv uia aubieia yovia.

Amnddeiln: Av eixe 600 apBieieg A.X. v a kat B tote da nrav a + B > 180°, dtoro, 0.£.6.

IIépropa 1.10.3 Ze kade 1000KeNES TIywVO Ot SUO L0e¢ ywUieg TOU ivat ofeieg.

Amndbeiln: Av ot a kat 8 nrav ioeg kat apBAeieg 11 opbEg tote a + B > 180°, droro, 0.€.8.

IIépiopa 1.10.4 Kade 0pdoyavio tpiywvo éxet tig adieg §U0 yovieg tou ofeieg.

Amnodeiln: Av n a = 90° kat B kat y eivat ot dAAeg ywvieg ToUu opboywviou, TOTE 1) E§WIEPIKT] NS a
etvatl rtadt 90° kat elvatl peyadltepn KAl aro v a Kat amno 1 B, 0.€.5.

IIépiopa 1.10.5 Ze kade 0pdoywuio 1piywvo Kade uia anod g KAdeteg TALUPES ToU gival UIKPOTepn
¢ umoteivovoag.

Andbeiln: H uvnoteivouoa elvat armévavtt and v opbn yevia rmou eivat peyadutepn and tig dvo dAdeg
rou eivat odeieg ([Toptopa 1.10.4), dpa ot dUo KABeteg TIAEUPEG TIOU £ival aArévavtl Ao Tg ogeieg
yovieg 9a eival pikpdtepeg tng vroteivouoag (Bevpnpa 1.10.3), 0.€.6.

IIépropa 1.10.6 'Eoww ot n A4 sivar kadewn otnu evdeia XY, onou A onueio g XY. Tote, ta onueia
B, I' ¢ evdeiag ucavomowovv |BA| < |I'4|, téte kat puovov, otav |BA| < |'Al.
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b
c
X Y
Y| B a r A A B
Zxnpa 1.10.3: Anootaon and ixvog kabétou |[CA| < |[I'4]

Anddeiln: H yovia ABA (Exnpa 1.10.3-]) sivat ogeia, 810 eival yovia diapopetkt) tng opbrg tou
pryovou ABA (ITépiopa 1.10.4). AvdAoya kat i) yovia ATA sivan ogela. Yniobeoe topa ou |[BA| < |T4].
Tote oto tpiyovo ABIC 1o I’ Bpioketat otnv npoéktaon g 4B mpog 1o B kat i yovia oto B eivat
apBAeia kat oto I” ofela. ‘Apa n arévavt tng apBieiag mieupd AT Sa eival peyadutepn g arnévavit
g oselag AB. Ta 1o avtiotpogo unobeoe ot |BA| < [T'A| opwg |BA| > |I'4|. TIpokurttet dtorto, 5101t
Katd 1o rponynBév pepog g anodelng, n [I'4] < |B4| ouvenayetat v [I'A| < |BA|, avtiBeta pe v
unobeon. [Napopola oe atono katadnyet Kat 1 vrobeon ot |[BA| < [['A| eve tautoxpova |BA| = |I4],
8101 ) tedevtaia ouverntdyetat 6t ta tpiywva A4B kat AAT 9a eivat ioa. ‘Apa dtav woxvel ) |BA| < [TA|
9a npénet va woxvel kat ) |BA| < |[I'4], o.€.8.

2x06A10-2 To tedeutaio noplopa eivatl 10oduvapio pe to ot 1o prKkog |AB| g urnoteivouoag tou opbo-
yoviou tpryovou A4B eivat av§ouca ouvaptnon tou prjkoug g kabetou |4B|, dtav n adAn kabetog
A/ pével otabepad.

IIépiopa 1.10.7 'Eotw toookedeg totywvo ABI ue ioeg yovisg ota A kat B. Oswpnoe onueio A emni tng
TPOEKTATEWS TOU eVdUypauuou tunuatog AB. H I'A givar ueyaiuvtepn touv I'A (Exnua 1.10.3-11).

IIopiopa 1.10.8 Av ot evdsieg a, B, mpoomintovoeg emi g evdeiag &, oxnuatifouv tg idleg ywvies ano

mv idwa puepra meg evdelag, 10te evar ntapaiinisg. Eiwbucd, dvo kddeteg emi ¢ avtrg sudeiag, sivat
mapaiinieg.

@ (1

B B ‘ ‘F
xnpa 1.10.4: Eubeieg mpoorinrouoesg Uro yovia @ Mia povo kdbetog arno o A

Amnddeifn: Av bev ftav napdAAnieg kat tepvoviouoav oe onpeio I (Exnua 1.10.4-1), tote 9a oxnpa-
Tidav Tpiyevo pe dBpolopa yovioy otig Kopugeg Tig Stapopetikég armo 1o I ;. o + (180° — ) = 180°,
atorto ([Topopa 1.10.1), o.€.8.

IIépiopa 1.10.9 And onueio A extdg eudelag € dyetat 10 oAU pia Kadetog emi v &.

Amnddeiln: Av unmpyxav dUo dapopetikég kabeteg amod o0 A (Zxnua 1.10.4-1I), téte Sa oxnuatdav
Tpiyvo Kat o1 60 yevieg ToU otig KOpudEg Tig Sapopetikég amnod 1o A Sa eixav aOpotopa 90° +90° =



1.10. ZXETIKA METE®H I'QNIQN TPITQNOY 27

180°, atoro (ITopropa 1.10.1), o.£.6.

A
B
/)] am M
I’ r B r
A
xnpa 1.10.5: Toa opboymvia tpiyeva Toa Uyn Xapaktnpilouv ta 1000KeAT)

‘Aokrnon 1.10.1 Avo opdoywuia tpiyova mou Exouv pia kddetn mtisupd katl tnv umoteivovoa avtiotolya
loeg eivat ioa.

Ynobeiln: Torobétnoe ta 6U0 tplywva €101 wote va oupmnéocouv ot §Uo ioeg KAOeteg MAEUPEG PE TO
eubuypappo unpa AB (Exfpa 1.10.5-1), ta 8¢ tpiyova ABIT xat ABI” va sivat ard g 6Uo peptég
g AB pe v opbr) oto A. Ta I',I” kat A sivat tote oe pia gubeia kat 1o B € unobeoewg 1o0ameyet
arto ta I’ kat I, apa etvat oy pecokddeto tou 177 kat o A eivat to péoov wng I'17.

‘Aokrnon 1.10.2 Av dUo Uyn 1pty@dvou givat ioa, T0Te 10 Iiy®Lo glvat I00OKEAES.

Yrobeién : 'Eote ot ta 6Uo Uyn eivat ta BM kat I'N (Exnpa 1.10.5-1I). Tote ta tpiyova BMI xat BNI
elvat opboyovia, £xouv koivr) unoteivouoa tr BI', kat ug kaBeteg mAeupég BM kat I'N, €€ unobéoeng,
toeg. Katd v nponyoupevn aoknon, ta opboyovia eival ioa Kai, eMOPEVES, Ol Yovieg toug ota B
kat I 9a elvat loeg, apa 1o 1piyevo ABI" 9a eivatl 10ooke)ég ([Ipotaon 1.9.3). Znpeiwoe ot i) 1810t ta
autng g AoKNong eivat n avtiotpodn Ing replexopévng otnv Aoknon 1.9.5.

Ozopnpa 1.10.4 Av §vo wiyova ABI kat A’B'I" éxouv ioeg avtiotoleg TALUPES TOOOKEIUEVES OTIC

yovieg ota A kat A’ (|AB| = |A’B/|, |AI'| = |A'T”’]) ka1 ot yovieg ota A kat A’ givat avioeg (A > A’), 101
avtiotolya avioeg glvat kat ot tAeupég toug (BI| > |B'T)).

1

@)
B r (1)

B I Ar

I—'l
Zxnpa 1.10.6: MeyaAUtepn mAgupd anévavit PeyaAutepng yoviag

Anobeifn: Torobémoe ta piyeva €0l wote ot mieupég AB kat A’B’ va oupriéoouv kat n AT va
Bpebel 010 e0WTEPIKO NG A. Tpeig eivat o1 duvatég meputtwoestg ya ) don twou I’ g mpog v
eubeia BI' (I-1II oto oxnpa 1.10.6). Ag doupe ) pia (Exnpa 1.10.6-1) kat ag apricoupe 11 dAAeg
8U0 wg aoknoelg. Le autv urobétoupe ot to [ Kat 1o A A givat oe 61aq)opatu<eg peptég g Bl Tote,
ouykpivovtag 1§ ywvieg tou tptyovou BT éxoupe BI'T > AT = AIT > BIT I, 6mou U N T IS)\SUICHCL
wootnta wyvet dion |[Al| = |A'T| = |Al'|. 'Opweg, Katd o mponyoupevo Sempnpd, 1) BI'T > BIT
ouvenayetat ou |BI| > |BI’|, 0..5.
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IIépropa 1.10.10 Av dvo tiywva ABI kat A’B'I" €xouv ioeg avtiotolyeg TAEUPES TIOOOKEIUEVES OTIC
yovieg ota A kat A’ (|AB| = |A’B’|, |AI'| = |AI'’|) kat ot 1piteg mAcupég Toug eival avioeg (BIT| > |B'T”|),
10Te avtiotoya avioeg givat kat ot yovieg ota A kat A’ (A > A').

—

Amddeiln: Av pe ug unobéoelg g mnpotaong sixape BAIT < B’A’l7, tote 9a MPOEKUITIE ATOTO.
paypat, av frav BAI' = B’A’[”, tote kata to II'TI-kpur)pto 1a piyeva Sa nrav ioa kat Sa eixape
|BI| = |B'I"’|, dtoro. Av fitav BAI' < B'A’["’, 16te katd 1o Oswpnpa 1.10.4, Sa eixape |BI < |B'T7,
atoro, 0.£.6.

‘Aoxknon 1.10.3 Acife ou ano vo wookeiny ABI' kat ABI ue tu idia Baon, m pueyaidvtepn yovia otnu
KOPU@N TOU OXNUATI(EL AUTO TIOU EXEL UIKPOTEPA OKEAN Kal avtiopoga.

B M r
Zxnpa 1.10.7: MeyaAUtepo 1000KEAEG Toa 1000KeAN

Ynobein : Aeile mpwta 011 01 KOPUPEG TOUG, TT0U gival otV pecokadeto tng Baong Bl (Exnpa 1.10.7-
I), elvat mo kovta oto pécov g M, oo 1o pikpo eivat 1o okéAog (IIépopa 1.10.6).

‘Aoknon 1.10.4 Acife ou 6vo wooken iyova ABI kat A’B'I” mou éyouv ioa okéin |['A|l = |'B| =
|[I"A’'| = |I"B'| kat ioeg yovieg ot Baon, sival ioa.

Ynobeifn: ToroBEtnoé ta €101 OOTE va CUXIECOUV 01 ywvieg toug ota B kat B’ (Exnpa 1.10.7-1),
kaOwg kat ot BI' kat B'T”, A6ye g 100t1ag TOV PUNKOV ToUg. Av ta A, A’ fjtav dlapopetikd Kat to
A’ paxkputepa tou B art ot 1o A, 9a eixape v e§ntepikn @ tou tpryovou AA'T oto A peyalutepn
arto v €0WTEPIKT ® 0to A’ (@ > w), Tou eivatl atoro. ‘Apa kat ot Kopugeg A, A" 9a ocuprtirttouv.

‘Aoxrnon 1.10.5 Aodévtog onueiov A extog eudeiag € kat yoviag @ (0 < @ < 90), deife 6t undpyet éva
70 TOAU 1000KEFES TPlYy@VO Ue Kopu@n T0 A, Sdon Tl ng € Kat yovieg otnv Baon (0e¢ Ue @.

‘Aoxknon 1.10.6 Acife ou oe kade tpiywvo ABI 10 adpoioua tov unkov oL UPoL ToU glvatl UKpOoTepo
MG TEPIUETOOU TOU.

‘Aoknon 1.10.7 Acife 61 kdde tpiywvo, 0to onolo pia yovia tou toovtat pe 1o d8polopa tav 6Uo dAAwv,
xwpiletar oe dvo wooken plywva.

‘Aoknon 1.10.8 Acife o 6vo opdoywuia iywva ABI kat A’B'I” mou gyouv ioeg umoteivovoeg kat pia
yovia &, dtagpopstikn e 0pdng, ion svat ioa.

Yrodeln: Ilpoéxkteive v kdOeto BI' mou mpdokettat otV @ Katd 1o dutddoo éwg 1o 4 (Exnna
1.10.8-I). Ipokurttet 10 1000KeAég ABA. Avdaloya mpoxurttel 1000keAég A'B'A’ and 1o opBoywmvio
A’B'T"’. Ta 8Uo 1o0ookedr) ABA kat A’B’'A” éxouv ioa okéAn kat ioeg yovieg otn Baon, apa eivat ioa
(Aoknon 1.10.4). Tote kat ta piod toug opboywvia ABI kat A’B'T” eivat ioa.

‘Aoknon 1.10.9 Acife ou n Swausoog AM tprycvou ABI ue avioeg mieupég AB, Al', yépver mpog
uepta g ukpotepng. Emiong, amo tg yovieg BAM xair MAT , ueyaiutepn elvar avty mov mpooketal
OTNV WKPOTEPN TAEUPA. ZUUTEPAVE, OTL TO LXVOG TG O1YoTOUoU A givat Tio KoUTd O€ EKEVN TNV KOPUPH
ano ug B kai I', mou avnket emiong otnu pikpotepn rtisvpa (Exnua 1.10.8-1).
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Zxnpa 1.10.8: Toa opBoywvia Ipiyeva KAion dwapéoou

‘Aoxrnon 1.10.10 Acife 10 avtiorpogo g mponyovusvng aoknong. Andaén, av n diaueoog AM yépuvet
mpog 10 B, t01¢ |AB| < |Al'| xat BAM > MAI .

1.11 H tplywVviky avicotnta

Yriapxouv t160eg Pabpideg oto avOp@Itvo rveljia 00eg Opyleg
UIAPY0UV arto €66 ©g TOV 0Upavo Kat 1000 avapiOpnteg.

Michel de Montaigne, IIepi tn¢ avio0mtag TOU UTAPXEL AVAUEOA UAG

H tpiyeviky aviootnta eival Sepediwdoug onpaociag otnyv yeopetpia kat odnyet otnv ermBeBaiowon tng
81aiobnong, ot 1o euBUypapo TUNPA gival 0 CUVIONOTEPOS 8PO110g petalu duo onueinv.

Ocsopnpa 1.11.1 Ze kade 1piywvo ABI 10 ddpoioua tov unkov 1oL 6U0 TAgUp®v Tou givat pueyaiitepo
TOU UNKoUG ¢ Tpitng misupdg.

»4
@ /b// / ey
A~ /
/
c b /
/
B - r
Zxnpa 1.11.1: Tpiyevikn aviootnta Aviootnta yia ) dadopd

Anodeiln: Eow ou n a = |Bl eivat n peyadutepn amo odeg tg rieupés. Apket va dei§oupe ot
a < b+ c. Ilpog touto mpoéktewve v AB katd tunpa A4 ico pe AI'. Zto tpiyevo ABIT mou

oxnparti¢etat, n yovia BI'4 = BI'A + AI'4 eivat peyadutepn g I4B, dpa (@sdpnpa 1.10.3) kat n
m\eupd B4, yua v oroia |BA| = b + ¢, 9a eivat peyadutepn wng Bl pe |[BI| = a, 0.€.6.

