i 8 Aneipeg oe1péc

EMIZKOMNHEIH Eni awoveg, to mpoPinua tg aBpoiong plog oeipdg
anelpov 6pov TpofAnuatiie tovg padnuatikovg. Kat avto yiati Efie-
OV TOC LEPIKEG POPEG U0 TETOL0 GELPG KATUANYEL OE TEXEPUGUEVO
ATOTELECUA, TT.Y.

| N S L
Strtstiet 1.

1/8
(Mnopeite va nelobeite yU' avto abpoilovrog to 1/16
eUPadd Tov anelpwv oploymvimy Tov arToKOTTO- 172
VIOl 0O TO HOVAOLOL0 TETPAYMVO LLE TOV TPOTO
7oL Ol VEL TO STAavo GyNua.) AAAEG OUWOS QO-
péc, éva amelpo abpoilopa anelpiotay, m.y.

1/4

11,1 1,1, ... _

1 fatytytstoee
(ka@tt Tov dev elval KaBOLOL TPOPAVES), KOl TEAOC LN PYAV TEPITTO-
GELg OTOL NTOV G.OVVOTOV VA aToPavOEel KaVELG yia TNV TIUN TOL dnetl-

pov 00poicuatog, m.y.
-1+ 1—-1+1—-1+"".

(Eivar umdév; Eivan 1; 'H tinota and ta 6V0;)

[Mopd tadte, podnuotikol 6nmg o Gauss kot o Euler ypnowonoin-
OOV ENMLTLYMG TIG ATELPES TELPES Y1 VA eEQYAYOLV LEPIKE TPOTOPAVN
anoteléopata. O Laplace anédei&e pe oelpég v evotdeia Tov nito-
K0V LG GLOTNUATOS (X®PIG AVTO VO ATOTPETEL CNUEPH LEPIKOVS OO
T0 VO eKQpAalovv TNV avnovyio Tovg yio To 0Tl «UTEPPBOALKE TOALOL
TAOVITEG EX 0LV Yelpel amd ™ pio mhgvpd Tov ‘HAitov!). ®a nepvodoav
OPKETA AKOUT YL POVIQ LLEYPL VO ELPAVICTOVV ELO1KOL TNG LOOMUATIKNG
avaivong, onwg o Cauchy, ot onoilot avéntvéav to Osmpntikd vdfo-
0po T®V LTOAOYICU®V LE GELPES, avayKAlovTag £TG1 TOAAOVG GLVAD EA-
@ovg tovg (netafd avtmv kat tov Laplace) va enavefetdoovy e av-
o potEPO LIOPaOPO Ta TPOTEPA UTOTEAEGUATA TOVG.

Ot armelpeg oelpég amotelovv ) Bacn evog aglofadpactov podn-
HOTIKOD TUTOL O OTMOL0G HOG EMITPENEL VO TEPLYPAPOVUE TOAAEG GL-
VOPTNGELG LE TOAVMVUULA TTOV TEPLEYOLV ATELPOVG OPOLG (T OTOLM KO-
A00VTOL SLVAROGELPES), EVD TAPUAANAL LOG TAPOPOPEL Y10 TO HEYE-
00¢ TOL CEAAUNTOG TOL LTEIGEPYETAL AV KPATNCOVUE TETEPATUEVO
nAn0og 6pwv cta ToAvdvouo avtd. Ot SLVAHOGELPES, TEPAV TOL OTL
TpoceYYilovv Le TOALOVLUE TIG O10POPICILES CLVAPTNOELS, PPioKOLY
Kol TOAAEG GAlec epapuoyég. TMapakdto Oo dodpe TOC propodue va
LPMNOIUOTOINCOLUE AT ELPA AOPOIGLATA TPLYDOVOUETPIK®V Op®V (TIG AE-
youeveg oelpég Fourier), TPOoKEIUEVOL VO OVOTOPUGTICOVUE LEPIKES
amo TIG GTOVAULOTEPEG GUVOPTNGEL TOL GLVOVTH KAVEIG GE EMGTNUO-
VIKEG KOl TEYVOLOYIKEG EQUPUOYES. O ATELPEC GELPEG TAPEYOLY EVAV
€LY EPN TPOTO LTOAOYIGUOV UT GTOLYELMIDOV OALOKAT POUATOV, KAODG

587
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Kol ETIAVONG TOV S10QOPIKAOV EELCMGEMV TOL TEPLYPUPOLY TN d1AO06T
™¢ OepudTNTOC, TIC TUAUVTMOGELS, TN OLAYXLOT XNUIKDOV OLCLOV, KOl T1
UETASOGN CNUATOV. XTO ToPOV KePAAUL0 0o TPOETOUAGOVIE TO €60~
(QOG Y10 TNV KATOVONGT TOL pOLOL TTOL TalLOVV Ol GELPEC OTIG PUOTKEC
EMIGTNLES KOL OTA LOOMUATIKA.

‘Op1a akoAouBiwv

CD-ROM
AktuoTomOG

Iotopika otoixeia

Axolovbieg kot
GELPEG

Opiopoi ka1 oupBoAiopog ®  ZuykAion kar amokAion
®  YmoMoyiopog opiwv akodoubiwv  ©  Kdvovtag xpnon Tou kavova
tou 'Hopital e 'Opia mou amavtouv cuxvd

Tevikd, B0 propovcape vo movpe 0Tl akorlovbio eivat pio dStoTeToyLé-
vn d1dTagn TV OVIOV OVTIKEILEVAOV, OUMG GTO TAPOV KEPAANLO T OLVTL-
kelpeva mov Ba pog aracyoinoovv givot aptbuol. 'Hon éyovpe cuvva-
VINGEL akolovbieg, .. avth TV aplBudv Xy, X, . . . , X,, . . . TOL TPO-
KOTTEL amd TN uéBodo tov Nevtwva. Apyotepa Ba dovpe akorovdisg
duvauemv tov x, Kabmg Kal akoAovdieg TPLYOVOUETPIKOV OpmV, T.Y.
sinx, cos x, sin 2x, cos 2x, . .., sin nx, cos nx, . ... Eva {ntnua kevipt-
KNG onuaciag givot av pia akorovdio dtabétel 6plo 1 Oyt

Op1cpoi ka1 gupBoAiopog
Mropobue va dtatdEovpe ta aKEpale TOALATAGGIA TOL 3 ¢ eENG:
ITedio opiopov: 1

l
3n

AN —o
O — W

ITedio Tpndv: 3

O npmTog aptBpoc otn oetpd givat To 3, Emetta to 6, EmeELTa 10 9, K.0.K.
H cvvdptnon Aomodv mov dpa d® amodidetl tnv Tiun 3n 6t n-ootn 0€-
on. Avti eival | ootk 10€0 TNG KATACKELNG 0KOAOLOLOV: YTapy et
uia. cvvaptnor mov tonobetel Tov KaBe aptOud g axorovbiag otnv
KOTAAANAN dtatetaypévn 0€om tov.

Op1opoGg  AkoAouBia

Amnelpn akorovlio aplOuov eival pio cuvaptnon pe tedio opt-
GOV TO GOVOAO TMV UKEPUIMV TOL ELVAL LEYOAVTEPOL N 1GOL
EVOC 0KEPAIOL 71y).

Zovnbwg, to ny elvatl 1 kot to wedio optopod T akorovbiog eivat
T0 GOVOLO TV BeTikdV akepainv. Meptkéc popég, woTdG0, entBvpod-
pe n akoAovdia va Eekivd and diiov aptBuo. Il.y., otn pébodo tov
Nevtova taipvooue ny = 0. Av taAl 0éAope vo 0plGovUE Lo AKOAOL-
Oio ToAvydvov pe TAN00¢ TAevpmv n, Oa Taipvape ny = 3.

O1 akoArovBigg opilovrtal OT®E KOl 01 LTOLOITEG GLVOUPTNTELS, Yo
TopadeLyuo

am)=Vn,  am =1L gm =11

n

(Mapaderypa 1 kot Zynua 8.1). Mo va dniAocovpe 6T1 T0 Tedio opt-
oLov TV akorlovbiov tepthapPfdvel akepaiovs, Y PNGLOTOLOVUE TO



(a) Otopota, = Vi vnepPaivouv
TeEMKE KGOE axépato, ondTE M
akorovOia {a,} amoxAivet, . . .

@) ...ouncotopora,=1/n
UiKpaivovy Slopkdg Kot
npoceyyilovv avbaipeta 1o 0 kabmdg
o n avgavetat, ondte  akorovbia
{a,} ovykhiivel 1o 0.

(y) Ovopora, = (=1)"'(1/n)
EVAAALGLGGOLY Ta TPOGTILHL TOVG,
®6TO60 GLYKALVOLY 6710 0.

) Otépora,=(n—1)/n
npoceyyilovv avbaipeta 1o 1 kaOng
10 n avfaverat, ondTe N akoAovbio
{a,} ocvykhiivel oo 1.

() Ovépora, = (—1)"[(n — 1)/n]
evaALGoGOLY Ta TPOSTLd Tovg. Ot
Betikol 6pot teivovy 6to 1.
Qc16060, 01 0pVNTIKOL OpotL TElvoLY
oto —1 kabag to 1 av&avetat,
omdte N axorovbia {a,} amokAiivel.

(61) Ot 6pot g axorovdiog
otabepmv aptBumv a, = 3 £govv TV
1010 iU avegaptnTeS ToLv 1, ONOTE
n axolovbia {a,} cvuykiivel 6to 3.

8.1. 'Opia akoAoubiwv 589

aVl
Amoxiivel
3 (5,«6)
2 (3’\/3) ° ‘
() o ey

1 o (2’\/7)

| | | | | n
0 1 2 3 4 5
ay, Yuykhiiver 6o 0

(1,1
T EIedeey

I S ¢ u

0] 1 2 3 4 5

a, a, a, a, a
| g 234
T T T
0 1 2
a, = \n
as a a
| 4
T T
0 1
a =1
m o n
a, a as ay a,
. ool oo 4
T T
0 1
1
a = _1n+17
p= (=
a a,a
n 29
T T
0 1
e = n—1
n n
aga, a, a, a; as
| L |
T T T
-1 0 1

a, = (_1)n+1(7l_;1)

|
0 °
1
oy 3
2
Gn SvykAivel oto 1
X 2 (4.3) 5.
) ’.3 ° °
(1,0) " e
A T N N B

0 1 2 3 4 5

a, Armoxiivel

(.2 .3
1 T3/ Coo/
1,0 °
Ly,
0 1 2 3 4 5 6
°1
_1 (2,—:/ /4 ° 3 PALIN
)6

a

ZxHMA 8.1 Ot akohovbigg tov IMapadeiypatog 1 aneikoviovtat €3 e 000 TPOTOLS: TOTOHETMOVTAC TOLE

apBpovg a, otov optldvtio aEova, Kal ta onueia (n, a,) oTo eNinedo.

vpaupa n ¢ MNAmTikd TG aveEaptntng petafintng, avil tov x, y,
Z, KOl £ TOL Y pnolponotovue cuvnbwg 6tav n aveEaptntn LeTofAnt
TOIPVEL TPUYUATIKEG TIULES. Q6THG0, GLY VA ol padnuatikol THTOL TOV
opifovv akolovfieg, OTmG o1 AVOTEP®, 1GYLOLY Kal Yo Tedia opt-
GOV LEYOAVTEPE TOL GLVOAOL TOV OeTIKOV akepaimy. Onmg Oa dov-
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Ue, KaTL TéTo10 umopet va pog egunnpetel. O aptbudg a(n) kaieital n-
0670G 0pog TNG akoAoLOiag, | aAA®g 6pog pe deiktn n. 'Etol ya a(n)
= (n — 1)/n, Ba &xovue

Ipartog 6pog Agvtepog 6pog Tpitog 6pog n-0610G 0pog

n—1
n

a(l)=0 a@ =1, a®=2 L )=

Av ovupoiicovue og a, to a(n), n akorovdia ypheetal ¢ EENC:

a; =0, a, =

asy =

1 2
o 3 cee
Yovnbiletor va Teptypdpovue pia akorovbia mapabétoviag pepikods
amd TOVG TPATOLS OPOLG TNG, KAODS Katl Tov TOTO Tov diVEL TOV n-00TO
opo.

Napadeiypa 1 MNepiypagn akoAoubiwv

‘Opor axkorovbiog Tomog axorovOiog

(@ 1,V2,V3, V4, ..., Vn,... a,=Vn

11 1 1
® LI a=1

_1 1 1 gyt L g 1
M L-5. 3 5D g, a,= (-1

1 23 n—1 n—1
@023 nol a=""

1 2 3 " —1 i -1
® 0, T3 g (=1t <nn)’ a, = (—1)""! <"n>
(o1) 3,3,3,....,3,... a, =3

ZupBoMigpog TMa va avagepBodue otnv akorovbia n-ootod dpov a,
ypaopovpe {a,} (kat dtafalovpe «akorovdia a deiktng n»). Etot, n dg0-
tepn axorovbio tov MMapadeiyuatog 1 givar n {1/n} («axorovdio 1 did
n»)* M televtalo akorovdio eivar {3} («otabepn akorovbdia 3»).

ZoykAion ka1 amokAion

Onwg deiyver to Xynua 8.1, ot akorovbieg oto ITapadetyua 1 dev Eyovv
ohec ™V 1810 ovpmepipopd. Ov {1/n}, {(—1)""'(1/n)}, xar {(n — 1)/n}
delyvouv va Tpoceyyilovy pio Lovadikn oplakn T Kadmg to n avgd-
VETAL, Kol Aot 1 {3} €x el kataAngel 6TV 0pLlok” TNG TIUN 0O TOV
npoto MNON Opo. Amd TNV AGAAN, ot Opot NG akoAovbiag
{(—=1y""Y(n — 1)/n} S&iyvouv va «ovvectiloviay ce 800 SLuQopeTlKé]
Tég, Tic —1 kot 1, evéd ot 6pot g {(Vn} avEAvovTal amepLOPLoTO KoL
dev cuyKAivouy Tovbevd.

O akoiovboc opiopdg dtaympilel Tic akolovbieg mov mpoceyyi-
Covv wo povadikn optakn L, Kabmg to n avidvetal, and €KEIVEC TOL
dev eueavifovv TETOL0 GUUTEPLPOPU.
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Opigpoi  XuykAion, amékAion, 6p10
H axoiovbia {a,} cvykAiiver otov aplBud L av e kGO BeTiod
aplBuo € avrictolyel aképalog N T€T010C ®GTE Yio KAOe n,

n>N = |a,— L| <e.
Av dev vmapy et Tétolog apuog L, Aéue 6t N {a,} awokAiivel.
Av 1 {a,} cuykiivel oto L, ypdoovpe lim, .., a, = L, N

anlovotepa a, — L, kot KaAlovpe to L opro Tng akolovdiog (Xynuo
8.2).

Nicole Oresme
(mep. 1320-1382)

L—e L L+e
' e
0 a,a, a ay * a,
n IxHMA 8.2 a,— Ledvy =L
L elvat P oplovria
€ , ’
o ACVUTTOTN TNG oKoAovbiag
LF————=——=———~ (na,)-=-5-—-—- . .
. L_. Onueiov {(n, a,)}. Onog
R . W, ay) Bksnoyus GTo Gy Mua, o\a T
L ° ° a, LETO TO ay KELVTIUL GE
L1 1 L1 1 " OTTOCTOOM UIKPOTEPT TOVL €
of 1 23 N n and 1o L.

Napadeiypa 2 EAeyxog tou opiopou

Agi&te 6Tt

(@) lim

1 _
im 5 =0

B) lim k=k (tvyovoa ctabepd k).

n—o
Auon
() 'Ectw € > 0. [Ipémet va deifovpe OTL vapy el aKEpalog N TET010G

wote yuo kale n,

n>N = 711—0 <e€.

H npdtaom avtn Oa woydet yia (1/n) < €, Sniadn ywa n > 1/e. 'Etot,
av N gival toydv aképatog peyorbtepog tov /e, n npdtaon Oa
oybel yia kabe n > N. Avto onpoivel ott lim,_,, (1/n) = 0.

(B) 'Ectw € > 0. [Ipémet va deifovpe OTL vapy el aKEPaLog N TETO10G
wote yuo kale n,

n>N = |k—k|<e.

Epdécov k — k = 0, yio k40¢ axéparo T tov N ) tpotaot Oo eEoko-
hovBet va toyvet. Avtd onpaivetr 6Tt lim,, ., k = k yio x40e cTabepd
aplOuo k.

Napadeiypa 3 AmokAivouoa akoAoubia

Agiéte 6t n {(—1)"'[(n — 1)/n]} anoxiiver.

Auon  "Ecto € Ogticdc aptbuog pikpdtepog tov 1, tétolog dote va
unv aAiniemicordntovial ot Ampides yopm and Tig gubeiegy = 1 kar
y = —1 mov paivovtal oto Zynua 8.3. Kdbe € < 1 ikavomotel tnv npo-
bnofeomn avtn. H ocOykiion oto 1 Ba onuaive 6t k6Oe onueio tov
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YPOUPNUATOG TEPUY eVOG dedopuévon deiktn N keltal otny Gve Ampi-
da, ouwg avtd dev cupPaivet. Kat avtd 616tt poiig to onueto (n, a,)
«e1gélbe otV dve Awpida, Tote to (n + 1, a,,;) KoL OLo Ta. ETOUE-
Vo onuela avd 600 ELGEPYOVTAL TNV KAT® A®PLda. ZVVETMS, 1 0KO-
hovbia dev umopel va cuykiivel ato 1. Opolwg, dev umopel vo cu-
ykAivel oto —1. Ao tnv AAAT, EpOGOV 01 6pOL TNE akoAovdiag Tpo-
oeyyilovv evallag 6Ao kal meplocdTEPO TIG TIMEG 1 koL —1, dev tel-
VOLV TOTE G€ KATO10, GAAT TIUN. ZUVETMG, N okoAovdia amoKAivEL.

4395,

{
T 7 T T
-1 0 1

a, = (=1 ! (%)

Obrte 10 dtdotnua gvpovg * € mept

70 1, oVte 0 d1doTnua evpovg t €

nepi o —1 mepiéy et Oha to a, OTov n = N
Yo KGmoto N.

T~
~

1+e€
2 4
N (3;3)" (5’-5)"";;:;
1,0
1 | | | | |
0
JAEEN . - Zxuma 8.3 H axolovbia
Y zJW( , 73)"( , :6) 77777 {(=1)""[(n — 1)/n]}
-1-e ogmokAivetl.

H cuuneprpopd e {(— 1) [(n — 1)/n]} sivar morotikd Srapopett-
K1 omd avtAv e {Va}, n onoia amokiivel 816t vepPuiver kG Oe-
Tk aptdpd L. T va Teptyplyovpe T copmeptoopd te {Va}, ypa-
(QOLULE

lim (V) = o.

Aéyovtag Tmg 6plo g {a,} €ival o dmelpo, dgv evvoovpe BERata OTL M
d1apopd netalhd Tov g, Kot Tov amElpPoL pLelmveTAL KOOmG To 1 avaveTat.
Evvoovue anmimg 6Tt 10 a, peyoldvel aptOuntikd pe tmy avénon tov n.

YroAoy16H0G 0piwv akoAouB1wv

H pehétn tov oplov Bo xatavtodoe apKeTd ENinovn av EXPENE VO, OO~
viioovpue o€ KAOe epOTNUA GYETIKO UE TN GUYKALON, £pupuolovTag
Tov optopod. Mo kol pog toym, vrapyovy Tpia Bempruata Tov devko-
AbvouV TNV OAN dtadikacic. To TpdTo amd aLTA EPYETAL OC PUGLOAOYL-
KN GuVEYELD TOV OCOV Eimape 0TaV peretovoape to Opia. Ot anodei-
Eelg TapaAsinovTal.

Oewpnpa 1  ISdTnTeC 0piwvV akoAouBimv

‘Ecto {a,} kot {b,} axolovBiec mpayuatikdv aplbuov kot A kot B
npayuatikoi apibpoi. ‘Eoto lim,_.,, a, = A xot lim,_,,, b, = B.
Ioyvovv tOTE 01 aKOAOLVOEG 1010TNTES:

lim, ... (a, + b,) =A + B
lim,_., (a, —b,) =A — B
lim, .. (a,b,) =A*B

1. Opio abpoicuazog:
2. Op1o drapopdg:
3. Op1o yvouévov:

4. Op1o arabepod moilariaaiov: lim,_ ., (k- b,) = k- B (tuyov aptOuog k)
an
b,

n

5. Opio nniirxov: lim,,_., = % epocov B # 0
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Napadeiypa 4  Egappoyn twv 1610Thtwv opiwv akodoubiwv

Yvvovalovtag to Osmpnua 1 kat to awoteléouata tov [apadelypno-
T0¢ 2, £yovue

(@) lim <—1>=—1-lim Lo _1.0=0

ne \ N e 1
@ i () =i (1 1) =1 =10
0 lim =5+ Jim - fim 5=5-00=0
@ tim A= iy W=7 _0-7 g

e S+ 3 e 14+ (3% 140

Napadeiypa 5  Ta otaBepd moAAamAdoia amokAivouoadg
akoAouBiag amokAivouv

Kdébe un pundevikd morlamidolo piag omokAivovoag akoAiovdiog
{a,} amoxAivel. o va amodelybel avtd, ag vrobécovue ot 1 {ca,}
ovykhivel og kamotov aptbud ¢ # 0. Tote, av Oécovpue k = 1/c atov
TO1o TOL opiov oTadepod ToAlamAuciov Tov Oswpnuatog 1, fAETov-

pe 0tL 1 akoiovbia
co} - ol

ovykAivel. Autd onuoivel 0t N {ca,} d&v UTOpPEl Vo GLYKALVEL TaPE
povov av kot M {a,} ovykiivelr. Av n {a,} 6&v GuyKAlveL, TOTE 00TE N
{ca,} Ba cuyKiivel.

>1nv Aoknon 69 kaleiote vo anodei&ete o akdAovbo Bempnpua.

Oewpnpa 2  Oswpnpa «oAVTOUTTS» y1d aKoAouBieg

‘Eoto {a,}, {b,}, ka1 {c,} axorovBieg Tpaypatikov apbumv. Av a,
= b, = ¢, Y. K4Oe n népav kamotov N kot av lim,_,., a, = lim,_.,
¢, = L, tote Oo 1oy et emiong lim,_,., b, = L.

Mo Gueon cvvéneta Tov Ocwpiuatog 2 gival 6Tt av |b,| = ¢, xat
¢, — 0, t01€ b, = 0 €déGOV —¢, = b, = ¢,. XPNGULOTOLOVUE TO ATOTE-
reopa avtd 6T0 aKOAoLOO TAPAdELYLLAL.

Napadeiypa 6  Xprion Tou BewpnpaTtog «oAVIOUTTC

Epbocov 1/n — 0, yvopilovue o1t

(o) 7‘70’2 "0 oot CO; ni— | CO}: "] s%
1 , 1 1
®) 5:—0 d1om 7<%
nl 7 nl 1
() (—1)'5;—>0  &iom (=1 =

To Oesopfuate 1 kot 2 Bpiokovv TOALEG EQAPUOYEC X GpN OE Eva
Tpito Oedpnuo oL pag AEel OTL 0V EQUPULOGOVUE U0 GLVEYT] CLUVAPTN-
o1 6€ ulo cvykAivovoa akoiovBia, Oa wpokOyel pia akoiovdio mov
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(=)
W |—e—
N —e—

ZXHMA 8.4 Kabogn — «©, 1/n—0
Ko 21— 20,

eniong ovykiivel. TMopabétovpe €dm 10 Oewdpnuo ywpic anddelén
(Aoknon 70).

Oewpnpa 3

‘Ecto {a,} pio akolovbio Tpoypatikdv aptbumv. Av a, — L Kot
1 f elval pio GuVAPTNGT GLVEYNG OTO L Kol Oplopévn yio Kabe
a,, tote f(a,) — f(L).

Napadeiypa 7 Epappoyn Tou Bewpnpatog 3
Agi&te ot V(n + 1)/n— 1.

Aoon  T'vopilovue 0t (n + 1)/n— 1. Oétovrag f(x) = Vxkar L =1
oto Osopnua 3 Egovue V(n + 1)/n— V1=1.

Napadeiypa 8  H akorouBia {2/}

H axoiovbia {1/n} cuykiivel oto 0. ®étovtac a, = 1/n, f(x) = 2, kot
L = 0 ot0 @codpnua 3, Brémovpe 611 2" = f(1/n) > f(L) =2°= 1. H
akolovdia { 2"} cuykhivel oto 1 (Zyfua 8.4).

Kavovtag xpnon tou kavova tou 'Hopital

To Bempnpa wov akorovdel pog eTTpENEL va eQaprdlovpe TOV KovOva
tov I’'Hopital mpokeipévou va fpodue ta 6pia pepikdv akorovbidv. To
Oeopnua avtiotoryilel Tég pog (cvvnbog drtapopiciung) cvvaptn-
ong e TG TéG dedopévng axkorovdiog.

Oswpnpa 4

‘Ecto f(x) cuvaptnon opiopévn yia kabe x = n kot {a,}
akolovBio TpayuaTikdv aplbuov tétola ®ote a, = f(n) yion = n,.
2NV TEPINTOGT QVTN

lim f(x) =L = lim a,= L.

Napadeiypa 9 Egappoyn tou kavova tou 'Hopital
Agi&te 6Tt

lim 17— g,

n—>o

Auon  H cvvaptnon (In x)/x opiletar yia k60 x = 1 kat yio 0eTikovg
akepaiovg moipvet 1dteg TILEG pe TV akoiovbio. Xuvenmg, PAcEL Tov
Oewpnuatog 4, to lim, ., (In n)/n 6o toodtor pe to lim,_,., (In x)/x e@o-
cov 1o televtaio vrmapyetl. Epapuodlovrag tov kavdva tov I'Hopital
pio eopd moipvovpe

lim X = jim &zgzo.

xX—>© X xX—>© 1

Yourepaivoope Aotrndv o6t lim,_,.,, (Inn)/n = 0.

Ortav ypnoponotodue tov Kavova tov 'Hopital yia tnv edpeon tov
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opilov pag akorovdiog, pumopovue vo 0e@pNGovpE OTL O 1 TAlPVEL GL-
VEYELG TPUYLOTIKEG TILES, KOl VO, TOPAYMYIGOVUE ®G TPOC n. Aglte oy -
Tikd to IMopdaderypa 10.