Ozopnpa 1.11.2 ¢ kdde oiywvo ABI 1 Siapopd tewv unkov tov U0 TASUpaU Tou lvat WKpotepn
ToU UnKoug g 1pitng TAsupdag.

Anodeiln: 'Eow ou n mieupa Al eivat peyadutepn g AB (b > ¢). Apket va &eioupe 6t a > b —c.
IIpog touto mdpe eri g AN tpnpa A4 ioo pe 1o AB. Zto tpiywvo 4Bl mou oxnuarti¢etal, n yovia
BAT eivat peyadutepn g ABI. Touto, 8101 wg e§wiepikr) g BAOIKING YOVIAg @ TOU 1000KEAOUG
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BAA, sivat apBAeia ([Topopa 1.10.3). Kat av éva tpiyevo éxel pia apBleia, autr) eivat peyadute-
pn ard tg duo ddAeg, mou mpénet va eivat ofeieg ([Toplopa 1.10.2). 'Enetat 6w n mdeupa BI', miou
eivat arévavu oy apBieia 6 = BAT, eivat peyadutepn tng A7 ou éxet prkog AT = |AB|—|AT'], 0.€.6.

Ix06Aw0 Ta 8Uo dewprjpata, OUVOAIKdA, onpaivouv ot oe KABe TPIy®VO 10XVUOUV Ol aviooTTeg yia
1a PAKI TOV TAEUPQV

la—bl<c<a+b, |lb-c|<a<b+c, lc—al<b<c+a.

Euxola emiong BAEret Kaveig 0t 0Aeg aUTeg 01 aviootnTeg eivatl 1ooduvapieg pe tyv anaitmon a < b+c,
OIIOU a 1 PeYaAutepn IMAEUPA TOU TPLYOVOU.

TeOAaopévy ypappr AEyetatl 1o oxnpa mou arotedeitat anod pia akoAoubia subuypdppev THNPATOV

AB, BI', ..., XY, YQ, oy ornoia, kaBe gUuyog §1a80X1KOV THNPATOV, £XEL £€va AKPIBOG KOO AKPO
B
0 v
A Q
r X
Zxnua 1.11.2: TeBAaopévn TebAaopévng ouvidpeuon

(ExApa 1.11.2-1). Tnv tebAaocpévn autr) oupBodidoupe pe ABI...YQ kat Aépe 011 EVAVEL Ta onpeia
A rat Q. TIAeupég g teBAaopévng ovopdoupe ta eubuypappa tpipata AB, BlC, ... MRRog tng
1eOAaopévng Aéyetat 1o dBpoloa TV NNKOV TV AEUpoV g |AB| + |BI| + ... + |YQ|. H teBAaopévn
Aéyetatl KAglotr, O0tav ta onpeia A kat £ cuprintouy.

Iépiopa 1.11.1 To cvdvypauuo tunua AQ xet uniog |AQ| uikpotepo ano o unkog kade ted Aaouévng
ToU €V@VEL 10 A e 10 Q.

Anddeiln: AobBelong g tebAaopévng AB...YQ kat gépvoviag v AlT oxnuarti¢etat o tpiyovo ABI
(Exapa 1.11.2-1). AdY G IPIY@VIKNG aviootntag 1 véa tebAaocpévn rou rpokurttet Al AE.. XY Q éxet
HIKPOTEPO PUIKOG ATIO TO PNKOG U NG apX1KNg teBAaopévng Kat pia mAeupd Atyotepr). Xuvexidoviag
KAt autdv ToV TPOTT0 PEIWVOURE OUVEX®MS KAl T0 PNKOG g tebAacpévng Kat 10 ANO0G TV ITAEUPOV
g. H Stadikaoia ouveyiletat péxpt va @racoupe oto eubuypappo tunpa AQ kat 1 ouvexrg peiowon
Tou pnKoug péxpt to |AQ| divel v avicotnta |AQ| < u, 0.€.8.

‘Aoxrnon 1.11.1 'Eotw ou 10 onueio A givat ot0 eowteptko tou 1ptyovou ABIT . Agife o 1o adpooua
TV anootdaoemv U A amo g KOPUPES TOU TPLy@dVOoU glval UKPOTEPO NG TIEPIUETPOU Kal UeyaAUTELO
NG NULTEPIUETOOU TOU TOLYGVOU.

‘Aoknon 1.11.2 'Eotw Ot 10 onueio A eivair oo efwtepiko tou totyovou ABI . Agife ot 1o dadpotoua
OV anootaoemv 10U A amo Ti¢ KOPUPES TOU TOLyDVOU givatl UeyaAUTEPO NG NULTEPYUETOOU TOU TOLYGVOU.

‘Aoknon 1.11.3 'Eotw ou 1o onueio 4 sivar oto eowtepucd tou tptyevou ABIT . Asife ot 1o adpotoua
[4B| + |AI'| < |AB| + |AI'| Exrua 1.11.3-1).

‘Aoknon 1.11.4 Acife ou n 6iapecog AM toryovou ABIC €xel punkog puodtepo tou nu-adpolouarog twv
SUO0 TPOOKEWEVOV TAEUPOD TNG.
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Sxfna 1.11.3: |4B| + |AT'| < |AB| + |AT| |AM]| < 1ABLIAT]

Yrodeiln: Ilpoéxktetve v AM xkatd 1o Siurddaocto €wg 10 4 (Exnpa 1.11.3-I1). Ta tpiyova AMB xat
AMI eivat ioa &g €xovia |AM| = |[MA|, |BM| = |[MI'| kat i niepiexopeveg yovieg AMB kat I'MA ioeg.
Eropévag, amo v 1piyoviky avicotta exoupe 2|AM| = |A4| < |AT'| + |[I'4] = |AT'| + |AB|. Znueiowoe
ot woyxvel kat i |[AM| > %(lAB| + |Al'| — |BI)) (I6ptopa 3.12.3).

‘Aoxrnon 1.11.5 Acsife 0u o kdde 1piy@VO T0 AJPOITUA TOV UNKOV TOV SIAUEOOV VAl UUKPOTEPO TNG
TLEPYUETOOU TOU TOLYGVOU.

1.12 H raBetog anod onpeio

(Tarewr) texvn Xopig Ugog,

nooo apya déxopat to Hidaypd cou!)
‘Ovelpo avayAugo, Sa’ pbw Kovtda cou
KATaKOPUP®S.

K. Kapvotakng, Eu6atrjpto mévdiuo kat katakopugpo

Amo 1o IToplopa 1.10.9 yvepioupe ot1, av unapyel pia kabetog otnv eubeia €, anod onpeio A ektog
g eubeiag, tote aut) 9a eivar povadikr. To erndpevo Sewpnua deixvel v dnapdn pag térolag
kaBgtou. Ta Vv KATAOKeUr| Xprotionotovpe ) depeAiddn duvatdtnta KATaoKEUNg 11ag Oplopévng
yoviag (ASieopa 1.4.2) pe mieupd pia Sobeioa eubeia kat kKopudn Eva 8o0év onpeio tng eubeiag. Ao
v 161a Jepediddn Suvatdtnta aroppéet Kat n vrapdn g kabétou € mpog eubeia & and onueio A
eni g eubeiag ¢ (ITIoplopa 1.5.1). H mpaktiky] KATAOKEUT] TG KAOETOU He Tov Kavova Kat to §1abntn
Yepediwveral oe 181011eg TOU KUKAOU Kat Ya yivel ota eropeva (§ 2.4).

y A
@ 1
8'
€
-
B 4
&
r
r B M
Ixnpa 1.12.1: Kdbetog and onpeio Andotaor |AM| tou A and v subeia ¢

Ozopnpa 1.12.1 Ano onueio A exktog evdeiag € ayetar pia akpibwg KAdeTog oe avtnu.
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Anodeiln: Kataokeudaloupe v KABET0 PEO® £VOG 1000KEAOUG TPIYy@VOU ®g £&ng (Exnpa 1.12.1-1).
IMaipvoupe éva tuxaio onpeio B oty € kat opidoupe v eubsia BA. Z10 nUIEMINESO ®§ IPOg &,
10 U1 mepEXov 1o onpeio A, opidoupe 1o eubuypappo tunpa BIT ou oxnuartietl pe myv € v ida
yovia rou oxnuatidel kat n BA (ASiopa 1.4.2). Erd tng eubeiag autr|g naipvoupe onueio I, £tot oote
|BI'| = |BA|. H gubeia Al eivat i {ntovpevn. pdypatt, to tpiyevo ABI eival 1000keAéG pe Bdon v
Al eK KATAOKEUNG KAl 1] eubeia € oupIUItetl Pe ) 61X0TOP0 g KOPUPrGg TOU. ZUVENWG, 1 € 9a eivat
KAOetn otnv Baon Al tou 1pryeovou (Iopopa 1.8.2), o.€.6.

IIopropa 1.12.1 (Anootaon onueiov and evdsia) 'Eotw A onueio ektog evdeiag € kat AM 1 kddetog
e avtniu. I'a kade daijo onueio B ¢ evdeiag n AB sivar ueyaiuvteon ms AM.

Anddeiln: Ta kaBe addo onpeio B (ZxApa 1.12.1-11) oxnuatidetat opboyavio oto M tpiyevo AMB jie
unoteivouoa AB, 10U gival raviote peyaduteprn) g kabétou AM (ITopopa 1.10.5), o.€.6.

To onpueio M ovopddetat (kabetog 1 opBoymvia) mpoBoAn tou A eri tng eubeiag e. To prkog |[AM| tng
AM ovopdloupe andotaot tou onueiou amno v gubeia.

(1

xnpa 1.12.2: Ilposkteivoviag 1o Upog Katd to Surtddoio EAayiotornoinor tou |EA| + |EB|

‘Aoknon 1.12.1 Tpogktetve 10 UYog v, Tou tptyavou ABIT and 1o A, npog t BI', kata 1o 6imiacto éwg
10 onueio E. To tpiywvo BEI mou oxnuatifetar eivar ioo ue 1o ABI .

Ynodeln : Epappoloviag to II'TI-kptpro, deie mpwra ot ta tpiyeva BAA kat BAE (Exnpa 1.12.2-1)
eivat ioa kat ta piyeva AAIN xkat EAI eivat eriong ioa. Katérmv, epappdloviag to IIITI-kpriirp1o,
6eile o kat ta ABI” kat EBI eivat ioa.

‘Aoknon 1.12.2 AiSoviar §Uo Siagopetika onueia A kar B and v ibia puepia g evdeiag € rkat onueio
E rkwovuevo e avtrig. Na Bpedei n 9¢on E' tou E yia v onola 1o ddpotoua tov anootacewv |EA|+|EB|
kadiotatar eflayioto (Zxynua 1.12.2-11).

Ynobeiln : TIpoBadde 1o A oty eubeila € oto M kat mpoéktetve v AM 1ipog 1o M katd to Sutddoto
¢wg 10 onueio A’. Ex Kataokeurg 1 € givatl tote 1 pecokadetog tou AA’ kat yua kabe onpeio E ng ¢
ta tunpata EA kat EA’ eivat ioa. Zuvenog, to aBpowopa |[EA| + |[EB| = |[EA’| + |[EB|. 'Eow E’ 10 onpueio
tour|g tng A’B kat ing &. Ta ta onpeia E g &, ta dagopetuka tou E’, oto tpiyovo EBA’ 10xUel
niavrote |[EA’| + |EB| > |A’B|. H 106tta 1ox0el povov dtav 1o onpeio E tauti¢etat pe to E'. Auto eivat
10 onpeio oto oroio ehayiotonoteitat iy |EA| + |[EB.

‘Aoknon 1.12.3 AiSovtar 6vo Siagopeticd onueia A kar B ano mu i6ia puepia mg eudelag XY kat
onueio E kwouvuevo e avtrg. Na Spedei n 9éon Z wou E yia v onoia ot yovie¢ AZX kar BZY sivai
ioeg.

Yrobeién: 'Eote ot Aubnke 10 mipoBAnpa kat Ppeédnke n 9¢on tou Z (Exnpa 1.12.3). IIpoékteve
ZB ka1 niape e avt)g ZA’ 100 pe to ZA. To tpiywvo ZAA' eival 1000kedég kat 1 XY €K KATAOKEUTL|G
elvat S1xotop0g6 g ywviag otnv kopudr) tou Z. Luvenwg, n AA’ eival kdOetog otnv XY kat v tépvet
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Zxnpa 1.12.3: IEnpeio avdklaong Z and 0 A oo B

oto péoov M g AA’ ([Tépopa 1.8.2). Tuvenwg to A’ mpoodiopiletal and ta debopéva @épvoviag
KABeto AM aro 10 A omv XY Kat ripoekteivoviag autr)v rpog to M katd to dutdacto. H topry ing A’B
pe ) XY npoodlopidet to {ntoupievo onpeio.

Ixo6Awo Eival adloonpeioto ot n Avon twv §Uo tedeutaiov aoknoemv opidetat and 1o idto onpeio.
TV QUOIKI AUt AVIoTOIXEl OTO VO10 NG AVAKAACTG, KATA TOV OO0V Jid aKIiva IoU EKITEPITETAL
ard 10 A, avaxddral omy XY (katorpo) xat 1 €§ avakAdoemg axktiva mou repvd and 1o B, £xet
duo 1610tTeg TauTOXpova: a) 1o unkog |AZ| + |ZB| eivat to elaxioto duvatov, B) n yeovia AZX (n
OUPIMANPOMATIKI autng Aéyetal yevia npoontwong) (Exnpa 1.12.3) elvar ion pe ) yovia YZB (n
OUNIMANPEUATIKY authg Aéyetal yovia avarAaong).

‘Aoknon 1.12.4 AiSstai evdeia € kar 5vo onueia A, B and v idia puepia g evdeiag. Na Ppedei onueio
I' emi g € ya 1o onoio n 6wagopa ||[I'A|l — |I'B|| yivetar uéytomn. Na efetaodel 1o (610 mpo6inua otnu
nepintoon Tou ta A kat B lval o S1a@OpeTUKES UEPIES TNG E.

‘Aoxrnon 1.12.5 Acsife ou, av |AB| < |AI'|, ©0te n mpoBoin A tng wopugrg A omuv misupa Bl tou
toyovou ABIC glvai mio kovta oto B and ot ato I' (1BA| < |AT).

1.13 H napaAAndog amo onpeio

AMAG 1 pnxavr) ekeivn Sev ftav Tote pIypootd otov ApX1pndn kat
ota pnyavipatd tou. O 18106 dev ta dewpovoe tinote G§lo Pocoxrg,
ylati ta meploootepa ta eixe dnuioupyrnoet og napepyo, naidoviag pe
1 YEQUETPIKA IpoBAnpatd ...