Napadeiypa 10  Eappoyn Tou kavova tou 'Hopital

No Bpebel to

Auon  Eogapudlovtog tov kavove tov I'Hopital (napaywyiloviag og
mpog 1),

lim 2 = lim 2102
n—o Sn n—o 5
= oo'

Anodelén Osmpipatog4 'Eoto 6t lim,_,,, f(x) = L. Tote yia kdbe Og-
TIKO ap1Oud € Oo vapy el aplduodc M tétolog dote Yo Kabe x,

x>M = |f(x) — L|<e.

‘Ecto N axépalog, peyoidbtepog tov M Kol LeyalOTEPOG N 160G TOL ny.
Tote

n>N = a,=f(n) Kot la, = L| = |f(n) — L| <e.

Napadeiypa 11 Eg@appoyn tou kavova tou 'Hopital yia tov
mpoad10p1Iop0 oUyKAIGNG

YuykAivel 1 akorovdia pe n-06td Opo

o = n+1Y\"
n n_l 9

Av vai, va Bpebet to lim,_,., a,.

Aien  To 6pto KataAyel 6TV anpocdtdopiotn popen 1°. Mmo-
povue vo epapuodcovpe Tov Kavova tov ’'Hopital otn popen o - 0,
N omold TPOKVTTEL OO TNV TAPATAV® OV TAPOLIE TOV PLGIKO AO-

yap1uo tov a,:
Ina,=1In (n+l>
n—1

—nln n+1
n—1)

lim In a, = lim 7 In (”J_rl) -0

Tore,

n—o n—o n 1
<n + 1)
In
n—1 0
= lim —————
e 1/n 0
_ 2 _
=1 M Kavovag tov 'Hopital
n—>o —1/n?

=2.
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Eg@oocov In a, — 2 ko 1 f(x) = €' elval cuveyng, to ®edpnua 3 pog Aé-
€1 0TL

Ina, 2

a,=e""—e".

Tuvende, N akorovdia {a,} cvykiivel oto €.

‘Op1a TMou amavtouv guxvd

. Mepikd and to 6pla ToL anavTovy oLy voTepa Ttapatifevtal otov Ii-
Nivakag 8.1 vaka 8.1. To mpdto 0md avtd 10 cuvavinoaue oto [Hapaderypa 9. Ta
V0 emOUEVE TPOKVTTOLY TTaipvovTac Aoyapibuovg kat epapuodlovtag
L fim 72— t0 O@empnua 3 (Acknoelg 67 kot 68). Ta vroioina Opia amodeucviovTal
n—e oto [Mapaptnua 7.
2. 1lim Vn =1
3. limx'""=1 x>0 , . ,
> ( ) Napadeiypa 12 Opia tou Mivaka 8.1
4. lim x" =0 (x| <1
o In (") _2Inn
n o = —2:-0=0 Tomocg 1
5. lim (1 + z) =" (TuxoVv X) (@) n n moG
o , B) Vil =n¥"= @Y > (AP =1 Tiroc
6. lim = =0 (Tuy oV X)
e n . (y) \/3n = 3]/"(1/1””) —1--1=1 Tomog 3 yio x = 3 kot Torog 2
Ytovg tumovg (3) €wc (6), To X
pévetr otabepd kabmng n — . ©®) <_é> =0 Tonog 4y x = -3
(e) (” ; 2> = (1 + _112> —>e2 Tomog Sy x = =2
(o7) &?n —0 ToOmog 6 yio x = 100
n!
Eupeon opwv akoAouBiag 8. H axolovbia —3, =2, —=1,0,1,... (_); “»K'iipg"(»;:;gf(" T0
Ye kafepio and tig Acknoelg 1-4 divetar o tOnog ToL n- - : A
i Ile O¢ 1KE-
0GTOV Opov a, ag akoiovdiag {a,}. Na Bpebovv ot Tipnég 9. Hoxorovbia 1, 5,9,13,17, ... pcjlr;l:;j; S{J(iml o
TV a,, a,, ay, Kol dy. , , ; ;
10. H axoiovbia 2, 6, 10, 14, 18, ... Aptiot fetikol vrcé-
1 _1—n 1 patot avé dHo
. a, = B 2‘ a, = | An L
"o " 11. H axohovbia 1,0, 1,0, 1, . .. Evadrag 1 ko 0
— 1yt n , , .
3. a, el 4. a, = 2 12. H oxohovbia 0, 1, 1, 2, 2, 3, 3, 4, . . Kabe Oetieoc aice-
2n—1 2l paog emavorappovo-
UEVOG
Eupeon tunwv akoAouBinv Eupeon opinv
Y11g Acknoelg 5-12, va Bpebei o tomog tov n-ootod 6pov  Iloteg and 11¢ akorovdieg {a,} otig Acknoelg 13-56 ov-
™™g akohovbiog. Movis . ykAlvovv, kot moteg amokAivouv; Na Bpebel 1o dplo kdabe
OVUOEG LE EVOAANC- r :
5. H akohovbia 1, —1,1, =1, 1, ... ooueva :rpémwu ovykhivovous axorovdias.
Tetpdyova Oetikmdv 13. a, =2 + (0,1)" 14. a, = n+ (=1
6. H axoiovbia 1, —4,9, —16, 25, . .. aKEPOLOV, [LE EVOALUC- "
GOPEVA TPOGTILOL 1—2n 1—5n*
7. H axohovBia 0, 3, 8, 15, 24 ; , 15. a, = 16 a, = e
. akoAovbla L, 5, 6, 15, 24, . .. Tetphywva Detikmv 1+ 2n n* + 8n”’

oKEPUIMV EAATTOUEVO.
Kotd 1



2 _
17. an:w 18. an:A
n—1 n*+5n+6
19. a, =1+ (—1)" 20. a, = (—1)"<1 —}1>

(n+1 1 (=
21. an—< o )(1 ﬁ) 22. a, = P—

- | 2 —sin (T 4L
23. a, = P 24. a,l—s1n<2+n>
_sinn _sin’n
25. a, = n 26. a, = T
1 +1
2. 4, =1 28, g —n*tD
2 Vn
29. q, =" 30. a,=lnn—In+1)
n
_ 7 n _ _ 1 n
31. a, <1 +}’l) 32. a, = <1 }’l)
33. a, =V 10n 34. a,=Vn?
_ 3 1/n _ 1/(n+4)
35. a,= (3 36. a, = (n+4)
37. a, =\/4"n 38. a, = /3271
!
39. a, = % (Ynéoeitn: Toykpivete pe to 1/n.)
40. a, -9 4. a, = n!
n! 106n
_ i’l! _ 1 1/(In n)
42‘ a, = on . 3n 43. a, = <l’l>
_ 1\ _(3n+ 1Y
4. a, = ln<1 + n) 45. a, <3n — 1)
46. a, = (-1 41, a= ()" x>0
C\n+ 1 o \2n+1)
_ _ L n _ 3. "
48. a, —<1 n2> 49. a, SR
2
50. @, =5 " sin % 51. a,=tan 'n
1 ~1 1\" 1
52. a,=—=tan 'n 53. a,= 5| +
v B+
1 5
54. a,=N/'n’+n 55, an=(n")
Vn
56. a,=n—Vn’—n

Aigpeuvnon opiwv PE KOPTOUTEPAKI

Y11 Acknoelg 57-60, doxipudote va Bpeite Le KopmovTe-
PAKL TNV TIUN TOL N TOV LKOVOTOLEL TNV EKAGTOTE UVIGOTN-
Ta Yoo n > N. Agdopévou 0Tt 1 KGbe avicOTnTo TPOEPY ETAL
and Tov avoTnpd 0plopd Tov oplov kdmolag akoiovdiag,
Bpeite molwa gival 1 akoiovbio aLTH KOl GE TOLO OPLO GL-
YKALVEL.

57. V05— 1| <10
59. (0,9y' < 1073

58. [V/n—1] <107
60. (2"/n)) <1077
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Oewpia ka1 mapadeiypata
61. Aivetar n €€ng akorovbia pntodv aptBpmv:

1 a a+2b

12 b at b

[ IRN

13
1’27
Ed® ot aptBuntég amod povot tovg oymuatifovy pio ako-
hovBia, ot Tapovopactég eniong oynuatifovy pia ako-
hovBia, kat Té€Log ot AOyot Tovg oynuatifovy pia tpitn
axoiovbia. ‘Ecto x, kat y, avtictotya, o aptuntng kat
0 TOPOVOUAGTNG TOV 11-06TO0 KAAGHOTOG 7, = X,/ V,.

(o) EmiBeBardote otix? — 2y 2= —1,x,°> — 2y, = +1,
Kat yevikdtepa, 6tL av @’ — 2b° = —1 | +1, 161¢

(@+2b —2a+b?=+1 1 -1,
avticTolyd.

(B) To xiaopata r, = x,/y, TElVOLY GE KATOLO OPLO KO-
0o 1o n avaverat. IMowo eivar avtod; (Yrddeln:
XpNnowononote 10 epdTNUe (o) Yo va dei&ete OTL
r,2=2=*(1/y,)* ko1 611 10 y, &V sivar pikpoTEPoO
OV n.)

62. (1) 'Eocto 611 1 f(x) elvol tapaymyiciun yio kabe x 6To
[0, 1] kot 611 £(0) = 0. "Ecte 611 1 akohovdia {a,}
opiletatr and tov kavova a, = nf(l/n). Aei&te 6T
lim,_., a,=f"(0).

Xpnowonomote to anotéheoua (o) yio vo Bpeite ta
opta Tov eENg akorovblov {a,}.

B) a,=n tan’l% W) a, = n(e" — 1)

®) an=nln<1+5>

63. Tpidbec nubayopeiwy apiBuwy O apibuol a, b, Kot ¢ Ka-
Lovvtal molayopera tprada av 1oybel a® + b* = ¢*. 'Eoto
a &vag mep1rtdg 0eTikdg aképatog kot Ot ot

2 2
b =[%J Kot ¢ =[%]
€1lVOL 01 GTPOYYLAOTOINIEVEG TTPOG TO. KATM KOl TPOG TOL
avo, avticTtolya, oKképateg TIEG Tov a’/2.

(0) Aciéteonia® + b* = . (Yrodely: ®éctea = 2n + 1
KOl EKQPPACTE T b KU1 ¢ GLVOPTNGEL TOV 711.)

(B) Me anevbeiog vroroyiond, 1 pe ™ Pondeia tov
oYNUotog, Bpeite TNV TIUN TOL
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64.

65.

66.

67.
68.
69.
70.
71.

72.

73.

KepdaAaio 8. Aneipeg og1pEg

2
lim ——=.
@ [aj"
2
(o) Asitte 6ttlim,_,, 2nm)"?" = 1 ko1 cvvende, Pacet

TOL MPOGEYYLGTIKOL TOTOL ToL Stirling [Kepdiato 7,
EmnpocOetn Acknon 50, epatnua (a)], 6Tt

H n-ootn pida tou n!

V'n! = g Yo LEYAAEG TILEG TOV .

(B) EAréyEre tnv mpooéyyion mov kdvote oto (o) yia
n =40, 50, 60, ... uéyxpt 66O GUG EMTPENEL TO KO-
UTLOVTEPAKL GUG.

(o) Avlim, . (1/n°) = 0 ywa Tvyovoa OeTikn otadepd
¢, 0giéte Ot

lim 27

n—e N

=0.

B) Aei&re ot lim,_,, (1/n°) = 0 dnov ¢ Tvyovoa Bett-
k1 otalepd. (Yrodeln: Av e = 0,001 kot ¢ = 0,04,
16T€ OGO PeYAAo TpEMEL va gival To N €161 OCTE
[1/n¢ = 0| < e y1a.n > N;)

To «Bewpnya... peppovdp» Amodei&re to «Oempnua gep-
povdp» yia akorovdieg: Av ot {a,} kot {b,} cvykiivovy
tavtdypova 6To L, T10TE KoL 1 akolovdia

ay, by, ay, by, ...,a,,b,,...

0o cvuykAivel oo L.

Aegi&te 6t lim,,_,,, Vn=1.

Asiéte O0tt lim,_,., x"" =1 (x > 0).
Amodeifte To Oempnua 2.
Amnodei&te 10 Ocmpnuo 3.

01 dpo1 auykAivouaag akodouBiag mpooeyyidouv auBaipeta o évag
otov ailo Agi&te OTL av M {a,} €lval pia cvykiivovsa
akolovbia, tote o€ kabe Betikd apOud € Ho aviiotot-
€L €vag akEpatog N T€T010G¢ doTE Yo kabe m Kot n, va
oy et

m>N xat n>N = |a, —a,| <e.

Movabikotnta opiwv Agi&te 0TL T0 Op1o kGbe akorlovbdiag
glvatl povadiko. Me aiia Adyia, deiéte ot av L, kot L,
elvatl apiBpol té€rolol wote a, — L, kot a, — L,, 101€
L =L,

Juykhion kar amoAutn Tipn Agi&te 6TL pio axoiovbia {a,}
GuykAivel 6to 0 av kot povo av 1 akoAiovdio Tov ano-
Mtov Tipov {|a,|r cvykiivel 6to 0.

74. Beltiwon napaywync LOUE®vO PE TPOTOGEALS0 GpOHpo
ot Wall Street Journal tng 15mg Agkeufpiov 1992, yia
éva TUTLKO OY MO TOL KATACKELALEL | cavToKLVTTOP10-
unyovia Ford Motor Company anatteitor ypovog ep-
yooiag 75 h oty mpéca, Ge oy o LE AVTIGTOLYO ¥ po-
vo 15 h 1o 1980. Ou wnovikég etoipeieg ypetaloviat
yio TV 1810 epyacio porig 33 h.

H Behtioon tng anodotikotntog ot Ford og oy é-
on pe to 1980 onpaivel pia €THoLo LELOOT TOL Y POVOL
epyuciog katd 6%. Av o pubuog autdg cuveyloTel, TOTE
e n €11 anod Tdpa 10 Tpoconikd ¢ Ford Oa ypetale-
Tat yla v 1w epyacio g pdvo

S, = 7.25(0,94)"

OPAOV GTNV TPECA Y10, £V, TLTLKO OYMNuo. Av vrtotebel
o1t ot ldnwves avtayoviotéc eEakoiovdncovy va. ypet-
alovtal 3% h avd oynua, t1ote e moécE Y pdvia Ba Tovg
¢tdoet ) Ford; Avote to mpofinua pe 0o tpodmovs:
(a) Bpeite tov mpoto 6po g akorovbiag {S,} mov &i-
vot pikpdtepog 1 icog Tov 3,5.
(B) Moapaoctiote ypapikd v f(x) = 7,25(0,94)" kou
APNOULOTOINOTE TNV EQuproyn «Trace» tov vroro-

Y1I6TN YPAPLKOV TToL StabéteTe Yo vo, fpeite 1o on-
peio 6mov M KopmOAN TéUvel TNy gubela y = 3,5.

YMOAOITETIKEY AIEPEYNHZEIZ

‘EAgyxoG ogUykA10NG KA1 aMOKA10NG

Me éva oOoTNUo LITOAOYIGTIKNG GAYEPpUC EKTEAEGTE TO
akorovba Brpata yia tig akolovdieg tov Acknoewy 75-84.

(o) Ymoloyiote kot tomofetnote og SLAYPOUULO TOVG
npdToNG 25 dpovg kabe akorovbiag. H akolovbia
delyvel va cuykAlvel I va amokAivel, Av cuykAi-
Vel 1OTE TO10 €lval To 6p1d TG L;

®

Av cvykhivel n akolovbio, Bpeite Evav aképato N
tétolov wote |a, — L| = 0,01 yia n = N. To 810
gpdtuo Yo |a, — L| = 0,0001.

75. a, =\/n 76. a, = (1 + Orf)"
71. a, = sinn 78. a, = n sin

79. q, =01 80. q, =01

81. a, = (0,9999)" 82. a, = 123456'"
83. a, =5 84. a, = ;’;l
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m YrnoakoAouOigg, ppaypéveg akoAouBieg ka1 n péBodog Picard

H cbyxiion 1 andxiion pog
akolovdiag dev €y el kopio oy éomn Le
TO MG GLUTEPLPEPOVTAL OL TPDTOL
opot ¢ akorovdiog. EEaptatal pdévo
Omo TN CLUTEPLPOPA TNG OVLPAG TNG.

YrnoakoAouBieg © Movotoveg kar ppaypéveg akoAouBieg
® Avadpopikd opiopeveg akoAouBieg © H pgBodog tou Picard
yia tnv eUpeon p1{wv

H mapovca evotnta cuveyilel tn peA&n tg 6OYKALGNG Kol TG and-
KAONG 0KOAOLOLDV.

YnoakoAouOieg

Av 0 6pot pog axorovdiog sueavifovial e GAAN akoiovbio pe v
10to dtataln, koAobue TNV TpOTH akoiovdic vroakolovdia tng debte-

pne.

Napadeiypa 1 YnoakoAouBieg tng akoAouBiag Betikwy akepaiwy

(o) H vroaxoiovdia tov GpTiev akepoimy: 2,4,6,...,2n, ...
(B) H vroakorovbia tov tepittov akepaiwv: 1,3,5,...,2n — 1, ...
(y) H vrookoiovbia tov tpotev aptfudv: 2,3,5 7,11, ...

Ot voaxoiovdieg £xovv onuacio yia VO AOYOLG:

1. Av nwo akolovBia {a,} cvykiivel 6to L, t10T€ OAEG Ol LTOUKOAOVL-
Oiec ™g ocuvykAiivouv oto L. Av yvmpilovpe 6Tt pia okoiovbia Gu-
YKALVEL, TOTE OLELKOAVVOUAGTE GTNV EVPECT N OTNV EKTIUNGN TOL
0oplov piag vToakoiovbiag TNG TOL HaG EVOLAPEPEL.

2. Av xamoia vroaxoiovdio piag axkorovdiag {a,} arokiivel n av 800
vroakolovdieg TNG £xOLV SLAPOPETIKG Opla, TOTE N {a,} ATOKALIVEL.
Mo mapaderypa, n axkorovdio {(—1)"} amoxAiivel 610TL M LTOUKO-
rovbio —1, —1, —1, ... tov 6pov teptttod deiktn (dnA. Tov lov,
30v, 50v, . .. 06pov) cuykAivel 6To — 1, evod 1 vroaxoAiovdia 1,1, 1,...
TOV GPTIOL JEIKTN Op®V TNG GLYKAIVEL 6TO0 1, GE SLOPOPETIKO dNAU-
on o6pro.

Ot vroakoAovbieg LA TapEYOLY EMIONG EVAV VEO TPOTO LEAETNG TNG
ovykhiong. H ovpd piog axorovbiag givar pia vroakoiovdia tTng mov me-
pLEYEL GAOLG TOLE OPOLE TNG TEPUYV KATOLO0L N-05TOL Opov. AnAadn, 1 ov-
pa givar éva cOvoro {a,|n = N}. 'Etot, vag Ghhog tpdmog yia vo Snio-
Govpe 0Tl a, — L glval vo movpe Ot kaOe dtdotnuo edbpovg e mepi to L
TEPLEYEL TNV OLPE TNG aKOAOLOTAG.

Movotoveg ka1 ppaypéveG akoAouBisg

Op1oHOG  Mn @Bivouaa, pn avgouca, povétovn akoAoubia

Mua axoiovbia {a,} pe tnv 1d016TNTQ €, = @, Y10 KOOE N
Kadeitor pn eOivovsa akolovBdio: Snradn, a; =a, = a3 =. ...

Mua axoiovdia koAeital pn avgovea av a, = a, ., Y10 KaOe n .
Mua axoiovdia mov givar gite un eOivovoa gite un avéovaca,
KOAEITOL HOVOTOVY).
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CD-ROM Napadeiypa 2 Movotoveg akoAoubieg
§ Aiktuotorog ) ) o
B ) , (@) H axorovBia 1, 2, 3, ..., n, ... TOV QUGIKOV aplOuoV gival un
10ypa@ika otoixeia oDivouo.
Fibonacci .1 23 n . ,
(1170-1240) (B) H axorovbia 33 A glvatl un edivovoa.
.33 3 3 . ,
(y) H axorovbia 8°0°70° " a7 EVOLHN avgovoa.

(6) H otabepn axorovbia {3} eivar tovtoypova un @bivovca Kat pun
av&ovoo.

Napadeiypa 3 Mia pn @Bivouoa akoAouBia
Agi&te 011 1 axoArovbio

a:n—l
" on+1

glval un edivovoa.

Auon
(a) Oa dei&ovpe 0Tt Yo kaBe n = 1, a, = a,,;" dnradn, 0Tt

n—1_@m+1)—1
n+1 m+1+1°

H @opd ¢ avicotntag dtatnpeital av TOAAUTAAGIAGOVUE Y100TI
apOUNTEC KO TOUPOVOUOGTEG:

n—1_m+thH—-1 n—-1_ n
n+l m+D+1 "n+1 n+2

Sh—-—1Dn+2)=nn+1)

onP+n—2<n’*+n
& —-2=0.

Epbdcov alnbedel 0t1 —2 = 0, o 1oyVel g, = a,, Kol Apo 1
akolovBia {a,} elvar un eHivovoo.

(B) 'Evoc aAhog tpomocg yio va dgi&ovue ot N {a,} eival un ebivovca
glval va opioovpe TV f(n) = a, kot va dgi&ovpe ot f'(x) = 0. 10
€dm mopaderyua, f(n) = (n — 1)/(n + 1), ondte

’ _d x—l

f(x)_dx(x+1>

_ G+ DHA) = &= DHA)
(x+ 1)?

[Mapdywyog Tniikov

-2 >
(x+ 1)?
Yvvendc, M f eival abEovca cuvaptnon, apa f(n + 1) = f(n), dni.

Apt1 = a,.

Op1oHOGC  Ave @paypévn, Ave QpAypd, KATw @paypévn, KATW
@paypa, epaypévn akoAouBia

Mua axoiovbia {a,} eivol ave epaypévn av vedpy el aptOudog M
TETO10C MOTE a, = M yia k60e n. O ap1Ouog M givar 1ote €va
avo epaypa T {a,}. H akolovbia elvol kato @paypivn av



=M
I, y
y=L
L ° O O
(8, s5)
o (559 8

IXHMA 8.5 Av 01 Opol pUiag un
pBivovoag akolovbiog £xovy Avm
epayuo M, o cuykhivooy ce
Kdmoto 6pto L = M.
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LAY EL aplBUOG m TETOL0G MoTE m = a, yia kKabe n. O aplOuog m
elval 16te éva KaTO Qpaypa g {a,}. Avn {a,} ivol dvo kat
KATO QpayueEV, KOAELTAL @paypévn akorovdia.

Napadeiypa 4  E@appoyn Tou opiopou gpaypévng akoAouBiag

(a) H axorovBia 1,2, 3, ..., n,... 38V €&l Avo @payULa, OAAL lval
KGTO epoynévn and to m = 1.
.1 23 n . , i ,
(B) H axorovbia 303040y 1 ELVOLAVO @paypévn amd To

. , . . 1
M = 1 kot xGTe epayuévn and 1o m = 5
(y) H axorovbio —1,2, —=3,4,...,(=1)n, ... dev glvatl obte dve 0v-

T€ KAT® Qpaypévn.

I'vopilovpe otL o @paypévn akorlovdia dev GuyKAivEL KAt avd-
yknv, 6101t 1 akorovlia a, = (—1)" eivar ppaypévn (=1 = a, = 1) ai-
A6 amokAivovoa. OOte plo povotovn akorovdio GUYKAIVEL AVAYKACTL-
Kd, 10T 1 akoAovdio Tov puokov apbudv 1,2, 3, ..., n, ... glval po-
votovn OAAG amokAivel. Av pio akolovBia elval OpmG tavtdypova
QPOYUEVN KOl LOVOTOVT|, TOTE OQEIAEL VO, GLYKALVEL. AT €lval Kat TO
enouevo Bempnpua.

Oswpnpa 5  Oswpnpa povoTovwY akoAouBimv
Kdabe ppaypnévn povotovn axkorovdio cuykiivet.

[Tap’ 6Xo mov dev Bo amodei&ovpe To Oedpnua 5, to Xynua 8.5 nei-
0el Yo TNV 1oy ToL BewpPNUATOG GTNV TTEPITTOON Hag un edivovcoug
Kol Gve epayuévng akorovdiog. Epocov n akolovbia givat un @bivov-
oo kal 6gv umopel va vepPel to M, ot 6pot g «ouVOSTILOVTAL) TPOC
Kamotov aplOuo (to 6po) L = M.

Napadeiypa 5  E@appoyn tou Bewpnpatog 5
n

n+1
epoynévn anod tov apldud M = 1. Mdilota, 1oy veL Otl

(@) H un ¢bivovoa axorovdia ovyKAilvel 10Tl glval Gvo

lim —"— = lim —1
oo n+ 1 n— l+(1/l’l)

onote M akolovdio cuykAivel oto 6plo L = 1.

(B) H un av&ovoo axorovdia {rmlLl glval KAT® @payuévn onod Tov

apOpd m = 0 kat cuvenmg cuykiivel. To 6ptd g sivar L = 0.
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Ot avadpoptkol TOTOL ATAVTOLY GLY VA
GE TPOYPALUATO VTOALOYLOTOV KOl GE
pPOLTIVEC 0ptOUNTIKNG ETIAVONG
Stapopikav eElodoemv, T.Y. 6TN
pnébodo tov Euler.

ZupBoliopdc napayoviikou

O cvpporionog n! («n mapoyoviikd»)
dniavet to yivopevo 12+ 3 -+ n tov
akepaiov and 1 €og n. loybel (n+ 1) =
(n+1)-n!.'Eto,,4!=1-2-3-4=24
kot S!=1+2-3-4-5=5-41=120.
Opilovpe 6tt 10 0! toovtar pe 1. H tiun
TOL TOPAYOVTILIKOD OLEAVETUL KO
Lo YPNYopa and To €K0ETIKO, OTMmG
@oivetal oTov akdAovbo TivaKa.

n e" (nepinov) n!
1 3 1
5 148 120
10 22.026 3.628.800
20 49 x 108 2.4 %108
CD-ROM

f Aktudtomog
Bioypa@ikd otoixeia

Charles Emile Picard
(1856-1941)

Avadpopika op1{opeveg akoAouBieg

Méy pt topa, vroroyilape Tov Ty OVTA OpO a, Hag akorlovdiog glodyo-
VT0G 6€ Kamolov TOmo to n . [ToAAEG popéc, ®GTOGO, ta akolovdia opi-
Cetal avadpopika, onoTe pog divetal

1. O npodTog M Ot Tp®TOL HPOL TNG, KAl

2. 'Evog kavovog, Tov KOAEITOL BVadPOpIKOS TOTOS, KOl TOL EMITPENEL
TOV LTTOAOYIGUSO OTOLOLONTOTE OPOL AV YVOPILOVIE TOLG TPONYOL-
pevoug 6povg Tng akorovdiog.