ITfoutapxog, Biot tapaijniot, Ilefonibac—MapkeAAog

H endpevn npdraon anogaivetat yua v vrapdn pag rapaddnlou. Aev Aéel Opog Tirote yia
povadkotnta autg g rapaddndou. O@a Sovupe napakdm® ot 66 anatteital pia Baoikr) unodeor
(a§iopa), katd mv oroia dexopaocte Ot dev urtapyxet GAAN rapdadAndog aro v kataokevaobeioa. Ot
potaoelg ou arodei§ape péxpt 10ude Sev xperdaobnkav moubevd v urnobeon g povadikotnrag
g napadAniou. Znpidovial anorAsioukd otg 1810t)teg (a§iopata) yua eubeieg, yovieg kat piyova,
rou 6exOnKkayie 61 WoXUoUV (oTig Iapaypdpoug 1.2-1.6). TEToleg TPOTACELS ATIOTEAOUV TO AVIIKEIJIEVO
g Aeyopevng andAutng 'eopetpiag.

Ot potdaocelg g Anodutng l'ewperpiag, otig oroieg eviaooovial Kat 0AEG Ol TIPOTACELS TTOU ATT0-
Seiape péxpt topa, £€xouv 10XV t0oo otnv EuxkAeibeia Tewpetpia, omou dexopaote ) povadikotnta
g rapadAndou, 600 Kat otnyv Aeyopevn unepBoAikrn 'ewpetpia (pia cuviopn emokOnon g o-
roiag 6idetat oy § 7.9), owv omoia dexdpacte OTL UTIAPXOUV TIEPLOCOTEPES A0 Pia mapdAAnAeg
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amno onpeio A mipog eubeia . Avo tedeutaieg mpotdocelg g AroAutng Feoperpiag anodeikvuoupe
KAl otV €MOpevn) apdypago, yla va repdooupe katormv oty EukAeidela Teoperpia dexopevor
povadikotnta g rapadiniouv.

B

Zxnpa 1.13.1: ITapadAndog arod onpeio

IIpotaon 1.13.1 Ano onueio A extog evdeiag € ayetat pia ntapdiiniog 6 mpog avtnu.

Andbeiln: Katd ta mponyoupeva (@eopnua 1.12.1), uvndpxet n kabetog AB enti v €. Emiong
Kataokeudadetal n kabetog 6 g AB oto onpeio g A (ITopopa 1.5.1). Ot eubeieg € kat 6, katd 1o
IToptopa 1.10.8, sivat mtapdAAndeg , o.€.8.

‘Aoxrnon 1.13.1 Zwa onueia A kat B piag eudeiag wat anod mu i6ia uepla meg Uiyooe U0 i0eg KAJETES
AA kar BI'. Acgie oun I'A eivar rapaiiniog g sudeiag AB.

N '

X A B
xnpa 1.13.2: Tparédo Saccheri

Yrodeén : Ta piyova ABA xat ABI eivat ioa (Exnpa 1.13.2), og ¢éxovia v AB kowr, tg A4 xat BI'
106G €K KATAOKEUNG KAl TG MEPLEXOEVEG OE AUTEG YwVieg 10eg wg opBEg (IITTI-kpitplo). Zuvayetat
ot ot Al' xat B4 eivat ioeg kat arr auto, ot kat ta piyeva A4 kat BAI eivat ioa (ITIII-kpitpo).
Amo TV 100TTA IOV TEAEUTAIOV TPIY®VOV, OUVAYETAL KAl ] 100TNTA TOV YOVIOV XAA ka1 YTB. Twopa,
otV anodeln ot ot AB kat I'4 dev tépvoviat, nape 81d g €1g dtonov anayoyng. Ynobeoe ot autég
épvoviatl oe onpeio Z kat oxnuatidouv oe auto ywvia . Tote, oto tpiyovo 4AZ, n efwtepikr) yovia
oto 4 9a eivat @ > 90°, oto e BI'Z 1 ewtepikn) yovia oto B 9a eivat 90° > . Ano tg §Uo autég
ouvayetal 0t @ > @, rou eivat droro. Apa ot AB kat I'4 eivat mapddAndeg.

2x6At0 To oxnna ABI'4 g niporyoupévng doknong, ovopddetatl Tpanedo tou Saccheri (1667-1733)
kat énaige 18uaitepo pddo otnv wotopia g YriepBodikng Fewpetpiag. Metd tnv napadoyr) tou aSiopa-
106 TeV apaAAniev, Sa dovpe Ot n yovia @ eivat opbrn. Ltnv napovoa @Act OPeG, Orou dev £xoupie
akopn kavel karowa apadoyn yia tg rapddindeg, ev priopoupie va anodei§oupie KAt TET010.

‘Aoxrnon 1.13.2 Ano wa onueia A kar A’ gvdsiag € kat mpog 10 1610 uépog g @épe GUo ioa tunuara
AB, A’B’ kai ue mv ibia kiion o mpog v . Agife oun BB givat tapaiiniog g e.

Ynodeiln: Pépe tg kabéroug BI' kat B'I” mpog myv ¢ (Exnpa 1.13.3). Ta opboyovia tpiyeva ABI
kat A’B'I"” €xouv ioeg unoteivouoeg kat pia yevia (@) Siagopetikn tng opbng iorn, ouvenag sivat ioa
(Aoxknon 1.10.8). Zuvenwg, ot kabeteg BI' xat B'I” eivat ioeg Katl 10 CUPIEPACHA [IPOKUITIEL AT TNV
‘Aoknon 1.13.1.
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Zxnpa 1.13.3: Toa eubuypappa tunpata mou opidouv pia mapddAnio

‘Aoknon 1.13.3 'Eotw ou ot yyotouot g yeviag A tpryovou ABIT téuvouv mu anévavt nieupd ota
onueia: A (eowtepucny) kal E (e€otepucn). [po6aiie tv kopugn B oto Z eni ing AE kai dinjaoiace 1o
unua BZ mpog 10 Z uéxpt 1o H. Acife ot 1o H eivar emi g svdeiag Al'. Acife emiong ot n HB eivat
napaiiniog mg A4.

B 4 r

Zxnupa 1.13.4: IapadAndn ng Sixotopou
Yroden: Ta opBoyovia tpiyova ABZ kat AHZ eival ioa ek kataokeung (IITTI-kpufipro), dpa ot
y®Vvieg Toug oto A eivat ioeg kat emetdn) n AZ eivat S1X0T0110G G TAPATANPAOATIKNG TG Y®Viag oTo

A, n AH 9a ouprirtet pe wmyv eubeia AN (Exnpa 1.13.4). Ot 6Uo eubeieg A4 xkat ZB eival kabeteg
ownv AE, apa dev tépvoviatl (@swpnpa 1.12.1).

1.14 To a6poilopa ywViov TPLy®dVvou

ATIAGG eTTIVO®, PETA TEPIIEVE® VA Yivouv avaykaia autd rmou ermvonoda.

Richard Buckminster Fuller, Time 10/6/1964

Yug anodeiderg v 6uo enopévav deopnudtev (rou opeidoviat otov Legendre (1752-1833), ([Bonl2,
0.55], [AP88, 0.80])) kat mdAt &ev 9a yxpnotpornojooups karola 1816tnta twv napaddniev. Autd
1a Yewpnpata eupiokovial, Katd KAmo1o tpdro, oto ouvopo petadu tng AmoAutng Feopetpiag kat tov
AoV T'eopetplov (Euxkdeidetag kat YriepBoAikng). To Seutepo dedpnpa @avepivet, 6Tt av 10XUoUV ta
aSiopata ya eubeieg, yovieg kat piyeva rou dexbrikape otg riapaypagpoug 1.2-1.6 kat oto erirnedo
Bpebel xkamowo tpiywvo ABI™ pe dabpoiopa yeovieov a + B+ y = 180°, tote kat kaOe dAdo tpiyevo tou
ermredou auvtou Sa €xet abpotopa yeoviov 180° kat Sa 1oxvet n povadikomta g rapaddniou and
onpeio mpog eubeia, dndadn oto eninedo auto Sa oxvel n EukAeibela Teopetpia. Ilapopowa, av
oto emtinedo Bpebei karmowo tpiywvo ABIT pe dBpoiopa yoviov a + S+ y < 180°, tote kat oe kABe
AaAAo Tpiyevo autou Tou eruredou 1o abpotopa v yoviev 9a elvat pikpotepo v 180° kat Sa 1oxvet
éva dAdo £1dog yeopetpiag, Stapopetikd mg Eukdeideiag, n YriepBoAikn Femperpia 1 yeopepia tov
Bolyai 1802-1860 kat Lobatsevski 1792-1856 [AP88, 0. 98], rou avap£pbnke Kat otV ponyoupevn
napaypado, Kat éva PovigAo tng reptypadetat otv § 7.9.

Ozopnpa 1.14.1 (Beapnua twv Saccheri-Legendre) Ze kade tpiywvo ABI 10 ddpowoua tov youldv
T0U glvatl uKpotepo 1 ioo tou 180 (a + B+ y < 180°).
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Amndbeiln : Me €16 Atorov anaynyr). EeKivape pe tyv unobeorn ot urtapxet tpiyovo ABI pe a+ S+y >
180° xkat Seixvoupe o6tl auto odnyet oe atoro. Tormobetovpe v aviiypapa tou 16i0U TPLYy@VOU OtV
oelpd, €tol wote ot Baoetg toug Bil'y, ['11s,... va eivat dadoyikda ioa subuypappa tpfipata mg

Zxnpa 1.14.1: Mwa akoAoubia ioov Iptydvev

6lag eubeiag (ASiopa 1.3.3), Exrpa 1.14.1). Eni mAéov urnobetoupe ou n mAevpa Al < |BI).
Anpoupyouviat 10te 1a piyeva A1l 1Ag, Asl5As ..., ta ortoia, anodsikvuetatl eukoAa (III'TI-kpitr)p1o),
ot eivat ioa petagy toug. Av @ = |m|, 10te n B+ w+y = 180° padl pe v uvnodeon a+L+y > 180°
OUVETIAYETAL 0Tl ® < a. LUVEN®G, OUYKpivoviag ta tpiyeva A; B’ kat A; 1" Ag, TIOU £X0UV Tig TAEUPEG
T0Ug oTig Kopudeg Ay kat I} avtiotorya 1oeg Kal 11§ MepleEXOpeveg yovieg avioeg (@ < a), Katd to
Betpnua 1.10.4, ouprniepaivouiie 6t o1 1piteg mMAeUpeg Toug da eivat avtiotorxa avioeg |A1 As| < |Bil|.
Tuykpivoupe twpa ta phKn v §Uo ypappev rmou eveovouv ta B kat I,. Katd to IMopiopa 1.11.1 to
PfKog Tou eubuypappou tunpatog |Bi | = v|B1 1| 9a eival pikpdtepo tou prikoug g tebAaocpévng
ypapuig B1A1AsAs.. . AT, 1o onoio givat |B1A;| + (v — 1)|A1As| + |A1T1]. And tnv avicotnta

VBiI'1| < |BiAil + (v = 1)IA1 Ag| + |Ai T
Aoye g |A1 1| < |B1['1| mou unobéoapie maparndve mpoKUIet Ot
vBiI'1| < [BiAil + (v = 1)IA1 Ag| + |Bi 1.
Ao autr)v raAt IIPOKUITTEL PE AIAEg IPASELS 1)
(v=1)(IB:1 "] = |1A1A2]) < |B1A4].
H aviodtnta autr) eivat avudatikr, 8101, 6nwg onpel®oape apandve, T0 aplotepd PEA0g g sivat
Yeukd kat avdavetl répa and kabe 6pto kabwg audavetl 1o v, eve to Sei eival otabepd. H avtigaon,

otnv oroia 0énynOnkape vnobetoviag ot a+S+y > 180°, ouvenayetat Ot npénet va woxvet a+L+y <
180°, o0.€.6.

Ocsopnpa 1.14.2 (Beapnua v Legendre) Av unapyet éva tpiyovo ABIT tou eminédou E, tou omoiou

10 ddpotoua v youov givat 180°, tote kat yia kade aijo piyovo A’B'I” tou E, 10 adpoioua yeuiav
tou 9a givat emiong 180°.

Anoberln: Trv anoddeidn, mou eival KANEG eKTetapévn), Xopi{oupe o tpia Afjppata.

A

B’ I

B" Vi

Zxnpa 1.14.2: 161eg yovieg aAAd peyaleg mAeUpES
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Afjppa 1.14.1 Av 10 piywvo ABIT éyet dadpotoua yoviov 180°, 10te undoyet tolywvo A’B' T ue tg
ibtec yovieg kar mieupeg |A’B’| = 2V - |AB|, |A'T”| = 2V - |Al'|, yia ocobnmote peydio v.

Anobeifn: 'Eoww 6u 1o tpiyevo ABI éxel aBpolopa yovieov a + 8+ y = 180°. IIpoekteivoupe v AB
Kat kataokeudloupe tpiywvo BB'A ico pe to ABIT (Exfipa 1.14.2). Tote kat to tpiyeovo BAI sivat
100 pe to BAI', 61011 ta §Uo tpilyeva €xouv v mAeupa Bl kowr), |BA| = |AI'| xat tnv meplexopevn
yovia ion pe y. Ipoekteivoupe katoruy v Al” katd to Sutddoto kat opioupe 1o I pe |AI7 = 2|AT|.
Tote 1o tpiywvo I'Al” egivat xkat autd ioo pe to ABI'. Emiong enedry oto 4 ot yovieg abpoilovrat
oe 180°, ta B/, 4, I'" eivat et eubeiag. Zuvodikd, Aoutov, 1o AB'T” €xel ug i61eg yovieg pe 1o
ABI" adAd Sutddoieg mAeupég. H amodeln tou Anppatog rpokurttet enavalapBavoviag v gopeg tnv
ponyoupevn Sadikaoia. o.€.8.

A
u WA
S
a
B, y B’ r 4
IZxnpa 1.14.3: Tpiyeva pe pia kowr) yevia Tpiyova pe a’ < a

Afjppa 1.14.2 Av 10 wiywvo ABI wou emnébou E gxet adpotopa yoviwv 180° kat 1o tpiyevo A'B' T
&xet ula ano g ywvieg tou lon ue pia yovia touv ABIT, tote kar 1o A’B'T” 9a éxel adpoioua yoviodv 180°.

Amobdeiln : Ag unoBeooupe Ott ta §Uo tpiywva £€xouv ioeg yovieg ota A kat A’ avtiotoiya (Exnpa 1.14.3-
I). Tote ta toroBetovpe €101 HOtE Ot i0eg ywvieg va oupriécouv, ta A, B’, B va yivouv ouveuBelaxkd
katwa A, I'’, I' va yivouv eriong ouveuBelakd. Zinv avaykn peyalovoviag 1o ABIT pie tov tporo tou
IIPONYOUEVOU Afjipiatog, propoune va dewprjooupe ot 1o AB,I, éxel 1ig 16ieg yovieg pe to ABIT
Kat eivat 1600 peyddo, oote 1o B va eivat petadu v A, B, kat to I va eivat petadu v A kat I,
(Exnpa 1.14.3-1). depvoviag tote ) Bl, xwpiloupe to BI'T B, ot &uo 1piyeva. Epappoloviag oe
KAOe éva aro autd ta Tpiyeva v avicottd ToU MPonyouHEevou Semprlatog Kat mpoobEtoviag Tig
8U0 aviootnteg MOV MPOKUITIOUV, £X0UNE

B+y+(180° - )+ (180° —y) <2-180°,
mou eivat 10oduvaurn pe 1
B+y<p+y.
IIpooBétoviag kat ota 6Uo PEAN NG aviootntag IV KOwr yovia a €Xoupe
180° =a+B+y<a+pB +y <180°

rou ouvernayetat o a + B + vy = 180°, o0.€.6.

Afppa 1.14.3 Av 10 pilywvo A'B'I” éxet pia yovia tou pugpotepn anod pia ywvia tov ABIT, mou éxet
adpotopa youviov 180°, 1te kai 1o A’B'I” yet adpotoua yovwov 180°.

Anobefn: Tlpoéktewve i B’ kat idpe mipog to I 1o onpeio 4, £€tot wote ) yovia B'A4 va £xet pérpo
a (Zxnpa 1.14.3-1). Av ta tpiyova AB' T, I A4 éxouv avtictoxa abpoiopata yoviov X, Zs, tote,
KAtd 1o IPonyouHevo Anppa, epappodopevo oto AB'A,

21 +22 =2-180°.

Katd 1o @eopnpa 1.14.1, Sa mpénet 2 < 180° kat 2y < 180°. Apa, yia va 10XUEL 1] TIPONYOUEVT)
ootnta, Sa mpénet kat 27 = 180° kat 2y = 180°, 0.£.6.
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Anodeiln: (tou Sewpnpatog 1.14.2) 'Eotw ot 1o tpiyevo ABI éxet dBpotopa yoviev a+S+y = 180°
rat A’B'T” tuxov addo tpiyovo pe yovieg a’, B, y'. Aev propel va 10XU0UV tautdxpova Kadt ol TPELS
avicotnieg a < a’, B < B, y <y, 8idu tdte, npoobetoviag katd pEAn da £xoupe

180° =a+B+y<d +8 +v,

ou avtigpaokel oto swpnua 1.14.1. Apa, pia touddyiotov arr autég dev da 1oxUel, ag rouE 1
PO, KAt avt autg da oxvet n

a <a.

Tote, epappoloviag 1o tedeutaio Afppa, da €xoupe ot Kat yia 1o tpiyeovo A’B' T 1o dOpotlopa yoviov
tou a’ + B8 +vy =180°, o0.€.6.

A B

Zxnpa 1.14.4: Kataokeur) aro 1000KeAEG 0pOOyDVIo

‘Aoxrnon 1.14.1 'Eotw ABI w0ookefég opdoyamuvio oto B tpiyavo kat BE 1 didueoog avtouv. IIpoéktetve
m BE mpog 10 E uéxpt Sunjaoctaouov mg oto 4. Agife o6u ta piywva mtouv dnuovpyovvtar: ABE, BET,
I'EA wat AEA sivat ioa. Acsie emiong ot ot evdeisg AB kar AI” sivat mapadinieg (Exnua 1.14.4).

IXO0A10 Inueinoe 0Tl pe ta péoa rmou Stabétoupe £g tOpa, dev propoupie va anodeifoupe 0t eKtog
OV yoviov ota B, 4 kat ot yovieg ota I' kat A tou ABI'A eivat opBég. Xpeialetat yU auto 1o adiopa
10V apadAndev, mou da peAetriocoulie oty enoPevn napdypado. Qotoc0 Ol YVAOOEIS 11ag EMAPKOUV
ya va ei§oupe v apadindia v AB kat I'4, kaBog kat v riapaddnia v Bl™ kat A4.

1.15 To aiopa tov napalAniov

O oxedlaopdg pou o autod to BiBAio dev eivatl va e&nynon tg I610tnteg tou
De1dg pe Yrobéoeg, addd va tig arodei§e pe Aoyikn kat [epapata. Tt
autd Sa npotdw toug erdpevoug Oplopoug Kat Afiopata.

Isaac Newton, Ontukn

Ot 1potdoelg mou arodei§ape PEXPL THPA eVIAooovIal, OIG ONHIEIMOapE 0Tl U0 PO yOUHEVEG TTa-
paypagoug, ota riaiotla g anouving yewuetpiag, oty ornoia dev xproworolovpe 1816tteg (a§iopa-

Zxnpa 1.15.1: ¢ povadikr) apdAAndog g € aro 1o A

1a) povadikotntag 1) P apadAndev anod onpeio pog eubeia. Lv napaypago avtr) dabBaivoupe to
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oUVopOo NG anodAutng yemperpiag Kat praivoupe oty erukpdtela mg EukAeidelag yeoperpiag kat m

HEALT OXNPATOV KAl 1810THTOV TOUG IOV £§apT®VIAL artd T CUHRITEPIPOPA TV TIAPAAANA®V UGV,
H EuxAeibela Teoperpia, eKT0g TV 18100V UOL1OV, YOVIOV KAl IPIYy®VEV TTOU dexOnKape otig

[Mapaypapoug 1.2-1.6, arodéyetat Kat v 10XV g povadikotntag g rapaiindou, 6ndadn ou:

Afiopa 1.15.1 Ano onueio A, ektdg evdeiag €, dyetal pia kar povov rapdiiniog £ mpog mu e.

IIopiopa 1.15.1 Av n evdeia a téuver v evdeia B, 1018, kKar pia tapaiiniog a’ mg a, 9a téuver

eniong m B.
/ M o (1 ,
a S &
A
a 4 e
p / B
Ixfpa 1.15.2: Av tépvet i a tépvetl Kat ) tapadiniog a’ INapdAAnAog aro o A

Anobefn: Avn a’ dev étepve ) B (Exfpa 1.15.2-1), tote ano to onpueio topng A v a kat 8 9a eixape
U0 dlapopetikég apaAAfjdoug mpog v a’: Vv a Kat ) B, rou eivatl atoro. Apa n a’ tépvet ) B,
0.e.0.

Tmv napdypago 1.13 eibape éva TpOI0 KATAOKEUNG ptag rapaddniou. levikotepa, propoupe va
Yewpriooupie aro 1o A pa tepvouca AB g €, OX1 Kat avayknv kabeto oy ¢ (IIopiopa 1.10.8) kat
va KATaoKeEUAooue Vv napddindo , oxnuatidoviag oto A v id1a yovia o nou oxnuatider n AB e
mv ¢ (oto B) (Zxnpa 1.15.2-1). Adoye g Paoikrg urtobeong g povadikotntag, auvtr) Sa sivat n pia
Kat povadikn rapdAAndog g € ou ayetat anod 1o A.

Osopnpa 1.15.1 Ano mu unddeon g uovadukotnrag g napaiiniov éneral Ot 10 ASPoloua tOv
UETOOV TOV YOUIOV €V0¢ Totyevou a + B+ y = 180°.

1 4
a
ot+pf
B 14
B r
xnpa 1.15.3: To dOpoiojia yoviev Ipty®@vou E&wtepikr) yovia tpiyovou

Amnddeiln: Kavoupe 600 @opEg TV KATAOKEUT) G napaAAndou mpog t) Baon € = Bl tou 1pty®dvou
and v arévavit kopudpn A (Exnua 1.15.3-I). Tnv mpot @opd dewpoupe tépvouca v AB kat
@épvoupe v €, oxnuatidoviag oto A yevia ion pe t B. Tn Seutepn popd kavoupe v i6la epyaocia
XpPNowononviag oG tepvouoa v Al kat gépvoupe v &7, oxnuartidoviag oto A yevia ion pe ) y.
Ao ) povadikotnta g rapadAnAou, mpoKruUItet 6Tt ot iapdAAndeg €, €’ tng e tautidoviatl Kat oto
A oxnpartidoviatl ot Ipelg YOVIiEG TOU TPy®dVOU Kat to aBpoilopd toug ou eivatl 180°, o0.€.6.

IMépropa 1.15.2 Kdde efwtepikn yovia 1piydvou Exel UETPO TO ASPOIOUA TOV UETPWV TV U0 EVTOS
Kat arévavt youiodv (Exnua 1.15.3-10).
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A
@
py=90°
B ! r
xnpa 1.15.4: T'evieg opboyemviou tptyevou To a§iwpa napadiniiag katd EuxkAeibn

IIépiopa 1.15.3 Ze kade 0pdoywduio 1oiy®vo T0 ddPOoloua TV ofEldV YyOUIAD ToU glvat pia opdn yovia
Cxnua 1.15.4-1).

IIépropa 1.15.4 Av evdeia {, mpoomintovoa oe dvo dAAes € kat €', Ti¢ TEUVEL avtiotoya ota A Kat
B, oxnuartifovtag oe avtd ywvisg evto¢ Kat £mi ta avta puépn a kar B ue a+ < 180°, wote ot € kat €’
éuvovtat oe onueio I’ mpog 10 Uépog Tov youov a kat B (Exnua 1.15.4-10).

Amodeiln: Kat apxnv ot g & dev propet va pnv t€pvoviat, §ndadn va sivat rapdiindot, ot tote
9a eixape a + B = 180°, avtiBeta pe v unobeor. Katormv Sev propet va tépvoviatl aro v diAn
peptd, 6101 padi pe to onpeio toung I 9a oxnuatgdtav ipiyevo pe abpoiopd Yoviov PEYAAUTEPO TV
180°, mou eivat atorto, 0.£.6.

Ix0Aw0 Zta otoixeia tou EuxkAeidn to adiopa g napaddndiag diatunoveral otnv poper) tou Te-
Aeutaiou nopiopatog, mou e8¢ ArodelkvUeTal @G OUVETELA TOU a§lopatog rapadindiag. To endpevo
poBANpa deixvet 0t o1 §uo 1610tnTeg eivat 1wooduvayeg, SnAadr av pia anod autég Sewpnbel wg afiopa
1 dAAn anodekvuetal og devdpnpia.

‘Aoxrnon 1.15.1 Acsife o1, av utodéooupe v 1oxU g 1610TNTAg ToU Tefeutalov Topiouarog, 10Te Umo-
povue va anodeifovps ot ano onueio A ekt0¢ evdeiag € ayetal pia Kkar Hovov mapdiinin moog v
&

Ynoden : Baoet tou oxrjpatog 1.15.4-11. 'Eote n rtapdadiniog €” tng € arod to A, rmou kataokeuadetat
@épovtag tépvouoa g ¢ ou oxnuatiéet oto A yovia a” pe a”’ + 8 = 180°. Mia gubeia € S1apopetiky)
g €7, 9a oxnpuartidel oto A yovia Siadpopetikr) tng a”’ Kat oUvenog, ard KAnolwa peptd g eubeiag
Ya oxnuatidovtat §Uo ywvieg evidg kat et ta autd pépn pe a+ B < 180°, dpa ot eubeieg a tépvovtat
artd ekeivr ) pepld. Apa urdpyet pia kat pévo apdAindog g & arnd o A.

4k 4/ 4/
(@) zvm) ﬁ
B [ /B /B

Zxnpa 1.15.5: Eubeia mpoortintouca oe 6U0 rapaAAnioug

Iépiopa 1.15.5 Euvdeia AB mpoornintovoa oe tapaiinioug e kat € oyxnuatilet:
a) Ti¢ evtog - ektog (oxnua 1.15.5 (a)) kai eni ta avta uépn yovieg iosg,

B) Tig evidg kar evadiaé (oxnpua 1.15.5 (B)) ywvieg ioeg,

y) Tig evtdg kat eni ta avid uéon (oxnua 1.15.5 (y)) napaninpoouaticg.

‘Acrnon 1.15.2 Acife m petabarucn 1610tra mg napaiiniiag, dniadn: av n evdsia B eivar mapd-
Anin me a kai n evdeia y sivat tapadinin g B, tote n y sivat kar tapdAinin g a 1 tavtietat pue
avtu.
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Ynobeiln: Av 1 y dev nrav apdAAnAn g a, tote da v €tepve. Tote opwg (ITopopa 1.15.1) kat n
S ou eivatl mapdAAnAn ng a Sa £tepve 1) Y, ATOIIO.

‘Aoxrnon 1.15.3 Acsife 611, av 6vo dagopetikeg eudeisg a kar B elvat kade uia tapdAanin mpog piav
evdeia g 10te elvar kat petadv toug napdiinieg.

Yrodeién : Av Sev nrav mapddAnleg ot a kat B, tote Ya eixav Koo onpeio A kat amod auto Sa vmpyav
U0 mapadAndot ripog v &, drorto.

IIpdtaon 1.15.1 Ia kade evdvypauuo tunua AB kat kade {eUyog youiav (B, y). ue uétpa B+y < 180°,
urmtap et olywvo ABI mou éxet yovieg avtiotoya {ABI = 8, A B = y}.

A A
@ () 60°
a=180°-(5+7)
3 N PVAL o 00N -
Zxnpa 1.15.6: I'TIr-KataoKeun tplyovou To 1061Agupo TPiywvo

Anobefn: Katd 1o A§iopa 1.4.2, propodpe va KATAOKEUAOOUHE TG ywvieg B Kat y ard v ida
pepa g AB (Exnpa 1.15.6-1), pe xopudr) ota B kat I avtiotoixa, mou €xouv pia MmAEUpd Toug
v nuievbeia BI' kat I'B avtiototya. Auto mou sgaopadidoupe twpa eivat, 0t o1 Seutepeg MALUPES
auteVv 1V yevieov 9a tepvoviatl kat 9a opidouv v tpitn Kopudr) tou 1ptyevou I'. Touto, ot av dev
etépvovto, dndadr noav apdAindot, 10te Ya eixape dvo nmapardndoug, ou Sa oxnpatdav pe v
Tépvouoa autég eubeia AB, evidg Kat €Il Ta autd pépn ywvieg pe dbpotopia pikpdtepo tov 180°, rmou
etvat drorto, 0.€.8.

IIépiopa 1.15.6 ('Yrapén wonievpou tptyovou) INa rkade Jetucd apduod & vrdpxet iyovo ABIT mou
&xel Oeg g mAsupég loeg ue 6 Kkar 6eg g ywvisg tou loeg pe 60°. 'Eva 1€1010 Tplywvo Afystal
IoomAeupo. Avtiotpoga, Kade L0OTALUPO Exel Kat loeg ywvieg, kKade pia ano tig onoieg eivat 60 Holpeg.

Amnddeiln: Kataokeuaoe 10 tpiyevo pe Baon BIT pnkoug 6 kat mpookeipeveg a = 60° kat S = 60°
(Mpotaon 1.15.1). Emedn a + B+ y = 180°, kat n tpitn yovia Sa eivat 60 poipodv, oCUVENHOG TO
piywvo Sa sivat 10ookeAég pe Baon omoladnrote mAgupd Tou, dpa 100TAEUpo. Aviiotpopa, KABe
100TIAEUPO eival 1000KeAEG e Baon oroladrote MAEUPA TOU, dpa OAEG 01 Y@Vieg TOU gival 10eg pe a
kat 3a = 180°, 1o oroio ocuvenayetat 1o {nNtouievo, o0.€.5.

IMépiopa 1.15.7 INa kade evdUypaupuo unua AB kat yovia ustpov a < 180°, undpyetl i00okeég
plywvo ABI ue Saon t Bl kat yovia kopu@ng a.

180°—a
2

Amndbeiln: Ot yaovieg otnv Bdon tou 1o0ookedoug da eivat @ = , dpa KAataokeuadetatl Katd myv

IIpdtaon-1.15.1, o.€.8.

Iépiopa 1.15.8 Ia kade cuduypauuo tunua AB kai (eUyog youiov uepwv a, B ue a + B = 90°,
urtapxet opdoyauio 1piywvo ABI e urnoteivovoa v AB kat oleicg yovies a kat .