Napadeiypa 6  Avadpopikn kataokeun akoAoubiwv

() Ot mpotdoelg a; = 1 xar a, = a,_; + 1 opilovv Tnv axorovbdia 1,
2,3, ...,n,...10VvV 0etikov akepaiov. Ta a; = 1, éxovue
a,=a,t1=2a;=a,+1=3,x0x.

(B) Ot mpotdoeic a; = 1 xov a, = n - a, ; opilovv v akorovdia 1,
2,6,24, ..., nl, ... tov ntapayoviikov. ['a a; = 1, &xovue
a,=2-a=2,a3=3-a,=6,a,=4-a; =24, koK.

(y) Ot wpotdoeic a; = 1, a, = 1, xat a,,, = a, + a,_, opilovv TV

akorovlia 1, 1,2, 3,5, ... tov aptBpodv Fibonacci. ['a a; = 1 kot
a, =1, éovpea;=1+1=2,a,=2+1=3,as=3+2=05,
K.0.K.

(0) Onwg pmopovpe va dodue amnd v epoapuoyn g uebddov Tov
Nebtova, ot tpotdoelg x, = 1 kot x,,; = x, — [(sin x, — x2)/(cos x,
— 2x,)] opilovv pia axoriovbia mov cuykAiivel otn Avom g &i-
cwong sin x — x? = 0.

H p€00odog tou Picard yia tnv eupeon pilav
To mpdPinua enilvong g e&icwong
f)=0 (1)

elvat 160dVVOO e TO TPOPANLO EVPECC ADCNC TNG

g(x) =f(x) + x =,

OV TPOKLTITEL 0V Tpochécovpe To x kotd LéAN otnv E€icwon (1). ‘Etot
eépvoope v E&ilcwon (1) og popon xatdAAnin yio exilvon pe vro-
AOYLOTH [LE TN Y pNoN pog ToAl xpRoung nebodov mov kaieitar pédo-
dog tov Picard.

Av 10 medlo oplopov NG g TEPLEYEL TO TESLO TIUAOV TNG g, LTOPOD-
pe va Egkivnoovpe ond Eva onpeio x, 6To Tedlo OPIoLLOD KUl VO EQAP-
pocovpe Kot eEakorovnon v g, maipvovtag dadoyikd

x = g(x), X, = g(x1), X3 =g(x),. ...

Av Anpovvtal kdmoleg aniég mpolnofEcels mTov TEPLYPAPOVULE TLO
KOTm, 1 akoAoLOio TOL TaPAYETUL OO TOV OVAd POULKO TOTO X, = g(x,)
0o cuykiivel og onpelo x yio to omoio woyvet gx) = x. To onueio av-
T6 elvor 1 Avon g eélomong f(x) = 0 5101t

fx)=glx) —x=x—x=0.

To onueio x yio To onoio toyvel g(x) = x kaieital 6Tabepd onpeio
™me g. Ao TV tedevtaia eEloman eival avepod 0Tt o otabepd onpeio
™G g dgv eivar mapd ot pilec g f.

Napadeiypa 7 EAeyxog tng peBodou tou Picard
Noa Avbel 1 e€lowon

—-x+3=x.

N—
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Auon  TDvepilovpe (ektermvtag Ti¢ TPa&elg) 6Tt 1 {nTovnevn Avomn
glval x = 4. Epappolovue tn nébodo tov Picard, ondte Oétovue

glx) = %x + 3,

EMAEYOVUE €V ONUELD EKKLVNGEWMC, T.X. X, = 1, Kal vroloyilovue
TOVG apPyLKOVE Opovg TNg akolovbiag x,,; = g(x,). Xtov Ilivaka 8.2
nopatifevtal ta anoteléopata. Méoa og 10 Pruata, 1 Aben e ap-
yikn¢ eEicmong Ppicketal pe cedipa pkpotepo Tov 3 X 1076,

Mivakag 8.2 AwaBoxikéc mpée e g(x) = (1/4)x + 3, ji€ TPM EKKIVACEWS

mx, = 1
xn xn+l = g(xn) = (1/4) xn + 3
X =1 x = g(xp) = (1/4)(1) + 3 = 3,25
x; =325 X, = g(x;) = (1/4)(3,25) + 3 = 3,8125
x, = 3,8125 x; = g(x,) = 3,9531 25
X3 = 3,953125 x, = 3,9882 8125
. x5 = 3,9970 70313
X¢ = 3,9992 67578
x; = 3,9998 16895
Xg = 3,9999 54224
Xo = 3,9999 88556
X10 = 3,9999 97139
yg(x)=ix+3=x88d) y=x
41— (xl,g(xl))7 y = ix+3
(xg g(xol) 777777 A }xZ @4
e "
| | |
Lo !
| | |
| | |
| | |
= Lo ZxHmA 8.6 H Abon xatd
‘ Lo Picard tn¢ e&icwong
' L1l ' x gx)y=(1/4)x+3=x.
=1 2 3 4 5 ,
"o \xl =325 (Hapaderypa 7)

To Zynua 8.6 deiyvel T ye®UETPla TNG O1001KAGTIAG ETIAVGNG.
Eekivooue pe x, = 1 kar vmoroyilovue v mpodtn TIUN g(X), TNV
0010, EMAVEIGAYOVIE GTOV OVASPOUIKO TOTO G OEVTEPT X-TIUN X;.
211 cuvEyEla LTOAOYILoVE TN deLTEPT y-TIUN g(x;) TNV oMol €M~
VELGAYOLUE MG TPITN X-TIUN Xy, K.0.K. H gmavoinmtikn avtn dadiko-
ola Eexivael amd To x, = 1, Kiveltal katakopvuea LEYPL TO GNUELD
(xg, g(x0)) = (xg, x1), €merta op1lovTio £0C TO (X1, X;), KOL TAAL KOTO-
KOpLea £0¢ 10 (X1, g(x;)), ¥.0.K. 'Etol 1 dradpoun] cuyKAIVEL GTO GN-
peio Omov To Ypaenue. TG g Téuvel v evbeia y = x. Anladn oto {n-
TOUUEVO GMELD OTTOL g(x) = x.
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Napadeiypa 8  Xprion tng pebodou tou Picard

Noa Avbel 1 eEioman cos x = x.

Aton  Oftovue g(x) = cos x, EMAEYOLUE OC TIUN EKKIVICEMG TN
X = 1, Kl 1 pNOIUOTOLOVUE TOV OVAdPOULKO TUTO X, = g(x,), OTOTE

xp =1, x, =cos I, X, =¢cos (x1),. ...

Mnopobue va LTOAOYIGOVUE TPOGEYYIGTIKG TOVG TpdTOLS 50 TEPi-
TOL OPOVC LLE VO KOUTLOLTEPGKL (YoVieg o€ aktivia, «radian mode»)
TANKTPOLOYOVTAG TO 1 KOl TOTOVTAG KAT ETAVAANYN TO TANKTPO
VTOAOYIoUOD GuVNULTOVOL («cos»). O gupavilopevog otnv 00ovn
apBndg Tavel vo adralel poiig n e€iocman cos x = x tkavorwoin el pe
okpifeta 16OV deKadIK®OV YNelwv 6ca xmpave otny 00ovn.

Aoxudote Kat povol ooc. Kabog motdte 1o TANKTPO TOL GLVTUL-
TOVOV, Ol S1ad0YIKES TPOCEYYIGELS KEIVTAL EVOALGE exuTEp®OEV TOV
otabepod onueiov x = 0.739085133 .. ..

To Exfua 8.7 deiyvel OTL Ol TILEG TOAUVTMOVOVTUL LE TOV TOLPUT-
VO TPOTO LOY® TNG GTELPOELSOVE d10.0 pOUNG TPog To otafepd anueio
oL Sy paeel To onuelo Tov Tpooeyyilel Tn Abo.

y
] x=073909 /7 "
(0,54, 0.86) ( 71 (0.86,0,65)
(0,54, 0,54) * Y =cosx ZxHMA 8.7 H Abom tng
‘ cos x = x e T uébodo tov
\ . Picard ka1 onueto
Xo=1 g\ gxkivnong to x, = 1.
(ITapaoderypa 8)

XTPOI'TYAOITIOIHMENEYX XYNTETAIMENEX

Napadeiypa 9  H péBodog tou Picard evdéxetar va unv pmopei
va pag dwoel tn Advon piag e€iowong

H péBodog tov Picard dev Bo pag dooel tn Abon e eEicmang
gx) =4x — 12 =x.

Onog deiyvel 1o Zynuo 8.8, dmota Tiun emAEEOVUE Y1a TO Xy TANV TNG
010G TNG AVoNG Xy = 4, TapdyEL 1o omoKAivovoo akolovbia Tov aro-
paxpovetol and tn AOen Tov {NTovUE.

y
->
|
|
y=4x—12 4‘
|
>
1
L (4,4)
4 *‘\Emeap() onueio
4\ mg gx) = 4x — 12
— i =4. ,
y=x i | e IxuMA 8.8 H pué0odog tov
v Al Picard spoppolépevn otnv
| 1 | 1 eEiomon g(x) = 4x — 12 dgv
0 T x/‘ 4‘\x * Ba Bpet to otabepd onueio,
e o7 napd povo av o X, £ivat 1o
| 1010 to otabepd anueio 4.
v (Mopaderypa 9)
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H arotuyio tg pebodov oto IMapddetyua 9 opeiletal 6to O0TL M
KAlomn g evbeiag y = 4x — 12 vmepPaivet To 1, mov gival n KAlGN TG
y = x. AvtiBétog, n dadikacio Tov akorovdnoape ato [apddeiyua 7
nétuye S1oTL M KAon gy = (1/4)x + 3 Nrav (kat’ andAvtn Tiun) ui-
Kkpotepmn tov 1. 'Eva Oedpnua 100 TpoympnuéVoy amelpocTiKod AoYil-
opob pag Aget 0tL av n g'(x) elval cuveyng o€ KAELoTO dtdotnua I Tov
neptéy et T Abon g eicwong g(x) = x kot av |g'(x)| < 1 oto I, to1e
KaOe TIUN EKKIVNGEMG Xy TOL EMIAEYOVUE GTO E0MTEPLKO TOL [ 0ONyel

ot Abo.

AXKHZEIX 8.2

Eupeon opwv avadpopika opi{opevng
akoAouBiag

Ye kabepia anod tig Acknoelg 1-6 divovtal o TpdTOG N} Ot

tan x, — 1
B x=1 x4 =x,— - 5
sec” x,,
Xn+1 = Xp — 1

) x =1,

300 mpwTot Opot piag axorovbiug, kabog kar Evag avadpo- [ff10. Avabpopikog opiopog tou /2 Eegkvovtag pe x; = 1 Kot

UIKOG TOTOG LTTOAOYLIGHOV TV LITOAOITOV Opwv. Na ypa-
POVV o1 TpMTOL déKE Opot KGbe akorovdiog.

1. a,=1, a,,,=a,+ (1/2"
2.a.=1, a,,, =a,/(n+1)
3.a0,=2, a,,=(-1)""a,/2

4. a; = -2, a,., =na,/(n+1)
S.a=a=1, a4, =a, *a,

6. a, =2, a,=-1, a,,=a,./a,
7.

Akodoubies mou opidovtar pe tn péfodo tou Nevtwva H pébo-
dog tov Nevtwva, epoppolopevn ce pia dtapopioiun
ouvaptnomn f(x), TalpVEL ®G TN EKKIVICEMG KATOL0 X,
and 10 omolo kataokevdlel pio akolovdio aplBumv
{x,} mov VIO KaTAAANAES TPOoUTMOOEGELS GLYKALVEL GE
Kkdmoto onpelo undeviopov g f. O avadpoptkog THTOG
™¢ axohovbiog gival

Sx,)

f,(xn) ’

(@) No deiybel 611 0 avadpoptkdg TOTOG Yo TNV
fx) = x* — a, a > 0, pnopel va ypugei g
X1 = (x, + alx,)/2.

X+l = X T

(B) Mdbete ypdpoviac Me Tiun ekKivioems x, = 1 kot a
= 3, vnoloyiote S1ad0YIKOVE OPOVG TNG GKOAOVL-
Oilag péypt o epeavilopevog aptBdc 6To KOUTLOL-
Tepdxt cag va mayet va arralet. TTotog aptBuodg
npoceyyiletar £tor; EEnynorte.

8. (Zvvéyeia e Aoknong 7) Emavoldfete 1o epdtnpo
(B) Thg Acxknong 7 uea = 2 avti yia a = 3.