Iépiopa 1.15.9 Ia kade evdvypauuo tunua AB kat ofeia yovia HETpoU & UTLApXEL 0pdOYD VIO TOIY@UO
ABI' ue pia xadeto v AB kat pia ofeia ion ue mu .

Amnddeiln: 'Onwg datundvetal 1o moplopa apnvel 1o neptfoptlo 1o AB va eivatl amévavit oty o 1
POoKeipevn og authy. Yiapxouv Aowrtdv 6Uo tpiyeva pe autd ta edopéva. To éva €Xel IPOOKeETIEVES
omv AB 16 yovieg @ kat 90° kat 1o dAAo €xetl mpookeipeveg oty AB 11§ yovieg 90° — o kat 90°. Kat
v U0 1 Urapgn avayetat oty Ipotaon 1.15.1, o0.£.6.
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‘Aoxrnon 1.15.4 Kdade tpiywvo ABI éxel pia toudayiotov yovia ueyadvtepn 1 ion twv 60 Hopov,
Kadwg kat dvo ywvieg ue adpotoua pusyaivtepo tov 90 Hopov.

Y1obeién : Av fitav 0Aeg yvrjola pkpotepeg tov 60°, tdte Kat to abpotopd toug a+L+y < 3:60° = 180°,
o eivat atoro. Avaloya arnodelkvuetal Kat 0 SeUTePOS 10X UPLOHOSG.

‘Aoknon 1.15.5 Kdde iywvo ABI éxet pia toufdyiotov yovia pikpdtepn 1 ion tov 60 uowau.

Avo nuieubeieg AX kat BY Aéyoviar opdppomneg, otav 1 (a) tautioviat 1 (B) n pia aro ug dvo
eptExel v dAAn 1 (y) eivat mapdAinleg kat n eubeia AB, TIOU £VOVEL TA AKPA TOUG, TIS APIVEL ATTO
v i181a peptd. Ot nuieubeieg Aéyovial avrippomneg otav 1) (a) repiéxoviat oty i6ia gubeia adda Sev
etvatl opdpporteg 1) (B) eivar mapdAAndeg kat eupiokoviat otig §Uo pepieg g AB. Auo eubBuypappa
ufipata AB kat I'4 Aéyoviat Opoppornia/Avtippornia, dtav ot niiteubeieg mou ta meptéXouv, He apxn
ta A xat I' avtiotoixa, eivat opopporieg/avtipporieg avtiototxa. Amnd to [Iopopa 1.15.5 mpokurttet
apéomg To EMOUEVO.

X Y
B
A B

TZxnpa 1.15.7: Opodpporieg Kat aviipporieg nuieubeieg

Iopropa 1.15.10 Avo napaiinieg oudppomneg nuievdeieg AX kar BY oynuatiouv ue v AB iosg
EVTOG -€KTOC Kat €Tl Ta avtd uépn yovieg. Avo mapdAfnAsg Kat avtippomnes nUIEUOEIES EXOUV TG EVTOG
rat evaijfaf yovicg iosg.

IIépiopa 1.15.11 Avo ywvieg mou Exouv 1 TAUPES ToUg TapdAinieg eival ioeg 1) Ttapaninpouatt
KEG.

Zxnpa 1.15.8: Tovieg pe mapdAAnAeg IAEUPES TFovieg pe kKAOeTeg TTAEUPES

Anddeiln: 'Eote Ot o1 yovieg BAT xat BA'T €X0UV TG TTAEUPEG ToUg TtapddAndeg (Exnpa 1.15.8-1).
Av o1 kopudég toug A kat A’ tautidovrat, tote 9a tautiovtal kat ot eubeieg mou opilovrat and g
MAEUPEG TOUG KAl TO OUPIEPAOHA lval Tipopaveg. Av ot Kopudeg 6ev tautidovial, TOTe PEPVOUNE ATtd
10 A’ nNuieubeieg OPOPPOTIEG TIPOG TIG TIAEUPES TNG BAT ou, agevog oxnuati{ouv pia yevia ion pe m
BAT (TTopropa 1.15.10) kat ag’ et€pou, ot MAEUPEG Toug eival otig 18ieg eubeieg pe autég tng yoviag
BAT , apa da oxnuati{ouv yevia 1 ion pe avt)v 1 Maparninpeatiky avtrg, 0.€.5.
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IIépiopa 1.15.12 Avo ywvisg, Tou Eyouv Tig TAUPES TOUg avtiotoya Kadeteg, eival loeg 1) Ttapanin-
POUATIKEG.

—

Andbeiln: 'Eotw 01l 01 yovieg ABI" xat ABT’ €XOUV TIG TAEUPEG TOUg KaBeteg (Exrpa 1.15.8-10),
6nAadn n eubeia AB sival kabetn omv A’B’ kat n BI' kaBew omyv B'I’. And to B’ @épvoupe
napdaAAneg opOPPOTITEG NIEUDEIEG TIPOG TIG TIAEUPEG TNG ABT. Tote oxnuarti¢etat pia yovia A'B'T"
ion g ABI' (ITopropa 1.15.11) xkat pe AsUpEg KAOETEG O AUTEG TG ABI. To OUHIEPAOHA OUVAYETAL
aro v [potaon 1.5.2, o.€.6.

1 11 & A e
oo, 5 @ ] 1
‘ , y y
\\\ €
- B B
' \\ X X
& ~ e
A’ B’ A A
Zxnua 1.15.9: Anootaon 6o napaAriev Ztabepduta anootdoemv petady apaiiniev

Ozopnpa 1.15.2 Aiovtar 6vo napdAinies evdeieg € war €. INa kade onueio A g € n kadetn AA
eni U €' elvat kar kKAdetn o € Kkat to unkog mg |AA’| eivar avefaptnro g 9ong tou A emi g €.

Andbeiln: 'Eoww B dapopetiko tou A onpeio g € (Exnpa 1.15.9-1). Katd 1o IIopopa 1.15.5 ot
eubeieg AA’, BB', 9a oxnuatidouv pe tg &, € g idieg yovieg, dpa 9a eival kabeteg kat oty . Katd
to 6u 1610 nopto‘pa eriong ta duvo opeoymvul piyova AA’B’ kat B'BA 9a €xouv avtiotoixa ioeg yovieg
A’AB’ = AB’B Kat A/’B’\A B’AB Kat Kowr) uroteivouoa AB’. Zuvernwg, katd to TIT-kpurpo Sa
eivat ioa kat 9a woyxvet |[AA| = |BB'|, 0.€.6.

Andotaon §Uo apadAndev € kat £ Aépie 10 PHKOG £vog KABETOU eUBUYPARHOU TUAATOS ATTo Onpeio
A ng € mipog v €. To tedeutaio Jewpnua deixvel ot n erudoyr) g 9€ong tou A rdve oty € dev
naidel kavéva podo.

Mépropa 1.15.13 Aodeiowv 1oidv tapadindov {e, €, €}, kdde kaderog mpog pia ano aviés eivat
KAETOG Kal OUG TPES Kal UG TEUVEL avtiotoya o onueia {A, B, I'}, tov onoi®v oL anootdoslg X =
|AB|, y = |BI'| woovvtat ue tig avtiotoyeg anootaoelg 1L napadiniov kat elvar avelaptnieg g 9€ong
mg Kadstou (Exnua 1.15.9-11).

IIopiopa 1.15.14 Aodciong cudeiag € kar andotaong 6, and KAde Uepid TG € UTAPXEL Uia akplbog
napajiinaog g oe arootaon 6.

Amddeiln: Ao tuxov onpelo A g € VYPwoe kKAOet0 AB prikoug § mpog pia oplopévn pepld g &.
Dépe katormy v Kabeto € tou AB oto B. Ot g, € eivat mapdAAnleg kat o arootaon 6. Av urir)pxe
Kat pa aAAn €7 and my idla peptd mg € pe v € kal oe andotaon §, e n €’ da £epve v AB
oe onueio B, étol wote |AB'| = 6, dapa to B’ 9a tauvtdotav pe 1o B kat, ouvenwog, kat ot €, &’ Sa
tavtidovtav, o.€.5.

IIépropa 1.15.15 Av ta onueia A, B eivar avtiotoyca eni tov tapadiniov €, € kai ggpoupe ano 1o
uéoov M tou AB napaiinio &’ mpog v ¢, 10te n &’ mepiéyet 1o pugoov N Kkdde eudUyp AUUOU TUNUATOG
I'/A pe axpa eni tov € kat € avtiotoixwg.

Amodeiln: Ao 1o péoov M tou AB @épe kabeto oug rapadindeg, mou tg t€pvet ota A’, B’ (Exnpa
1.15.10-I). Ta opBoymvia tpiyova MA’A, MB'B sivat ioa, 6101 £€xouv 10eg yovieg KAl 10€g UIOTEIVOU-
ogg. Apa 1o M givat oty rtapdaddnio €7 wv g, €, nou xapaxkinpidetal anod v \81otta va 1oangyet
aro ug € kat €. Avtiotpoda, eav eubuypappo turpa AB tépvel aut)y v napdAAndo oto onueio
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Ixfpa 1.15.10: MeoorapdAAndog €” tov {e, €'} [610tta g Siyotopou

M xat A’M, B'M sivat kdOeteg oug €, €, 10t 1a opboywvia tpiyova MA’A, MB’B esivat ioa, 610t
£xouv g yavieg oto M kata kopudrv xat |MA’| = |MB’. ‘Apa kat ot uroteivouoég toug 9a eivat ioeg,
IMA| = |MB, 0.£.6.

Tnv eubeia €’, mou opiletal arod 1o MPONyoUHevVo MOPIoRd, Ovopdloupe peconapdAAnAo towv ra-
padAndev eubelov ¢ kat g'.

IIépiopa 1.15.16 'Eotw onueio A g diyotouou yoviag XOY. Ot anootaoeig AB kat A" tou onueiou
ano tg nAcupég ¢ yoviag elvat ioeg. Avtiotpoga, av onueio A anéyel ioeg amootdoels ano g TAcUPES
me ywviag XOY, 10te ivat emi t¢ 61 0TOUOU TNG.

Anddeiln: Ta opboywvia tpiyova OAI" kat OAB €xouv xkowr] v OA Kat Ti§ IIPOoKeieveg Yovieg ioeg
(ExApa 1.15.10-10), apa (I'TIT-kptripro) Sa sivat ioa kat eropévag |AI| = |AB|. Avtiotpoda: av 1oxust
1] PONYOUHEV 100THTa, ToTe Td Tpiyova ABO kat AI'O sivat ioa. Auto @aivetat tornobetoviag ta 1ot
MOTE VA OUNITECOUV 01 0pBEg yovieg toug B kat I” kat np I'A pe ) BA. Tdte KAt ot UMoteivouoeg TeV
opBoywviev 1ou eivat ioeg pe v OA 9a npénet va ouprieoouv ([Ioptopa 1.10.7) kat ta piyova Sa
€XOUV Kl TIG TPELG TTAEUPEG TOUG 1oeg, 0.€.6.
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Zxnupa 1.15.11: Axotopot yovieov §Uo eubeiov I6161ta g drapéocou opBoywviou TpLywvou

IIépiopa 1.15.17 O yewpuetpikog TOTOC IOV ONUELDV TIOU 10anexouv and SU0 S1apOopeTKES, TEUVOUEVES
oe onueio O, evdeieg a kat 3, anotefeitar ano Svo kadeteg eudeieg €, € SlepxOUEVES amo To onuelo TOUNg
U a Kat B. Ot eudeieg autég CUUTIITOUV Ue TI¢ OLYOTOUOUS TV YOOV Tou oxnuatifovtat oto O amd
uc a kat 3 (Zxnua 1.15.11-1).

IIépiopa 1.15.18 Ze kade opdoywuio tpiyevo n Slaueoog mpog thL utoteivovoa givat ion Ue 1o NuLou
avtig Kat xwpilel 1o 0pdoywuio oe U0 1000KeAN Tplyova.

Anodeiln: Tlpoéxktewve ) Siapeco AM péxpt dutdaotaopiov oto 4 @ |AM| = |[MA| Exfpa 1.15.11-10).
Epappoloviag to IITI-kpurpto, PAénoupe eUkoAa ot ta tpiyova AMB kat I'MA eival ioa, addd
kat ta AMI™ xat BMA eivat eriong ioa. T(')t&\ecpqppégovmg ; 10 | HHH—KplU’EE), BAéroupe ot Kat Ta
tpiyova ABIC xat AI'B eivat ioa kat ) yovia Al'A eivat opbn) (Al'4 = ATB+BI'A = ATB+TBA = 90°).
Zuvayetat ot kat ta piyova ABIT kat Al'4 eival ioa, og opboycovia pe ioeg avtiotoixeg Kkabeteg
r\eupég (IITTI-kpuripro). 'Emetar 6t kat ot 6iapeocoi toug rpog 1o M Sa eivar ioeg (|AM| = |'M)),
rou eivatl akpBog 1o arnodeiktéo. Ta §Uo 1000KeAT), TTOU avapepovtatl oto rmopilopda, eivat ta AMB kat
AMTI’, o0.£.6.
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‘Aoxrnon 1.15.6 Acsife 10 avtiotpogo tou mponyouusvou mopiouarog. Edv n Siauscog AM tptydvou
ABI sivat 1o poo mg wisvupag B, 10te 10 ply@vo givar opdoywvio oto A.

‘Acxrnon 1.15.7 Acife oun Siaucoog AM ano ofeia/aubieia yovia a roryovou ABI mpog v angvavi
nmAsupa Bl éxel unkog ueyaiviepo/ wikpotepo tou |BI| /2.

Ynobeiln : Xpnowonoinoe to oxnpa 1.15.11-1I kat to @sdpnpa 1.10.4.

‘Aoxrnon 1.15.8 Acsife 10 avtiorpogo g mponyovusvng aoknong. Andadn, av n dwausgoog AM tou
toyevou ABI eivar ueyaivtepn/ uikpotepn g |BI| /2, tote n yovia a sivar ofeia/aubicia.

‘Aokrnon 1.15.9 'Eotw ot ot soanspmsg Syotopot twv y(ovla)vB kar I tou tpzywvou ABI téuvovtar oto
onueio 4. Asife oL 10 ugTpo NG ywviag BAT wovtar ue 5 +90, émov a = BAT (6e¢ kar ‘Aoknon 2.2.8).

Osopnpa 1.15.3 Asdopcvav v vnodoinwv aflopatov, 1o aflopa napaiiniiag ioodvvauel pe 1o ot
70 A9POLOUA TOV YOUIOL Tptyevou givar 180°.

Zxnpa 1.15.12: A§lopa tov napaddndev: ooduvapo pe a + B+ y = 180°

Anodeiln: To ou 1o afiopa apaddndiag ouvenayetat v a + S+ y = 180° yua tg yovieg tpiydvou
ABI", to eidape oto @empnua 1.15.1. T 1o avtiotpogo, Seixvoupe Ott, av 1o dBpolopd yovidv
€VOG TpLydvou eivat 180°, 1ote umdpyxet pia Kat povo rapdAAndog g eubesiag € amod onpeio A eKtog
autng. Ilpaypat, ag Sewpriocoupe tpiyovo ABIMpe ta B, I e tng € kat ag Sewprjooupe v eubeia
& = AX mou oxnpatidel yovia |[XAl'| = y. Tvepidoupe 6t auty) eivat mapdAAnAn g . ®a oupe
ot 6ev urapyet AdAn, armodeikvuoviag Ot KaBe GAAn eubeia { # €, mou oxnuatidel oto A ywvia
® < y, avaykaotka 9a tépvet v € (oxnpa 1.15.12). IIpaypatt, ag unobEéooupe OTL Urtapyel pia
{ Tou oxnuatidel yovia @ < y pe wmyv Al kat 8ev tépvel v e Autd odnyel oe Atoro, ©g 8ng.

Kataoxkeualoupe Swadoxikd onueia I, Iy, I's, ... oy g, étot wote |[[T4] = |Al, xatoruv |[[ol] =

|Al'|, xatoruv |I'315| = |Ale| k. Ant. BAémoupe apéowng, ot ta tpiyeva AT, Al [y, Alo15,... eivat
Y oy v

1000KEAT] Kal 01 yovieg tng Baong toug exouw avtiotoixa 3, 7, § KAm. Zuvenog, petd amo v

Bnuata, n yevia omv Baon tou wookedovg Al 11, Sa eivat gy Kal OUVENIOG KATTOTE, yiad PEYAAo v,
n yevia 9a yivet

— 1
I"Al"uzy—?y> .
I1pog T0UTO, apKel va TIAPOUPE APKETA PEYAAO U, €101 ®OTE

-® 1
Y > —.
2U

1
Yy—@> Ey (=4

Tote opwg, 1 eubeia ¢ 9a Bpedel evidg g ywviag oto A tou tpryovou I'Al', kat ouvenwg Sa tunoet
UV Arévavtl mAeupd, aviibeta pe v unobeon, o0.€.5.
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1.16 Zuppetpicg

Eivat aAnBég autod mou mpoteivouv Kat to oroio ovopddouv didtadn xkat cuppetrpia,
avaloyieg kat opBog Adyog. ‘Otav ta £xetg det, dev propeig mmAéov va ta apvnOeig.

J.L. Siesling, O {wypagog g Toup vu ITev

Yrapyxouv rmoddd €i6n ouppetpiag ota ornoid, yia AGyoug aiobntiking Kat arAonoinong tov mpoBAn-
patev, apéokoviatl ot Mabnpuatikoi. Avo ard ta rmo ardda eivat autod g afovikne oUUUETpIag Katl g
onuetarng ovpuetpiag. H mpwtn kabopiletal mAnpng amo pia eubeia kat n devtepn anod €va onpeio.
AoBeiong Aourtov eubeiag e, ovopdlouie CURHETPLA WG MPOG TNV £uBeia ¢ v avilotoixion oe KABe

Zxnpa 1.16.1: Supperpia og ripog agova

onpeio X, ektog g &, evog onpeiou X/, £tot ®ote 1o eubUypappo upa XX’ va eivat kabeto oty &
KAl va €xet 1o péoov tou M enti tng &. Me dAda Adyia to XX’ éxet v € og peookdadeto. To X' Aéyetat
OUNRETPLKRO Tou X @G mpog &. 'Otav to onpueio X sivat erd mg &, tdte Sewpoupe ot 1o X’ tautidetat
pe to X xat avtiotpoda otav ta X kat X’ tauvtioviat, tote 1o X eivat enti ing eubeiag €. H oupperpia
®G TIPOG € eival ] pabnpatikr) eptypadr) tou SUA@PAtog Tou ermredou, oav va frav amo Xapti, Katd
pnkog g &. Ta onpeia rmou tautidoviat katd 1o dimepa eivat akpBmg cuppepkd wg mpog . Ta
onpeia g &, Katd 1o Simlepa pévouv wg £xouv (etvatl pova toug, dev €xouv taipl). Zuyxva n eubeia &
Aéyetar afovag ocuppetpiag Kat r CUPHETPIA AUt Xapakpiletal og afoviky ouppetpia. Amo tov
0p1oPd TIPOKUITIEL OTL TO CUPHETPIKO TOU CUPHETPIKOU £ivat to apXiko onpeio. Ta onpeia tou agova
eivat ta otabepa onpeia tng afovikng cuppepiag.

Aépe om o oxrpata X kat 2’ eival CUPPETPIRA WG MPog a§ova, otav urndpxel aSoviky] oupl-
petpia £tot wote kGOe onpeio X tou X va £Xel T0 CUPPETPIKO TOoU oto 2’ Katl Kabe onpeio X'tou 27
va €X€1 T0 OUPPETPIKO Tou oto X (oxfpa-1.16.1). 'Eva oxnpa X Aéystal GUPPETPLRO WG nMpog afova
otav 1o X eival CUPPETPIKO JE TOV £QUTO TOU ®G Ipog dfova. Auto onpaivet, ot yia kabe X tou X, to
ouppetpiko X’ tou X mepiéxetat maAt oto X

@ an
&
« X X ¢
Zxnpa 1.16.2: a CUPPETPIKY) ©G TTIPOG &€ {a, B} ouppetpikég wg PO €

IIpdtaon 1.16.1 Kdde evdeia g, wadetn ot evdeia a, slvar afovag CURUETPIAg g a.

Anodeiln: E§ opiopou, 1o XX’ 9a eivat kabeto oy € (Exnpa 1.16.2-1), dpa n eubeia XX’ Sa ouprtiret
pe myv a, 0.e.6.

IIpdtaon 1.16.2 To oxrjua, mou amotefeitar ano dvo tepvoucveg evdeicg {a, B}, eivar ouppetpud wg
P0G Tig SLYOTOUOUS € Kal € TV yoUldv Tou oxnuatifovv.
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Amodeiln: Av X tuxov onpeio tng a kat X’ 1o CUPHETPIKO tou X ©g 11pog ) Sixotopo € (Exrpa 1.16.2-
II), téte 10 Tpiyevo XX O, 6mou O 10 onueio Topung v a kat B, eivat 1000keAég. Autd @aivetal aro
v 100tta v opboyeviev tpiyovev OMX kat OMX’, riou éxouv v OM kowr) kat 1 [MX]| = |[MX'|
artd Tov 0plopo g ouppetpiag. Zuvenwg, 1 OM Sa dixotopei ) yovia oty kopupry O. Eneidn €§
unoBéoemg 1 € eivat Kat 81X0topog g yoviag v a kat B, i eubeia OX’ kat n B 9a oupurtirttouy, dpa
10 X’ 9a mepiéxetatl omv B, 0.€.6.

2x06At0-1 H afovikr) ouppetpia Bpioketal oy pida mg €xvng tou Sutdopatog @UAlou xaptiou
He KatdAAndo tporo, ®ote, PeTd and oplopéva dumdwpata va oxnuatidoviat evéiapépovia oxrpard.
H téxvn aut) nou avartuxbnke dlaitepa oy lanevia Aéyetat Origami ([O’R11], [Alp0O], [Lan96]).
H endpevn doknon [Rowl7, o. 11] deixvel, iwg pe 1o kKataAAndo Simlopa evog TeETpay®vou @UAAOU
XAPTIoU propoupe va @uddouiie ) yovia 30 kat 60 popov.

4 } r
z
/4‘\\\
/‘ ~
/ \ b E
S BT
/A
/ ///TH
/ - ‘
A | B
g

Zxnpa 1.16.3: Origami kataokeur] yoviag 30 polpov

‘Aoknon 1.16.1 Aindwoe éva tetpdywvo euiio yaptiou ABI'A oto pgoov. Katomw EedinAwoé 10 wote
va eatverat 10 iyvog mg evdeiag a kard unkog mg onotag oinjndnke to yapti. Katomw avadiniwoe
anod m ywvia B, éo¢ 0tou 10 B méoel og onueio Z g a eva 10 A mapapéver otnu 9éon tov. Karomww
Sedimfwoe wote va eavel 1o iyvog ¢ B, kKata unkog g omnolag ytve 10 6evtepo dinAmua. Asife ot n
yovia tov a kat 8 eivat 60 popov.

Yrodein: Katd to devtepo dimdopa, n AB maipvet ) 9éon ng AZ, dpa |AZ| = |AB|. 'Opwg n a
eivat peookabetog g AB, apa |ZA| = |ZB| (n ZB 6ev oxebiaobnke oto oxnpa-1.16.3). Tuvenwg, to
piywvo ABZ esivat 100tiAcupo. 'Opwg n a eivat kabetw oy AB kat n 8 kaBetn otnv rmAeupa BZ tou
1oormAevpou, dpa Kat 1 yovia tov a kat B etvat 60 poipov.

AoBévtog onueiou O, ovopdloupe ouppetpia WG mpog to onpeio O, v avuotoixion oe KABe

v w7 Q >
~_ .
X 7’0\\\\
/M X x Y
X

Zxnupa 1.16.4: Tuppetpia wg ripog onpeio O Txnpata CUPPETpKa og ripog O

onpeio X, drapopetikou tou O, evog onueiou X', £tot dote 1o eubuypappo tunpa XX’ va €xet péoov
10 O (Exfjpa 1.16.4-1). To X’ Aéyetal CUPPETPLKO Tou X @G npog O. Qg ouppetpiko tou O Sewpoupe
1OV £aUTO Tou. Avtiotpoda, av 1o X Tautidetal Pe 10 CUPHETPIKO T0U &G 11pog O, 1ote 1o X tautidetat
pe to O. To O Aéyetal KEVTPO TNG CURRETPLAG KAl I) CURHETPIA auty) Xapakinpidetal g onpetarn
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ouppetpia. Ano 10V 0plopd MPOKUITIEL, OTL TO CUPHETPIKO TOU OUMHETPIKOU £ivatl 10 apy1ko onpeio.
To O eival 10 povadiké otadepd onpeio tng onuelakng oupperpiag. Aépe ot duo oxpata X kat
2’ elval CUPPETPIRA WG MPOG GNHELO, OTAV UIAPXEL ONIEINKT] CUPHETPia £101 wote, KaBe onpeio X
ToU X va £Xel T0 CUPHETPIKO Tou oto 2’ Katl Kabe onpueio X’ tou 27 va €xel 10 CUPPETPIKO ToU oTo X
(Exnua 1.16.4-11). 'Eva oxfjpa 2 Aéyetal CUPHETPIRO WG MPOG ONPEio otav 1o X eival CUPPETPIKO
HE TOV €aUTO TOU ®G P0G onpeio. Auto onuaivet, ot yia kébe X tou 2, 10 oupperpikd X' tou X
ePLEXETal mat oto 2.

‘Aoxknon 1.16.2 Acife ou pia evdeia sivar ouppetpiky, wg Tpog Kkade onueio g O.

H onpavukotepn 1810tta autodv 1@v §U0 CUPHETPIOV ITOU opioape ivatl 1 100TTta avilotoiX®v aro-
OTACEMV KAl YOVIOV.

Ixfpa 1.16.5: Tuppetpia, g ripog onueio (I) 1/xkat og rpog aova (1), Swatnpei arootaocesig

Osopnpa 1.16.1 Edv ta oxrpara X kar 2’ sival oupuetpika o¢ mpog afova 1 o¢ mpog onueio, 10t ot
anootaoelg 6vo onueiov | XY| kal tov avtiotoiywv ovpustpucov toug | X'Y’| eivar ioeg.

Anodbeifn: H nepimoon g ouppetpiag wg mpog onpeio eival amdr. Av ta (X, X') xat (Y, Y’) eivat
OUPHETPIKA ®G mpog onpeio O (Exfpa 1.16.5-1), tdte £§ op1opoU 01 arnootdoetg

|XO| = |0X’|, kar |YO| = |OY’|.

Tote ta piyova XOY kat X' OY’ eivat ioa (IITTI-kpufpo), apa xat | XY = | XY’

Av 1a (X, X’) xat (Y, Y’) elval ouppetpikd og mpog dgova, tote ta péoa M kat N tov XX kat
YY’ avtictoixa gupiokovrat ermi tou dfovog € kat 1o N eivat erd tng pecokabétou tou XX’ (Zxnpa
1.16.5-1I), apa to tpiyevo XX’'N eival 1000kedég. Zuvenwg, |[NX| = |[NX'| kat ot yovieg YNX = Y'NX'.
Tote opwg ta tpiyeova XNY kat X' NY’ eivat ioa, og €xovia |XN| = [NX'|, |[YN| = |[NY’| xat niepieyxopevn
yovia YNX = m 0.e.5.

IIépiopa 1.16.1 Edv ta oxnuata X karl’ sival ouppetpikd og mpog afova 1 wg mpog onuelo, 10te 1a
olywva Tou oxnuatifovv ia un-ovvevdelara onueia X, Y kat Z wouv 2 kai ta avtiototyad tovg X', Y’
xar Z' wou 2’ elvat ioa.

Anodeiln: 'Enetat apeoa amod v mponyoupevn npotaocr, agou tote |XY| = |X'Y’|, |YZ| = |Y'Z'|,
|ZX| = |Z’X’| ka1 10 ouprépaopa mpokurtet epappodoviag to [IIT-KP1tplo 100TTag IPyOvVeV, 0.€.5.

IIépiopa 1.16.2 Edv ta oynuata X kar X' elvail ouppetpica og mpog afova 1 wg mpog anueio, 1ote ot
yovieg XYZ kar X'Y'Z' mou oxnuatifouv wia onueia X, Y kait Z tou X kat ta avtiotorya toug X', Y’ kat
Z' wou X’ givat ioeg.

Andbeiln: 'Enetatl apeoa aro v MmPonyouHevn) pdtaon), A0Yy® NG 100TNTAG TOV AVIIOTOIXOV YOVIOV

Vv iowv tpyovev XYZ kat X'Y'Z’, o.€.6.

To KAAOIKO Mapadelypia CUPHEIPIKOU OXHOHATOS ®OG IPOg afova eival 1o 1000KeAEG tpiyovo. O a-
Sovag ouppetpiag tou eivat n 81dpeocog mpog tn Bdon tou mou eivatl Kat §1X0topog g yoviag otnv
KOpU(I)] TOU KAl tTautoxpova Uyog 1pog t) Baon (IIopopa 1.8.2).

IIpdtaon 1.16.3 H cudceia €, mOU V@VEL TNV KOPUPT] TOU 1000KeAOUS Ue TO Uéoov ¢ Baong tou, sivat
afovag ouppETpiag Tou Toty®UoU.



1.16. ZYMMETPIEX 49

B
am x
M o “
X N = X
Zxnpa 1.16.6: ‘ASovag 1000KeAOUG Inpelakt oupperpia anod §Uo KaOeteg afovikeg

Anobefn: H oupperpia wv onueiov Y, Y wng Baong (Exnua 1.16.6-1) sivar mpogavrg. Ao v
AAAn peptd kabe rapddAndog mpog ) Baon tépvet ta okéAn oe onpueia X, X’ ouppetpikd g 1ipog
Stapeoo I'M, agou kat 1o XI'X’ eivat woookedég (XX = I'X’'X Adye tng rapadAndiag tov AsUpov

—

toug 1ipog tg I'AM kat I'BM avtiotoixa) kat n 81apecog tou ouprtirttet pe ) I'M kat eival kaBetog
omv XX’ (lTépropa 1.8.2), 0.£.6.

Ocopnpa 1.16.2 Edv éva oxnua givat CUUUETPULO ¢ Tpog dUo afoveg a kat 3 mou glvatl Kadetol, T0te
givat ouppeTpd wg TPog Kévto O, ormou O 1o onuelo Toung v dvo afovav.