9. MéBobog tou Nevtwva Ot mapokdTo® akolovdieg mpoép-
YOVTUL 01O TOV 0V dPoptko tOmo T uebddov tov Ned-
tova (deite v Acknon 7).

ZuykAivouv ot akolovbigg; Av val, G€ Told TIUN; X€ K-

0e nepintoon, Ppeite TpdTO T GLVAPTNGTN fTOL TAPA-

ver v kabe akolovbia.
x2=2

n
((l) Xo = 13 Xn+1 = Xp = 2y =

n

n

1
T,

(SIR]

opilovtag Tovg endpEVOLG OpOLS NG {X,} LE TOV KOVO-
VO X, = X,_; + COS X,_|, KATOOKELAGTE UL AKOAOLOia
TOL GLYKALVEL T LTOTA GTO 7/2.

(a) Aoxwdocte to.

(B) Xpnowonomaote to akdrlovbo oyfue yio vo g&n-
ynoete yati 1 obykAilon gival toco ypriyopn.

coS X, _

\xn -1

Oewpia ka1 mapadeiypata

211 Aoknoelg 11-14, npocdiopicte av ot akorovdieg elval
un edivovoeg KouUn dveo Qpayréves.

_3n+1 _ @n+3)!
ll.an—n_'_1 12.a,,—(n+l)!

_ g .2 1
13. a, = ! 14. a,,72 n ?

IMoteg and T axohlovbieg otig Acknoelg 15-24 cuykii-
VOULV, KOl TOLEG ATOKALVOLV; AITIOAOYNGTE TIG UTAVINOELG
oag.

_ 1
15. a,= 1 —

n

16. an:n—%

2" —1
2}1

19. a,= (~1y + 1) (" - 1)

20. O mpdtog 6pog piag axorovbiag eivatl x; = cos (1). Ot
EMOLLEVOL OPOL ELVOL X, = x| 1 €OS (2), OTOLOGONTOTE €K
TV dV0 elval LeYaAdTEPOC, KUl X3 = X, 1 cos (3), omot-
00ONTOTE €K TV 000 g€lval peyarvtepog (dnA. oe de-
Elotepn 0€om oto ypaonua). Ev yévet,

2" —1
3}1

17. a, = 18. a, =
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23.

25.

26.

X4 = Max {x,, cos (n + 1)}.

_n+t1 _1+V2n
a, =—; 22. a,= ———
Vn
_1_4n _4z1+1+3n
Iy =5 24. a, = YT
Opia kar uroakodouBiec Agi&te 6tL av 300 voakoiovdieg

pog akorovdiog {a,} €xovv drapopetikd opla L, # L,,
10te N {a,} amokAivel.

Aptior kar mepitrol beikte¢ Tia pior akolovdio {a,}, ot 6pot
APTLOL JEIKTT INADVOVTAL MG dyy EVD OL OPOL TEPLTTOL
delktn dNAOVOVTOL OC dyy g - AgiETe OTL OV ay — L Ko
ayy — L, 10180, — L.

MéBodoc¢ tou Picard

Xpnowonomaote ™ pébodo tov Picard yia va Aboete Tig
eflonoelg otig Acknoetg 27-32.

27.
29.
31.
32.

33.

34.

Vx=x

cosx+x=0

28. x?=x
30. cosx=x+1
x —sinx = 0,1

Vx=4-V1+x (Yrdoeiln: Yymote 610 TETPAy®-
vo.)

Avvovtag Ty g&icwoon Vx=x pe tn uébodo tov Picard
Bpiokovpe ™ Abon x = 1 aArd Oyt ™ Abon x = 0. [N~
ti; (Ynodeiln: Ty edldote og KOO GYNULO TIG y = X KOt
y=Vx)

Abvovtag v ekicoon x* = x pe ) uébodo tov Picard
1w | x| # 1 Bpiokovpe ™ Abon x = 0 adra Oyt T Abon
x = 1. T'oti; (Yrdoeiln: Lyedraote 6e KOvO GYNUA TIg
y=x’koly =x.)

E_Fu W N

YMNOAOITXTIKEY AIEPEYNHZEIX

ZuykAion avadpopika op1OpeEVRV
akoAouBiwv
XpNoWononoeTe KATOl0 GOUGTNUE LTOAOYIGTIKNG GAYE-

Bpog yio vo eKTELECETE TA TAPAKATO PNUATO Y0 TIG OKO-
hovbBiec tov Acknoewv 35 kat 36.

35.

36.
37.

(a) Yrmoloyiote Kot KatoOmLY Tortobetnote o€ didypop-
Lo TOLG TPAOTOLVG 25 dpovg Tng akorovdiag. Agiyvet
1N akolovbia va gival Gve 1 KAT® epaynévn; Agi-
YVEL VO GLYKALVEL M| Vo amokAivel; Av cuykAlvet,
16T€ MO0 gival To Optd TG L;

B) Av 1 akorovBia cvykiivel, vo PBpebel aképatog N
tétolog oote |a, — L| = 0,01 yuw n = N. To 810
gpdTUL Yo |a, — L] = 0,0001.

1

a = la Apyp = ay + ?
— — n
a = 15 Ay = ay + (_2)
Avatokiouog, katabgoeig, kar avanyeic Av emevoboeTe £va,

1000 Ay e oTafepd ETHOLO0 EMITOKLO 7 KOl OVOTOKIGUO
m QPOPEG TO €T0G, KOl AV TAVTOY pOVa e KAOE avatokt-
ouod kavete Katdbeon evog otabepod mocov b (1 avd-
vy, av b < 0), 16TE T0 TOGO GTOV AOYAPLUCUO GOG LLE-
16 a6 n + 1 avatokicpots Oa 1codtal pe

Y (1 +nr1>A,,+b. (2)

(@) Av A, = 1000, r = 0,02015, m = 12, ka1 b = 50, vro-
LoyioTe KOl TOTOOETNOTE GE S1AYPAUU TO TPOTO,
100 onueta (n, A,). IIéca ypnuata Bo vrapyovv
GToV Aoyaplacud 6o HeTd and 5 ypovia; Tuykhii-
velr n akolovBia {A,}; Eival epaypévn n {A,};

(B) Enavorafete to gpotmua (a) yua Ay, = 5000,
r=0,0589, m = 12, kot b = —50.

() Av enevdvoete €5000 og kAelotd Loyaplacud pe
€TNo1o enttokio 4,5%, avotoki{opevo avd tpiunvo,
Kol 0eV KAVETE TEPULTEP® KATAOETELS, TOTE OE TE-
pimov moca ypovie Ba LTAPYOLY GTOV LOYAPLAGHLO
cag €20.000; To 1810 epOTNULA Yi0 ETNGLO EMLTOKLO
6,25%.

(0) Mmopei vo derybel 6Tt yia kébe k = 0, n akoiovbia
mov opiletatl avadpoutkd and tnv E&lcmon (2) wka-
VOTolel TN oy €om

A= <1 +%>k <A0+’”Tb>—’"7b. 3)

T tig Tipég TV otabepav Ay, r, m, kot b Tov divovtal
6710 gpdTNHA (@), ETOANOEVCTE TNV TOPATAVED TPOTO-
O1 GLYKPIVOVTOG TIG TILEG TOV TPOTOV 50 Opmv TV
dvo akolovbimv. Katomy deifte pe angvbeiog avrika-
tdotacn 6t ot 6pot tng E&icmwong (3) ikavorotody tov
avadpoutko tomno (2).

38. Joyiotikn eélowan Siapopwv kar Siakiadwon H avadpopikn

oyéon
Ay = ran(l - an)

kaieital Loyrotiki) e€icon o@opdV Kat, ylo SOCUE-
VI 0PYLKN TN ap, opilel T AeyOuevn AOYIGTIKT] 0KO-
hovbia {a,}. & OAN TV GOKN O™, EMAEYOLIE KATOLO )
oto dtdotnuae 0 < gy < 1, m.y. ay = 0,3.

(a) 'Eoto r = 3/4. Yrohoyiote kol tomobetnote ¢
Siaypoupa ta onueia (n, a,) yia tovg tpmtovg 100
opovg TN akohlovBiog. Aglyvel vo cvykiivelr m
akolovOia; IToto vouilete 6Tl €lval To OpLO TNG;
Agiyvel va gaptdtol To 6plo avtd amd TNV TIUN
TOV a Tov EMAEYONKE;

(B) EmAégte pepikég Tnég tov r oto dtdotnua 1 <r<<3
Kol ETOVOAGPETE TN S10d1KACIO TOL EPMTNUATOG
(0). Dpovticte vo emAélete Kol TIUEG KOVTIO GTO
akpa Tov dtectnpatog. [eprypdyte T counepipo-
pa TOV 0KOAOLOLOV 6T S10YPAULOTO TOL KAVATE.

(y) E&etdote T ocvuneplpopd tng akoiovbiag yia Ti-
HEG TOL r KOVIG GTO GKPO TOL OLOCTNHOTOG
3 < r <345 Htupn petafacng r = 3 kaleltat -
pn dwwkradwong. Ieprypdoovpe ™ véa counept-
Popa TG akorovdiag 6To S1doTNUa 0VTO AEYOVTUG
OTL LTLAPY EL EVag EAKTIKOG KOKAOG TTEPLOdOL 2. E&N-
YNOTE Y1ATL 0 OPOG CLTOG ATOSISEL GYETIKC, LKAVO-
TONTLKA T1) GLUTEPLPOPA TNG akorovbiog.

(8) Xtn cvvéyela SLEPEVVNGTE TN GUUTEPLPOPE Y10 TL-
UEG F KOVTA ot akpa kobevdg amd 10 LTOJLUGTN-
pato 3,45 < r < 3,54 kot 3,54 < r < 3,55. TomoOg-
ote 6€ ddypoppa Tovg tpdtovg 200 6povg TV
akolovbidv. [Teprypdyte pe dikd cog Adyta T oLv-
uneplpopd kabe dtoypdppotog mov Kavate. Meta-
£V TOCOV TIH®V dEIYVEL VO TOAAVTEDETUL 1] AKOAOL-
Oia og kabe ddotnua; Ot twég r = 3,45 xou r =



(®)

(o7)

3,54 (ed® TIG OTPOYYLAOTOUNGOUE GE 2 JEKAIIKG
ynoio) kohoOvtal eniong TIUEG SLOKAUODGEMG,
510TL N cvumepteopd TG akorovdiog petafaile-
tal Kabdg to r «drofaivery omd Tig TILES QVTEC.

H katdotaon propel va yiver akdun mo evolopé-
povca. Yapy et pio. avéovoa okolovdio TiLdv dto-
KAaddoemg 3 < 3,45 <354 < ... <c¢,<Cpyq---
€100 OCTE Yo ¢, < r < .11, | AOYIOTIKY e&lcm-
on {a,} tohaviedetal telikd gvotabhg petalh 2"
TILDV, OTOTE KAVOLIE AOYO Y10, ELKTIKO KUKLO TTe-
prodov 2. Emniéov, n akolovdia Tipmv dtakradm-
ong {c,} elvot dve epaynévn anod tov aptbud 3,57
(po cvykAivel). Av emAaggete my tun r < 3,57,
0o Topatnpioete Evav eEAKTIKO KOKAO TEPLOdOL 2",
Emié€te r = 3,5695 kot tonoBetnote g didypapt-
pa 300 onueia.

Ag dobpe 1t ovpPaivet yia r > 3,57. Apob Bécete

©
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r = 3,65 kot vroloyicete Tovg TpdTovg 300 dpovg
m¢ {a,}, Tonobetnote Tovg Ge drdypappo . [apo-
TNPNOTE TMOG TO, CNUELD KTEPLOEPOVTALY [LE UT] TTPO-
pBréypo, xaotkd tpoémo. Eivar adbvatov va mpo-
BAEYETE TNV TIUN TOL @, ATTO TNV TN TOVL a,,.

T r = 3,65, emhéEte 800 apyLKES TILES TOV @y TOL
yertvialovv Heta&d toug, £6Tm Tig ay = 0,3 Kat ay =
0,301. Yroloyiote kot tomofetnote e S1dypopLpo
Tovg Tpmtovg 300 6povg TV akorovbimv yio kibe
apyIKN TIUN. ZUYKPIVETE TIC GLUTEPLPOPEG TOV dVO
akoAovOidv. Metd amd Tdsoug dpovg deiyvouy vo.
Sdtapépovv arotntd ot avrictolyot 6pot TV dHo
akorovbidv; Eravardafete tn digpgdvnon yo r =
3,75. Mrnopeite va deite TOG StapEPEL | GLUTEPL-
Qopa kGbe S1aypAUUATOS AVAAOYME TNG TIUNG TOL
ag; Aépe 0TL 1 AoyloTiKn akolovdio gival vrepev-
aicOntn otV apyki cuvOnKn q.

Ane1peg oEIpEG

Ze1pEC ka1 Uepikd aBpoiopata  ©
e AmokAivouoceg og1pEg
e [lpocbeon n apaipeon opwv ©

e Yuyvduaopog osipwv

[EWUPETPIKEG OEIPEG
e Kpitnpio n-ootou Opou yia amokAion
AMayn deiktn

To6co oto padnuoTikd 0G0 Kol GTIC PUGLKEG EMGTNILES, TOAAES GLVAP-
TNGELS YPAPOVTAL LTTO LOPPT) TOAVOVOU®V LE ATELPOLG OPOVG, T.Y.
1

=1 txt+ xS+ X+

—» |x|<l

(Topaxdto o dodue og T pog eEumnpetel N ypaen avtn). [a tuyovca
EMITPEMOUEVN T TOL X, €V TETOLO TOALOVLUO LTOAOYILETal ™G €va
anepo dbpoioua otabepmv 6pwv, T0 omoio Kalovue dmepn gepd (M
anlog geipd). H mapodboa evotnta anockonel 6to va €£0IKEIDGEL TOV
avayVOGTN LE TNV £VVOLL QUTT.

Le1p€c Ka1 HEPIKA aBpoiopata

To TpdTO TPAYUO TOL TPETEL VA YIVEL CAPEG ELVOL OTL L0 UTTELPT) GEL-
pa dev amotelel amimg Eva akoun topadetypo tpocheong. H npoche-
oM TPAYUATIKOV aptOudV ival puio dvadiks Tpagn, Tov cnuaivel 6Tt K-
0e popd tpocHétovpe aptBuovg ava dvo. O Adyog mov | ypaen 1 + 2
+ 3 &yl vonua va kareital «mpdcbeon» givar 6t pnopodue va ouado-
no1obue Tovg aplBpovg Kol kKatdmy va Toug tpocshétovpe ava dvo. H
TPOGETULPLOTIKN 1310TNTO. TG TpOcheong onuaivel 6Tt aveaptnTog
NG ORLASOTOINGNG TOL Y PNOLOTOLOVUE, TO UTOTELEGIUO TOPUUEVEL TO
idt0:

1+Q2+3)=1+5=6 «xmu (1+2)+3=3+3=6.

Me dvo Aoy, Eva memepacuévo dlpoigua TPAYLATIKOV aplOumv divel
TOVTOTE TPAYUATIKO aplOnd, O AmTOTEAECHA TEXEPUGUEVOL TAN00LG
dvaditkmv tpochécewv. Ouwg €vo dreipo dbpoigua TPOYLOTIK®OV 0p1O-
UoV gival Katt To Telelmg dtapopeTikd. '’ avtd tov Adyo ypetalopa-
0TE £VAV TPOGEKTIKO OPIGUO TNG UTELPNC CELPAG.

Ag SOKIUAGOVUE VO TPOGOIDMGOLILE VOO, GE P10 EKPPOCT TNG LOpP-
ong
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Blaise Pascal
(1623-1662)

1, 1,1,1
I+t i+ T
ITpogavadg kGt TETO10 deV UTOPEL Vo, YIVEL 0V TPOGTUONGOLLE VA TPO-
c0écovpne 6GLovg Tovg Opove (Tpdyura addvato). Mropobue OU®OC va ap-
yloovpe vo TpochETovpe £vav Evay TOVG OPOLE OO TNV 0PN, EPELVA-
VTOC Y10, KATOLN Y OPpaKTNPLOTIKY cvuneptpopd kot e&etdloviuc mmg
avTd To «ueptkd abpoicuoatay eellcoovral.

Mepiko aOpowopa Twn
Ilpoto: s, =1 2-1
, 1 1
Aebtepo: s, =1+ 5 2 - 5
. SRR S _1
Tpito: sy=1+ > + 1 2 1
5 SR R T _ 1
n-octo s, =1+ > + 1 + -+ Py 2 P

ITpdypatt, VAP EL 1o TETOLA XOPAKTNPLOTIKY GLUTEPLPOPA. Ta pept-

K& afpoiopate oynuatifovy pio akorlovdio pe n-06td 6po

L=2—
211—1

(®a dovpe oe Myo yiati.) H akoiovbio cuykiivel ato 2 6101t lim,,_,.,
(172" = 0. Aépe homov,

«To aBpotopa g anelpng oelpdg 1 +% + i +o 2n1_1

+-- glval 2.0

Tt onuaiver avtd; MAToc 6Tt 10 GOpolcua TeETEPUSUEVOL TAN00LG
OpwVv TNE oelpdg toovtal pe 2; Oyt. MATog 0Tt UTOPOVUE VO, EKTEAE-
GOvUE TNV GBpolomn AmeELpOV OpwV 0va 600, TPOKEIUEVOL VO, ATOPAV-
Oovpue yio to amotéreopa; Kat mdil oyl. Avtd mov onuoivel N Tapond-
VO TPOTUGT E1VOL OTL LTOPOVUE VA OPLGOLIE TO TUPATAV®D GOpOoLoUa MG
70 Op1o kabmg n — o uiag akorovdiag pepikmv abpotopdtwv. To 6plo
avTo 1oobTal €0 e 2 (Zynua 8.9). Ta dca £xovue udbel mept opimv Kot
axolovflOV pag emttpémouvy va vTePPOLUE TOVE EVVOLOAOYIKOVE PPaLy-
nol¢ TV TETEPACUEVOV 0OPOIGUATOV KOl VO OPIGOVUE TNV EVIEAMG
Kavovpyla £Vvola TNG ATELpNG GELPAC.

1 1/4

ls ) ———

f f f S —
I -

0 1 12 1/8 2

ZxHma 8.9 Koabdg to pixm 1, ', s, s, . .. mpootiBevian éva éva, TO

abpoloua teivel oto 2.

Op1op0G  Ameipn oeipd
Aobeioag pog akorovbiag apBuav {a,}, kabe Exkppacn g
HOPPNG

atata+..+a,+ ..

elval po argpn ogpd. O aplbudc a, eival o n-0610g OPOg TNC
GELPAC.
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To pepikd aBpoiopata g cepdc oynuatilovv plo akoiovbia
TPAYUATIKOV 0p1Opdv
s, =a; +a,

s3=a; +a,+ as

Kabévag ex TV onolmv glval éva memepacuévo dbpotcua. Av n axKo-
rovbio pepikdv abpoloudtov £xet 6plo S kabmg n — o, Aéue 6TL 1 GEL-
pa ovykAivel oto aBpoicua S, kot ypdoovue

a1+a2+a3+...+an+...=§ak=5.
Yy avtifetn nepintoon, Aéue 0Tt N oE1pd amoKAivEL.
Napadeiypa 1 Mpoadiopiopdg ouykAiong o€1pdg
YuykAivel 1 oepa

3.3 .03 .3

107700 000" T T I0n T

El

Auon  H axolovbia tov peptkov abpolcudtmv, ypouuévn o€ deka-
1Kk popon, eivat

0,3, 0,33, 0,333, 0,3333, . ..

H axolovBio avtr €xel 6pro 0,3, to omolo Onwe avtiiopPdveste
toobtat pe to kKAaopa 1/3. H oeipd cuykiivel hotndv ato opro 1/3.

Ortav pag divetat pa cepba; + a, + ... + a, + ..., cuvnOwg dev
YVOPILOLUE €K TOV TPOTEPOV AV VTN CLYKALVEL 1| amokAivel. Xe kdO¢e
TEPINTO®GN, 0 GUUPOAGUOG «GLYLO» LAG EMITPETEL VO, YPAPOVLLE TN CEL-
pa 6T HopeN
Xpnoiun cvvtopoypapio”

w
2 ay 2 a4, M oanhog 2 @, . evvoeitar 6T1 abpoilovpe
= k=1

ano 1 mg

FEWHETPIKEG OEIPEC

H ceipd tov Tapadeiypatog 1 elvar pio yeopetpiki) cepd d16tt Kabe
OPOC TNG TPOKVTTEL AV TOALATAUGIAGOVIE TOV TPONYOVUEVO UE KATOLM
otafepd r, mov €0 1oobtan pe 1/10. (H cepd tov eufaddv tTov en’ dnel-
POV S OTOUOVIEVOL TETPAYDVOL TOL EIBUUE GTNV OPYN TOL KEPAAUIOL
amoterel eniong yeouetpikn cepd.) To {nua tg ocbykiong yempue-
TPIKOV GEPOV NTOV ATO Ta Alyo TPOPANUOTO TOL OV KOl GPOPOLGAV
amelpeg S1adKuoiec uTopodoay Vo OVTILET®TIGO0DY e padnuatikéc pe-
0080v¢ TPOVTAPY OVGEG TOL ATELPOSTIKOD LOYIGUOD. Ag SOVUE YaTi.

I'eopetpiki] 6e1pa sivol pia celpd TG LOPONG

atar+ar’+ . ar" '+ .= ar!
n=1

omov a kot r glval atabepol mpayuotikol apibuol kat a # 0. O Aoyog r
umopet va givatl 0€Tikog, m.y.



610 KepdAaio 8. Ameipec 0g1pég

R Y & R S
1+2+4+ +<> + -,

N ApVNTIKOC, OIS €00

0 S S S R A
1 3+9 +< 3) +

Av |r| # 1, umopodue vo mpocdiopicovpe T cOyKAlon 1§ TNV Amod-
KALOM TNG GEPOC ®¢ okoloVOmS, EEKIVOVTAG WE TO n-0GTO UEPIKO
abporopa:
s,=a-+ar+ar*+ - +ar""!

n
rs, = ar + ar’+ -+ ar™ ' + gr® Tolhomhaclalovpe TO s, LE TO 7.
A@oipolpe o rs, anod 1o s,. Ot
neEPLOGOTEPOL OPOL GTO deELO
HELOG S1ay paPOVTUL.

s, — 15, =a—ar"

s,(1 —r)y=a(l — r’ Kowog napdyovrac.
)
s, = % , (r# 1. Abvovue g Tpog s, EpOGOV r # 1.

Av |r| < 1, t6te r" = 0 xabdc n — o (Tivaxog 8.1, Tomog 4) kat
s,—>al(1 —r). Av|r|> 1, 10te |r"| = © ka1 N celpd anokiiver.

Avr=1,10te 10 n-00TO LEPIKO AOPOIGLA TNG YEDUETPIKNG GELPAG
1600TaL LE

s,=a+a(l)+al)+ ...+ a(1)"" = na,

Kot 1 6€1pd anokiivel epdcov lim, ., 5, = £%, avarOy®G TOL TPOGN-
pov tov a. Av r = —1, 1 Gelpd UTOKAIVEL EMELON TA N-O0GTA UEPLKE
abpoiopata taravidvovtal peta&d Tov a Kat Tov 0. Ag cuvoyicovpE Ta
OTOTEAECUOTA JLaC.

H wootta
o “ H yeopetpikn) oeipd
Sarl=7t— ri<1 g
n=1 r atar+ar’+arr+ ... +a" + .. =Y ar"!
n=1
wx{)lst Hovo av n ahpoton Eekiva and to ocvykAivel oto dOpotopa a/(l — r)av |r| < 1 xat anokiiverav |r| = 1.
n=1.

Ta napandve Lexabapilovv To TAVTO TEPL YEDUETPIKDV GELPOV.
Topa yvopilovpe TOTE (o TETOLN GELPA GLYKAIVEL KOl TOTE ATOKALVEL,
o1t 0€ TePINTOOT GOYKAGNG, EEpove TNV TIUN TV abpotcudtov. To
dtdotnua —1 < r <1 glval to ety cOYKALGNG.

Napadeiypa 2 Avaluon yEWUETPIKNG OE1pAG

Amopavieite yio To av cuykAivel 1 anmokAivel kaBeuia and Tig Topa-
KOT® GELPEC. XTNV TEPINTOGT GUYKALONG, fpeite Tnv Tiun tov abpoi-

OLLOTOG.
L 1 n—1
(@) ,1213(2>
0 S LU R G R
® 1 yTa gt +< 2) +

o




ar

ar

ar3

(o)
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ZxHMA 8.10 (o) To IMapaderypa 3
JElYVEL TAOC UTOPOVLE E TN X PNON
YEOUETPIKOV GELPOV VL
VTOAOYICOVLE TN GUVOALKT|
KOTOKOPLPT ATOCTACT TOL dLAVOEL
£V0, LTOAGKL TOVL aVATndd, AV TO
Oyog kabe avamndnong LeltdveTal
KOTG Evay TapayovTa r.

(B) Ztpofockonikn pmtoypaia
TOV 0VATNONCEMV TOL KAVEL TO
umaAdxt.
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2 3
(6)g+%+”—+---
Auon

(a) O mpdTog 6pog eivat a = 3 kar r = 1/2. H oeipd cuykAiivel 6to

3 _
1—(1/2) 6.
(B) O npidrog 6pog eivar a = 1 kar r = —1/2. H ce1pd cuykAiivel 6to
2
1—(—1/2) 3
(y) O mpdrog 6pog eivar a = (3/5)° = 1 xar r = 3/5. H ce1pd cuyxhi-
VEL GTO
1 _5
1—@3/5 2

) Eéo r = 7/2 > 1. H ceipd amokAivel.

Napadeiypa 3 MmnaAdki mou avannda

‘Ecto 0t1 and Oyog a m mave and enimedn EMLOAVELN AOT)VOLULE
éva pumardkt vo méoel. Kabe gopd mov 10 umardxt mpookpovel
OTNV ENMLEAVELD UETA ATO TTOGT 0nO KUTuKOpLEN 0ndcTUcN K,
avannod og Oyog rh, 0mov r Betikn otabepd pikpodTepmn tov 1. Na
Bpebel To cuvorlkd KoTOKOPLEO dtdoTNua (TAVEO KUl KAT®) TOL
dravvel To umordaxt (Zyxnua 8.10).