Anobefn: Tlpaypat, éote onpeio X kat X’ 10 OUPHETPIKO TOU @G 11pog dfova a kat X’ 10 CUPHPETPIKO
tou X’ @g rpog tov agova B (Exnpa 1. 16 6-11). E§ optlopou ta XX’ O kat X’ OX" eivat 1000Ks)xr] piyeva,
apa |0OX| = |0X”|. Emiong ot yovieg XOM rat MO? MOX’ eivat 10eg Kat ot X'ON xat NOX” sruor]g etvat
10eg. ZUVENQG, 1) X/OP 9a eival dutdaota g MON , TIoU eivatl abpotlopa tev MOX’ xai X' ON. 'Opwg
n MON sivat €€ unobeoewg opO1), apa n Sutddold g Ya sivar menAatuopévr, dndadr ta X, O kat X"’
9a eivat oty i61a eubeia, o..6.

‘Aornon 1.16.3 Acife oui, av plyovo éxel afova oupuetpiag t0te ivat 1000KENES.

Ynobeiln: Av € o a§ovag oupperpiag, tote pia TOUAGX1I0TOV KOpUdr| TOU TPLydvou, £0tw 1 B, dev Sa
epEXetal oe autov. To ouppetpikd tou B wg mpog € Sa eival rmadt Kopudr) ToU ptyevou, £oto .
Tote n ywvia oto B Sa avtiotoiyet oty ywvia oto I” kat ot §Uo ywvieg Sa eivat ioeg, dpa 1o 1piyevo
LOOOKEAEG.

‘Aoknon 1.16.4 Acife ou éva plywvo glval 1000keAeg TOTe Kat uovov, otav gxet afova CUUUETPLAg.

Ynobeiln : Tuvduaoe v ponyoupevn doknorn pe v I[pdtaon 1.16.3.

‘Aoknon 1.16.5 Acife ou, av ta onueia Y, Y ' eivar ovpuerpuca tov X, X' (og mpog afova 1 onueio),
T0TE T0 OUUUETPURO Kade onueiou Z g eudelag XX eilvar onueio Q emi tng sudeiag YY .

7z X
X/@/
| ; ‘ ’
4 M = "
I S— o N 3
Q ~~~~~ éyv

Ixfpa 1.16.7: Tuppetpikr) eubeiag wg rpog afova

Ynobeifn : Twa mv adovikn oupperpia. 'Eoww ot ta Y, Y eivat ouppetpikd v X, X’ ®g 1Pog agova
AB. 'Eote kat Q 10 GUPHETPIKO TUXOVIOG or]pmou Z wng XX’ ' ®G IPog Vv AB. Ot ycov1eg XZ Kat E.QY
etvat ioeg (Iloplopa 1.16.2). Opouog ot ycovu:g HZX’ Kat ~QY’ etvat ioeg. 'Opwg ot XZH Kat ~ZX’

elval maparnpEPAtkeg, apa Kat o YQE xa1 EQY’ 9a sivat MaparnpPEPATIKEG Kat ta tpia onueia,
Y, Q xat Y’ 9a eivat et eubeiag. Avadoya arodeikvustal Kat 1) 1810tta yia onPIelaKs ouppepia.
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‘Aornon 1.16.6 Acife 6u 10 oxnua mov amotefsitat and dvo svdeicg {a, B} Exel TAvTOTE KEVTPO OUULE-
olag kadag kar afoveg ouppetpiag. I10te utdpy el éva akplbwg (1 ansipa) Kevtpo ovppetpiag; Iote ot
U0 eudelieg Exouv mepLocotepoug amno duo afoveg ouuuetpiag;, I10te Exouv dmelpoug afoves CUUUETPLAG,

2X06A10-2 H évvola g oupperpiag depediwvetal YeVIKOTEpa PEOR TG £vvolag ToU Metaoyniuatiopou
Kat e18ikotepa g loouerpiag (§ 7.1, § 12.1).

1.17 Adyol, appoVviREG TeTpadeg

Ta o onpavukd nedia g kabapng ermotung ivat ekeiva ota ornoia dev
yivetat rma Aoyog yla mpaktikeg epappoyeg, ota omnoia 1 kabapn diavola
XvnAatel mPeUoTeg T1g ardKPUPES APHOVieg TOU KOGHOU.

Werner Heisenberg, Emiotojin 1942

v iapdypao autr) e§etaloupie, 10 MG 0 AOY0G TV Arootdoemv evog onpeiou X eubeiag € aro 6o
AaAAa otabepd onpeia A xat B g gubeiag, kabopilet ) S9éon tou X. Ta dvo otabepd onpeia A kat
B g gubeiag e xkat ipoxabopiopévo Aoyo t, arodeikvuetal ot urapxouv §vo akpiBwog onueia X, X’
avtng g eubeiag, mou £xouv 1o Aoyo t &g ipog ta A, B. 'Etol gtavoupe otov oplopd g ApUovikng
tepabag (A, B, X, X') teoodpav onueiov mave os pia eubeia. Mia évvola Sepediwdoug onuaciag otnv
Fewpetpia. Ag oupBoldicoupe pe x 1o pfkog x = |AX|]. Téte eukoAa PBAéroupe 6t o Adyog t = X4

= Bl
d
R >
(<1 f t<1 =1 (=1 (>1
4 X M B
P U >
X d-x

: CAG —xal
Zxfpa 1.17.1: Aoyog t = xBl
etvat pikpotepog tou 1, otav to X eivat ertt g npeubeiag pe akpo 1o pécov M tou AB, TIOU TIEPLEXEL
10 A Katl peyaAutepog tou 1 emi g avukeipevng tng nueudbeiag, mmou eival n mepiexovoa 0 B. Av
d = |AB]| 1o pnkog tou AB, 10te £xoupe yia ta onpeia X eviog tou AB:

X dt
t=—— & x=—— yua t>0. (1)
d—x 1+t
INa ta onpueia eKtog TOU eUBUYPAPPOU THNIatog AB Katl amnd 1 pepid tou A:
X dt
= & x=—— ya t< 1. 2)
d+x 1-t

IMapdépota yla ta onpeia eKtog tou eubuypdppou tufpatog AB Kat aro 1) pepla tou B:

t=—— & x=£ymt>l. 3)
x—-d t—-1

BAéroupe Ot eKT0g g TIPNG Tou Aoyou t = 1, ou avtiotoiyel oe €va akplBig onpeio, to pécov M

T0U AB, yia 0Aeg TG dAAeg Tipég tou t > 0, undpyouv 8uo onpeia X, X’ rou £xouv Adyo %: t. To

éva (X) sivat eviog kat 1o Bpiokoupe and myv e§iowon (1) kat to dAdo (X’) eivat extdg tou AB kat 1o

Bpiokoupe arod v ediowon (2) 1§ (3), avddoyapetoavwo t< 1t > 1.

Ta napddeypa t = 2, 6nAadn %=2, ouvernayetat ot 1o X eivatl oty nuieubeia tou M ano
peptd tou B. To eviog tou AB onpeio X to Bpiokoupe amno v e§iowor (1): x = % Kal 10 €Kt0g tou AB

onpeio X’ to Bpiokoupe arod v giowon (3): x = % = 2d. Anobeiape Aortdv 1o endpevo Jedpnua.
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Ocsopnpa 1.17.1 Ia kdde etnd apdud t # 1 vndpyxouv dvo akpibas onueia X, X' g evdeiag AB,
£101 GOoTE \lxs\ t. To éva mepigxetar oto AB kai 10 dAjo eival ektog avtov. Ia t = 1 umdpyet éva
arxpi8a¢ onuelo, Tou givat To peoov tou AB.

Av nieploplotovjie ota onpeia eviog tou AB, 10Te £xoupie podavag to Ildpiopa:

IMépiopa 1.17.1 INa kade Jetikd apdud t vndpyet éva axpibog onueio X eni mg evdeiag AB kat

1xA|_
ueralv v A, B €101 dote x| =t

Av 8¢ miep1loplotoUlie 010 €§WTEPIKO Tou AB, 10te éxoupe avaloya to ITéplopa:

Mépiopa 1.17.2 Ia Kd@s 9etiko apduo t # 1 vnapyetl éva akpilbag onueio X eni g eudeiag AB Kkat

eKT0¢ ToU AB £101 O0TE 5 ‘ XB‘ =t.

Mua dpeon ouvénela v 6U0 oplopdtov pe MoAAEG epapPPOYES elval KAl TO MOPEVO TIOPIONA, TTOU

. . . IXA| . , , . . . ,
beilyvel ot 0 Adyog XBI’ padi pe v mnpogopia tou av 1o X eivat evidg tou AB 1) exktog, kabopilet
9¢éon tou X povoorjpavia.

1XA| YA

xB|~— |YB Kat givat

IMépiopa 1.17.3 Av 6vo onueia X katr'Y g evdeiag AB oynuatifouv tov (610 Adyo
Kat ta 6Uo evtog tou AB 1 kat ta 6U0 eKTOg ou AB, T0TE OUUTIITTTOUD.

Aobéviwv U0 onpeiov A, B, ovopialoupie appovira ouluyn g npog A, B, 6Uo dapopetika onpeia
X xat X', mou opidouv tov 1610 Adyo t —gﬁg‘li 1. 'Onwg eidape 10 éva €§ autov meplEXetal oto
eubuypappo tunua AB kat to dAdo eivatl exktdg autou. Téooepa onpeia g idwag eubeiag: A, B, X,
X', ano ta onoia, ta §Yo tedeutaia eivat appovikd ouduyr ©g rpog ta Suo mpwta, Aépe ot opilouv

Hlav appoviky tetpdda onpeiov, v onoia cupBodidoupe pe (A, B, X, X').

IIpdtaon 1.17.1 Acife ou ta onueia X, X' elvar apuovica ouluyr wg mpog ta A, B, mou givat oe
andotaon |AB| = d, 10te kat uovov, otav ot anootdoelg 1oug x = |XA| karx’ = |X'A| and 1o A ikavomotovv
uia amo g oxEoelg

2x-xX' =d-(xX' —x), 2x-xX' =d-(x +x).

¢ =Xl

H mpawn avuotoyei oto foyo xB < 1 kxat n ajdin oto Aoyo t > 1.

Ixfupa 1.17.2: Ta X, X’ appovikd ouduyr) tov A, B

Ynobeiln: Ttv npotn Mepintaon 1 100ttd 1oV AOYV %=\|X’Bl’ 6ivel oupgeva pe tg e§lonoetg (1)
rat (2): ﬁ = dXTx Ty devtepn mepimoorn mdaAt ot e§lowoelg (1) xkat (3) tng mapaypagpou divouv

/ I3 ’ 3 ’ ’ I3
= Z—. Ot 8U0 autég eflomoetg eivatl 10086Uvapieg avriotolya MPOg TG AvapePOPIEVES.

Ioépropa 1.17.4 Eav t sivar Jetucog t # 1, 10te ta §vo onueia X, X' g eudeiag AB mou éxouv Adyo

%z t éxouv anootaon pustalv oug

yat<1l1,
1XX| =

yat>1,

omou d = |AB].
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Andbeiln: Ta t < 1 xat ta dvo onpeia elvat oty nuieubeia tou M (péoov tou AB) Tou meptéxet 0 A

. 7 — ;- _ _dt ;7 _ 7 d . . .
Kat éxovpe [XX'| = x+x', émou x = |AX| = {57 xarx’ = |[AX'| = {Z;. Kavoviag uig Tipddetg mpoxUITtetl o
pwtog turog. Ia t > 1 kat ta §vo onpela etvat oty nueubeia tou M rou nepiExet 10 B kat éxoupe
1 . _ _ _at ’ _ 7| dt . . [ [
|XX'| = x’ = x, énou x = |AX| = {5 ka1 X' = |AX'| = 5. Kavoviag ug Pagelg mPoKuIeL 0 SeUtepog

TuIog, o.€.6.

Iépiopa 1.17.5 Ta onueia X eowtepid ou AB kat X' efwtepuco tou AB eivar appovikd ouuyn tov
A xair B tote kat povov, otav
IX"AllX’B| - |XAXB| = |XX'|.

Amodeiln : AniAég Tipddetg PAOEL TOV IPONYOUHEVROV TUTIRV, 0.£.6.

‘Aoxrnon 1.17.1 Acsife ou ta appovica ouluyn X kar X' tov A rat B eival taviote otu idia nusvdeia
amno g 6vo mou opifovtat amo 1o ueoov M tou evduypaupuou tunuarog AB.

Yrobeién : 'Onwg @aivetal kat aro 1o oxnua-1.17.2, ta appovikd ouduyr eivat oty pia 1 tv ddln
nueubeia tou M avddoya pe v Tr) tou Adyou t =%. Av t < 1, tdte elvat kat ta §Uo aro ) peptd
tou A. Av t > 1, tote eival kat ta 6¥o anod ) pepla tou B.

IIpodtaon 1.17.2 Ta onuscia X kar X' eivat appovuca ouluyn g mpog ta A kat B 101e kat uovov, orav

. (1AB\*
IMX|MX| = —= )

omou M 10 puéoov tou AB.

Anodeiln: 'Eow ot ta X, X’ elvat appovika ouduyn) g ripog A kat B. Xpnotporotouie toug turnoug
g [pdraong 1.17.1, toug oroioug Auvoupe og rpog x’, urobétoviag to X evidg tou AB:

df’éx yat<l,
x' =
szd ya t> 1.

Eniiong
(g —x) (% +x’) yat<l1,
IMX||MX'| =

(x—%) (x'—g) ya t> 1.

Kat oug o meputiwoetg, avukadiotoviag 1o X' anod 1g rnponyoupeveg e510M0ELS KAl ATAOIIOIOVIASG
katadryoupe oty [MX||MX'| = (g)z, rou eivat n {nroupievn. Avtiotpoda, 1 UIOTOLPEV TOPA OXEOT)
petappddetat otV (g)z = |MX]||MX’|, 6rtou riaAt to |MX||MX’| 616etat ard toug rponyoupevoug TUIous
Kat odnyet otg
dn 2 (%—x)(%+x’) yat<l1,
(2) (x—%) (x’—g) ya t> 1.

Ardorolgvtag autég KataAryoupe otg e§lonoetg g [potaong 1.17.1, mou xapaxktnpidouv ta appo-
vikd ouduyn onpeia, o.€.8.

‘Aoxrnon 1.17.2 Acsife ot, av ta onueia X, X' sivat appovuca ouluyn wg mpog ta A, B, 10te kat ta A, B
givar appovuca ouluyn wg mpog ta X katr X'.
|AX] _ x

ax| x Xat

eivat ioot oupgeva pe v [pdtaon 1.17.1 (oxfpa 1.17.2). 'Otav ta X, X’ eivat anod 1

Ynobeifn: 'Otav ta X, X’ eivat and 1) pepid 1ou A (wg ripog to péoov M), tote ot Adyot

|BX| _ d—x

|BX’|  d+x’
AX BX| -
| ‘—i,Kal |BX| _ d-x

peptd tou B, to1e A= x
g Aoknong 1.17.1.

IBX'| x—d Kdl n oot ta twv AOY(DV ITPOKUITTEL AITO 1) SSU'ESQI'] TTEPUTTIWOT)
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‘Aornon 1.17.3 Me toug npom/ouusvoug ovu6ojliopoug 6sz§s ou to péoov N tou daoriuarog XX’
eupioretar oe andotaon |AN| = t2 yuat< 1 xat|BN| = t2 T yaat>1.

. . . . ’ / X j—

Ynoben: Aeg mpota ot A.X. ya t < 1 oxver X' > x, apou 7 = 1 +t < 1. Zuvenwg, av ¢ = |AN| tote
. ’ 2 ’ . /

10 ot 1o N eivat to péoov tou XX’ onpaivel ot x’ —c=c+x = c = T' AvuKatdotnos 0g autov TovV

TUTT0 Ta X, X' aro toug tunoug (1) kat (2) avtiototya. Avaloya aviipetemidetal Kat n dAAn mepineor,

vy t> 1.

‘Acoxrnon 1.17.4 Ia ta onueia {A, B, X, X', M} wou axrjpatog 1.17.2, énou (A, B, X, X') eivar appovucn
tetpada kat 1o M eivat o péoov tou tunuarog AB, deife OtL 1oy UOUD 0L O)EoElS:

2 _ 1 1
|AB| ~ |xB| ' X'B]

Kai XAl - |1X'B| = |AB| - | XM].

Na pueAetndei 10 g petabaioviar avieg oL oxoeig yia 61atadels 1oV oNUEIDV SlaYopETIKEG AUTH G TOU
oxnuarog 1.17.2.

‘Aoknon 1.17.5 AiSoviar ta onusia {A, B, X, X'} g evdeiag €, yia ta onoia yvwpilouue toug Aoyoug
{xx = lXXAé} A= |§,g}} Na Bpedei n anootaon |YY'| tov appovikev ouluyov {Y, Y'} v {X, X'} w¢ mpog
{A, B}. Na yiver iakpion v oxettkav 9oewv tov (X, X'} wg mpog ta {A, B}.

_“E B / AN r
xnpa 1.17.3: 4 xat E appovika ouduyn &g ripog B kat I”

Zx06Ao Ta o Sidonpa appovikd ouluyr) onpeia eivat ta ixvn 4 kat E owmv Bl tov §Uo Sixotopev
(6nAadn ot topég twv duo Sixotopwv pe ) BlY), e00TEPIKLG KAl ESHTEPIKLG, A0 TV KOPUPH A evog
prywvou ABIT mou dev €xel TG ripookeipeveg mAsupeég (AB kat Al ioeg. T'U autd Sa piAfjooupe oe
enopevo kepddaio (Beopnpa 3.3.2) kat (Aoknon 3.3.6).

‘Aoxknon 1.17.6 To onucio I eupioketar otnu evdeia AB ano ) uepia tou B kat woyvet |[['A| = v - |AB|.

Na Bpedei o Aoyog t = ;?B} To 610 epatnua otav 1o I givar and ) pepia touv A.

Ynobeifn: Tuv npwtn niepirtwwon |I'B| = |['A| — |AB|, Gpa t = % = |r/|\|r—f\‘/|m\ = UlA’g‘?_]TLB‘ = 5. v
beutepn niepirttwon |I'B| = |'A| + |AB| k.Ar.

‘Aoxknon 1.17.7 To sudvypauuo tunua AB xwpiletar pe 1o onueio A, oe turuata ue Joyo p/q, onou
{p < q} 9euxoi axépaior. Xwpiletar emiong pue 1o By oe unuata pe Aoyo q/p. Bpeg 10 urrog tou
wunuarog Ay By. Eravajiau6avovtag tv mponyovusvn karaokevn oto Ay B, Bpiokouue to tunpa Az Bs.
Enravajau6avovtag m 6waducaocia ¢ avto Bpiokouus 10 AsBs kat ovveyidovtag pe avutov oV om0
Bpiokovue psta ano n Bripata o unua An,Bn. ITowd givat 1o unkog avtov tou Staotniuarog;
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1.18 IxOAila Kal AOK1OE1G KEPAAaiou

Axopn kat av 6Aa eivat yveotd, n @povtida tou avBporou Sev eivat
akopn rmnpng. Atdtt 1o eaynto Kat povo dev Sa tov Kpatroetl uy).

[Tpémet va KAvel aoknoelg. Aot 1 TpOdr| KAl Ol AOKIOELG, EVD £€XOUV
avtibeteg roldtneg, ouvepyadovial yia v napayoyn g uyeiag.

Innoxpamng

‘Aoknon 1.18.1 IIpoobiopioe tig ywvieg evOg 0pdoywviou Kkat 1oookeAoug tptyovou. Eivai moté Suvatov
oe éva TET010 Tlywo Ta loa okéfn va tepucieiovy wav dian yovia S1agpopetiky tg 0pdng;

‘Aoxrnon 1.18.2 Acsife Ot 10 UYog €vO¢ 1000KeAOUS KAl 0pAOYy@VIOU TPLy@VOU amo tnv Kopudn g
0p3d1j¢ yaviag eivat 1o U100 Tou uiKkoug g vnoteivovoag. Kat avtiotpogpa, av 1o Uyog evog 0pdoywviou
TOYOUOU amo TV Kopudn e 0pdNg ywviag elvat 100 Ue TO U100 NG UTOTEIVoUoag, T0TE 10 TPIY®UOo ExEl
¢ U0 Kadeteg MAUPES (0EG.

@ 4 (1

B r B I

xnpa 1.18.1: Ioortleupo tpiyovo Iootnta 6Awv v MAsupwv

‘Aoknon 1.18.3 Acife ou ta péoa v tAsupav gvog worAevpou tptyevou ABI opilouv téoospa ioa
oot flevpa oiyova (Zxnua 1.18.1-1).

‘Acornon 1.18.4 Zug mAsupég evO¢ 100TALUPOU TolydvoU Kataokeualouue Tpog ta é€o ioa opdoyauia
olyova (Exnua 1.18.1-10). Asife o oc pa térola kataokeun O6gv lvatl Tote duvatov 1a UnKn TV TEVTE
TALUP@V TOU MPOKUTTOUV va givat ioa.

‘Aoknon 1.18.5 Eqv oto oxrjua 1.18.1-1I unodeoouue ot ta unn {|A4|, |4B|, |BI|, |l E|,|EA|} elvai ioa,
101e MPOobIopLoe g ywvieg ota {A, B, I, 4, E}.

‘Aoxrnon 1.18.6 Edv oe opdoywvio tplywvo n pia oeia yovia sival ditddaoia g aiing, tote 1o 1piyovo
éxet yovieg 90°, 60° kar 30° kai n pia kaderog sivar dirAdoia g UTOTEILOUOag.

‘Acornon 1.18.7 Aibctar opdoyavio tolywvo ABIT ue kadeteg micupeg |AI| > |AB|, didueoo AM kai
vyog AY ano 1o A. Acie ou n yovia YAM = S — a (6eg aoknon 2.14.15 ywa 1o avtiotpogo).

‘Aoxrnon 1.18.8 Xe tuyov wiywvo ABI' nape ta onueia A, E omv Baon Bl érot vote BAd =T xat
EAT = B. Asiée 6u 10 piyovo AAE eivai 1000KeAES.

‘Aoxrnon 1.18.9 Aodsiowv 6U0 tepvopsvev eudelwdv a, B kar onueiov P, va aydei bid tou P eudeia &
£101 WOoTE 0L Telg evdeies a, 3, € va oxNUatifoUL 1000KEAES TplywUo.

‘Aoknon 1.18.10 Aodzvtwv dvo onueiowv A, B kat evdeiag € va axdouv dvo eudeieg a, B, avtiotoya,
61a v A, B, €101 wote ot 1peig eudeisg a, B, € va axnuatifovv 100TAEUPO TPly®UO.
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1

A B

Zxnpa 1.18.2: Yrodoyiopoi yoviov

‘Aoxrnon 1.18.11 Zwmu kadew nisupa AB evdg 1o0okefovg opdoywviou tptyevou ABI kat mpog
uepia wou I waraokevaloupe 100nigupo ABA (Exrpa 1.18.2-1). Bpeg 10 U1po g yoviag Ezﬁ“ . INapouowa
TPOOOIOPIOE TO UETPO NG BAT , 0mou 10 A" elvar 1o ouppetpud tou 4 wg mpog AB. Teflog mpoobidpioe
Kat m yovia tev (TpoekTaoe®v Tov) T eudewwv {Al°, BA}.

‘Aoknon 1.18.12 Zwmv vnoteivovoa AB gv0g 10ookeAoUs opdoymviou tptyodvou ABIT kai mpog tn pepid
mg 0pdn¢ kataokevalovue woonisupo ABA (Exnua 1.18.2-11). Bpeg 10 pugtpo g yoviag BAI.

‘Aoxknon 1.18.13 Acife ott, av ta wia onueia A, B, I' ucavorowovv ) |BI| = |BA|+|Al'| tote mepiéyovtat
oe pia evdeia.

‘Aoknon 1.18.14 Acife ou yia kade evdeia e, onueio A ektog avtg kat Ieted apduo 6, Urdapyouv 1o
oAU 6vo evduypappa unuata AB ue B eni g €, unroug |BA| = 6.

‘Aoknon 1.18.15 Mnopei va ywptodei éva okainuo wiywvo ue pia vdeia oe Svo ioa iyova;

‘Aoknon 1.18.16 Me noooug 1pomoug Uopel va ywplodel pe pia evdeia va 1o00mAcupo Tplywvo o 5U0
aiia ioa iyova;

‘Aoknon 1.18.17 Z¢ piyovo ue Baon a = |BI|, 6eife 61t b+ c— a < 2|A4|, émouv A onowobrrote onueio
mg Baong.

‘Aoknon 1.18.18 Acife ot, onoobnmote evdvypaupuo tunua EZ, nepiexousvo e€ ofokArnpou oto eow-
1E01KO TPLywVvou ABI, elval pukpotepo ¢ ueyadutepns Ticupdg Tou 1pty@uou.

‘Aoxknon 1.18.19 H A4 sivar diyotouog tou tptyevou ABIT, mou éxet tnu mievpa |AB| > |Al'|. Acsie
ou |A4| < |AB|. Katomw 9swpnoe 10 onueio E g AB, €10t wote |AE| = |Ad|. Acife ou n yovia A/ETB
givar mtavtote aubicia Kat mpoodloplos T0 UETPO TNG OUVAPTNOEL TOV YOUIDOV TOU Toty@dvou. Acsife téAog
ot |BA| > |IA|.

‘Acrnon 1.18.20 X0 opdoywuvio, oto A, tolywvo ABI', ue aviceg kaderoug, ot AY, AAd kar AM eivai
avtiotoyca 10 Upog, n diyotouog kai n diaueoog. Agie ou n A4 givar kat dyotouog mg yoviag YAM.

‘Aoknon 1.18.21 Zug micupég (nuieudeisg) ymvz’ag‘@ opifoupe onueia A, B g OX kat A', B’ mg¢
OX’, érot wote |OA| = |OA’| kat|OB| = |OB’|. Acife ot 1o onueio tounc A v eudeiwv AB' kar A’ B sivat
emt g diyoropou ¢ yoviag XOX'.

‘Aoknon 1.18.22 Aod£utwv 101V U CUVEVIEIaK®V ONUEl®L TPoodidploe vdeia amo v onola 1a pia
onueia va angxovv mu idia ardotaon (tpeig AvoeL).

‘Aoknon 1.18.23 Aodzvtwv 6U0 iowv evduypauuev unuatov AB, Al', va Boedei onueio A eni 508eiong
evdelag € €10t wote ot yovieg AAB kai AAI va sivar ioeg.
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‘Aoxrnon 1.18.24 Acife ou, yia kade onueio 4 g nisupag BI™ tprydvou ABIT, diagopetiko and ta B
xar I, umdpyet evdeia AX mou amotéuver ano g evdeieg TV dAAOV TALUPOV TolywVOo Ue yoVieg (0eg
ue avteg ou ABI . Acife o1, yia kdde 11010 A, Uumdpyouv TE00epts Srapopetikes eudeieg AX mou €xouv
avtn mv woma.

‘Aokrnon 1.18.25 Tnuv kopugn A tpiyovou ABIT evavouue e u Stapopeticd onueia g ansvavtt tisu-
pag. Tnv kopugn B svdvoupe emtiong pue v dtagopstika onueia g anévavt wisupag. Ilooa ovvodikd
oly®va mEPLEovTal oTo SNUIOUPYOUUEVO OXNUA;

Ynosengn: @l ev2)

‘Aoknon 1.18.26 To wiywvo ABI" gyet mieupég |Al| > |AB| kat enti tng ntisupag Al raipvouue onueio
B, €10t wote |AB'| = |AB. Acife ou n yovia BBl = %’ Agie emiong ou n yevia avt woovtat pe tu
yovia uetalv mg dLyotopuoU Kat Tou Uyoug ToU TpLty®vou ano to A.

‘Aoxrnon 1.18.27 Acife ot yia kade onueio X, un mepieydpuevo otig tepviusveg oto onueio O gudeieg
{a, B} rat kade evdeia vy, digpyduevn ano 10 X, ny éuvel kat ug dvo eudeiss {a, B.

‘Aoknon 1.18.28 Av Y, 4, M ocuvuBofilovv avtiotorya ta ixvn o BI' tou vwoug, Siyotduou kat
Srapéoouv tou ptywvou ABIC, bgife Ot 10 A eivar mavia pueralv v Y kar M. Acife emiong ot, av dvo
and avtd ta ixvn CUUTIITOUV, TOTE CUUTIITOUV Kal 1a Tpia Kat 10 Tply®vo £ivat I000KEES.

Zxnpa 1.18.3: AAB=a + 8 Kataokeur) onpueiou M

‘Aoxrnon 1.18.29 Zug miecupés I'A, I'B tprydvou ABIT emifléyouue avtiotoya onueia E kat Z kat
@EPVOULE TIg OLYOTOUOUS TV youlwv @ = I'AZ kar ¢ = EBI mou téuvovtat oto onueio 4. Asife ou, yia
g yovieg a = AEB rkat 3 = AZB, wyvera + 3= 2A4B.

Ynodeln: 'Eow ot n I'4 xwpidet ug y = ATB xat A/ATB avtiotoixa, oe 6U0 PEPN Y1, Vo KAl X1, X2
(Exnna 1.18.3-)). Asgdtia+ B=2y+ 0+ @, 1 =V1+ 5. X2 = Vo + %.

‘Aoknon 1.18.30 Na Bpedei onucio M emi tng misupag AB tptydvou ABI, étot wote IMA| + |Al =
|MB| + |BI.

Ynodein : Ilape AA’ ioo pe AM owv nipoéxtaon g I'A kat BB’ ioo pe BM owv nipoéktaon g I B
(ExApa 1.18.3-1I). To pnkog ['A’| = |['B’| eival yvooto kat 100 pe tv nuuepiperpo wou tpryovou. Ta
piyova AA’M kat BB'M eivat 1000kedr| Kal kataokeuddovrat and ta dedopéva.

‘Aoknon 1.18.31 Acife Ou, edav 1o piywvo ABIT nepiéyetar €€ oforkinpouv oto tpiyewvo A’B'I”, 10te
rxade misupa tou ABIT givar puukpotepn mg ueyaivigpng nicupdg tou A’B'T kat kade misupd tou
A'B'T" slvar pueyaivtepn mg pugpotepng tov ABI.