Auon  To cvvolko drdotnua gival

2ar _ 1 +r
a

l—r “1-7r"

s=a+2ar+2ar* +2ar' + - =a+

Y
To dBpoiopa avtd wodtar pe 2ar/(l —r)

IMoa=6mkarr = 2/3, yia TopddeLlylo, TO OLAGTNUA IGOVTUL [LE

L+ (53)
s61(2/3)6<1/3>30m.

Napadsiypa 4  EmavaAapBavopeva dekadikd yneia

Exopdote tov dekadikod aptBuo 5,23 23 23 .. . wg Adyo dVo akepaimy.

Auon
23, 23 3
5232323... =5+ -2 1 +
100 (100 (100’
P U W (U R
_5+100<1+100+<100) * ) a=1.
h ~ v r=1/100
1/(1 —0,01)
—5y 23 (1 )\_5,23_5I18
=2 100 (0,99) S+59= 99

Mropel va €govpe POALG apyicEL TN LELETT TOV ATELP®V GELPOV,
aALG MOM KOTAVONCUUE TANP®G TO TEPT CLYKAIONC Kl ATOKALONG ULOG
0AOKINpNG KAdans GelpOV (TOV YEOUETPIKOV). Bpiokopacte topa 6to
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P li =1

klglwﬁ'k

-85 = 5/6

-5, = 4/5

-5, = 3/4

-5, =2/3

—1_ 1
%=1 k+1

-5, =172

-0

1 To pepkd abpoicpata

™™g oelpdg tov [apadelypotog S.

idto onueio pe Toug LoOMUATIKOOS TNG €MOYNG TNG AVaYEVVNONG OG
dovpLe LomoOV OV UTOPOVUE VA PTACOLUE e OG LAOALLE.

Avotuydg, TOTol 0T aLTOS TOL BOPOICUATOG OPOV YEMUETPIKNG
celpag onavifovv, kat €161 cuvnbmg Ba Tpénet va apkoduacte Ge Tpo-
GEYYIOTIKOVG LIOAOYIoHLOVG abpolopudtov (mepiocdTepa yio To Oéna
avto6 Oo modue apyotepa). To emdpevo Tapddetyna, ®GTOGO, APopd GA-
AN plo guTLYN cuykvpilo oTNV omoia To dfpolcpa pnopel vo vTOAOYL-
otel emakplpac.

Napadeiypa 5  Mia pn yewpetpikn aAAda tnAeokomikn og1pd

No Bpebel to afpoiopa
Z’ n(n -I— 1’

Auon  Avolntodue KATolo o paKTNPLoTIKT GUUTEPLPOPE TNG 0KO-
Aovbiag peptk®v 0 polcuiTOV TOL VO LLag 00N YNGEL GE KATOLOV TOTO
via 10 5. To kAeldl €dm eival ta pepikd KAGopoto. Av mopatnpn-
GOULLLE OTL

1 11

kk+1) k k+1

TOTE UTOPOVUE VO YPAYOLUE TO LEPIKO GOpolGHa

RN N 1

k
gn(n-Fl) -2 237 T T

—(1_1 Loy (b L
Sk_<1 2>+<2 3>+ +<k k+1)'

Agpaipovtag Tig mapevlEcEL Kal dloypAPOVTOg TOLG GAANAoaVal-
POVLLEVOLG OPOVC, TOIPVOLUE

oG eng:

1

Se= b=

Eival topa mpogavég 0Tt s, — 1 kabmg k — ©. H ceipd Lowmdv G-
ykAtver otny tiun 1 Eynqua 8.11).

. S
i n(n £ 1)

]

= 1.

ANoKAIVOUOEG OE1pEG

O yempetpikéc oeipéc ue Aoyo |r| = 1 8ev eivat, BéPata, ot pdveg mov
amToKAIVOLV.

Napadeiypa 6  lpoodiopiouog amokAiong oe1pag
YuykAivetnoepal — 1+ 1 —-1+1—-1+..;
Auon  Evdeyxopévoc va pmeite otov melpacd Vo, OpOdOTOLCETE
TOVG OPOVG TNG GELPAG MG EENG

1-H+0d-H+Ad-1+...

Opomg avtd 6o NTav Adbog, d10TL 1 dradikacio vt TepLAauPavel
aneipo tAnBog abpoicemv 6pwv avd VO, Kol GUVETMG dEV UTOPET



TTPOZOXH To @sdpnua 6 dev Aéer
oTLn GEPd D a, GUYKALVEL av a, — 0.
Mia celpd uropet va amokAivel akoun

kot otav a, — 0.
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va arttorAoynOel faoel TG TPOGETULPLGTIKNC 1010TNTAC TG AOpOL-
ong. Edd €xovpe va xdvovpe pe pio arelpn celpd, oyl ue adpot-
GO TEMEPUGUEVOV OPOV, Kl £TGL OV 1] GELPH KOTUANYEL CE TEME-
POGUEVO OMOTEAECUM, QUTO d&eV umopel mapd va givar 10 OPLO TNG
akoAovbiog pepikdv abpotcudtov,

1,0,1,0,1,0,1,....

Epocov 1 akolovbia avtn dev €xel Oplo, ovTE KoL 1N ATELPT GELPA
Exel. Apa amokAivel.

Napadeiypa 7 Mepika aBpoiopata mou unepBaivouv kabe
ppayua

(0) H ceipd
SnP=1+4+9+ - +n’+ -
n=1

amokAveL d10TL Ta peptkd tng abpoiocuata vrepPaivovv kabe me-
nepoacpévo apBpud L. Metd to n = 1, xaOe pepikd abpoiopa

s,=14+4+9+ ...+ n®elvor peyaldtepo tov n’.

(B) H ceipd

gntl_2,3., 4, . ntl, |
21 i e s

amokAivel 816t Ta pepikd ¢ abpoiouata vrepPfaivovy Telikd kabe
npokafopiopévo apuod. Kabe dpog eivar peyarvtepog tov 1, cuve-
O T0 AOpolGHa TOV 1 OpOV Elval LEYAALDTEPO TOV n.

Kp1tnpio n-octou 6pou yia andkAign

IMpocéEte 6t t0 lim,_,., a, opeilel va tcovTal e o undév av n 2, a,
ovykiivetl. T'o va dodue yiati, £€ot® S t0 GOpolopa g oelpdc Kot
s, =a, +a,+ ...+ a,10n-00616 nEP1KO ABpotoua. I'a peydro n, 160
TO §, OGO K0l TO §,_; TPpoceyyilovy T0 S, cLVETMS 1 dlaPOPA TOVG, d,,,
nAnolalel 6to undév. Avetnpotepa,

a,=s,— 5,1 —>S—8=0. Oprodugopis axolovhidv

Oewpnpa 6  '0pio n-ootou Opou cuykAivousag oEIpdag

r e r r
Avn oeipd E,F] a,ovyKkiivet, tote a, — 0.

To Oeompnua 6 00N yel oe Eva KPLTNPLO YO TO €160G TNG UTOKAIGNG
mov cvvovinoape ota [oapadelypoata 6 kol 7.

Kputiipro n-06t00 6pov yia andkiion

’ 0 ’ ’ . ’ 4 ’
H cepd Y, a, amokiivet gav to lim, ., a, Sev vndpyet 1 eivat

1G4 popo Tov UNdEVOC.
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Richard Dedekind
(1831-1916)

Napadeiypa 8  E@appoyn Tou kpitnpiou n-ootou opou

o0
(@) H oe1pé D, n? anokhivel 51611 n> — o,

N ntl ] ntl
(B) H cerpd ;1 o omokiiver ot —— — 1.

(y) H cepd E (— D" amorxiivel Sidti to lim (—1)"*! Sev vrdpyet.

n—m

L= —n , L -n \_ 1
(0) H ceipd ;1 T ES amoKALVEL O10TL lgg <2n n 5) =3 + 0.

Napadeiypa 9  a, — 0, aAAd n ogipd amokAivel

H ceipd
1,1, 1,1 1,1 1 1 1
Ity tg Tty tat vt ut ot
\ﬂ_l \%—I ¢ v J
2 6pot 4 6pot 2" 6pot

=l+1+1+...+1+..

amokAvVelL mapd to OTL o1 6potl NG oynuatifovv pio akolovbio m
omotia cuykAivel oto 0.

NpocBean n agaipeon opwv

Mmnopobue névta va tpocHétovpe €va menepacuévo TAN00G¢ Opav Ge
pla ogpd (M va apalpovpe TENEPACULEVO TAN00C Op®V and aLTV) Y ®-
pic va ennpedletar 1 obyKAoN N 1 ATOKALGT TNG, AV KAl GTNV TEPT-
TTOCT TNG GVYKALGNG, N dtadikacic avtn o petafdrrel Tnv TIUn TOL
00poicuaToc. Av 1 GEIPE Y- | d, GUYKAIVEL TOTE KU1 T Dy a, 00 GU-
yKAivel yia ka0e k > 1, kot

el el

Ean =a,ta,+ - +a._,+ Ean.

n=1 n=k
AVTIoTPOQOS, OV 1 Y- ) @, cUYKAIVEL Y10 KGO k > 1, ToTE KU1 M OEL-
pa Y7 a, cvykhivel. ‘Etot,

<3|
25"

n=1

1 1 |
Tt st 2T

Lh\hd

Ko

M

1y_1_1_ 1
5] 5 25 125°

2 (;

AAAayn deiktn

Mmnopobue va arllagovpe Katd foOANGT TOV dEIKTN UOG OELPAS, OpKEl
va dtotnpnoovpe TN dtdtaén tov 6pov g (deite to IMapddetyua 27y).
‘Etot, umopodue vo avENGovpe TNV TIUN EKKIVNONG TOL OE1KTN KATA A
Lovadeg, avIikaO1GTOVTAC TO 7 GTOV TOUTO TOV a, LE TO n — h:

o o
Ean= E a,_p, =a; ta, +az;+
n=1

n=1+h

Me mopOUOLO TPOTO UTOPOVUE VO LELWGOLUE TNV TIUN EKKIVNONG TOL
delktn Katd h povadeg, aviikadiotdvTag To n GTOV TUTO TOV d, UE TO
n+ h:
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Eanz E a,ip, =a; +a, +az+ -
n=1 n=1—h

H dwadikacio eivoal Tapopoto pe tnv optlovIio LETUTOTLON TOL YPAQN-
LLOTOC GUVAPTNOEDC.

Napadeiypa 10  AMayn deiktn YEWPETPIKNG OEIPAG

Mmnopobue vo YpAYOLUE TN YEOUETPIKN OELPA TOL LeKIVA ™G ENG

1,1
ot
! 2 4
pe Toug akdAovhoug TpOTOoLg
o 1 o 1 , o 1
An o 5 Kot .
ngo 2" ngS o3 1 n;—zt onté

Ta pepikd abpoiouoto Topopuévovy Ta 1010, oveEapTNTOSC TOL dEIKTN
OV EMAEYOVLLE.

INa mpogaveic Adyovg, GuvNOME TPOTIHLOLUE JEIKTEC TOL UMAOTOLODY
TIG LOOMUOTIKEG EKQPACELS.

Zuvduaopog ogipwyv

Av pag divovtal 600 cLYKALIVOLGEG TELPES, UTOPOVUE VO TIG TPOGHE-
TOLUE OPO TPOG OPO, VO TIG aPalpovie OPo TPOg OPO, N VO TIG TOA-
ramhactdlovpe pe otabepéc. e OAES TIC TEPITTMOCELS, 1 TPOKVLITOL-
oo celpd glval cuykAiivovoa.

Oewpnpa 7  IS10TNTEG GUYKAIVOUGWV GEIPWV
Av X a, = Axol2 b, = B &lvol GUYKALVOUGEC GELPEG, TOTE

1. AOpoigua aepcopv: 2(a,+b)=2a,+2b,=A+B
2. Awapopd aelpav: 2(a,—b)=2a,—2Zb,=A—B
3. X1a0epo moAramidaio oepag: 2 ka, = k 2 a, = kA (Tuy®v aplOpoc k).

Napadeiypa 11 Egappoyn tou Bewpnpatog 7

Na Bpebovv ta abpoicpata tov akdiovbwv celpdv.

n=1 6}171 n=1 2"7] 6”7l
= i L i 1 Awopopd celpdv
n=1 2n71 n=1 6n7]
_ 1 . 1 Ieopetpikn cepd pe a = 1 kot
1—(1/2) 1-(1/6) r=12.1/6
6
=2 — =
5
_4
5
< 4 _ 1 PO ,
®» 2 Y =4 2 Y 2100epd TOALUTAAGLO GELPAG
n=1 n=1
=4 1 Ieopetpikn oepduea =1, r = 1/2
1—(1/2) '
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Anodelln Osopipatog 7 O TpELg 101OTNTES GELPOV ETOVTAL ATO TIG
avaAOYEG 1010TNTEC AKOAOLOIDOV TOL TAPOLGIACTNKOV 6TO Osmpnua 1,
Evotnra 8.1. ITpoxeévou va anodei&ovue tov tHo abpoicuatog cet-
POV, £6TM

An:a1+a2+...+an, Bn:b1+b2++b

Ta pepikd abpoicuata g = (a, + b,) Oo elvar t6te
Sn = (al + bl) + (a2 + b2) + o+ (an + bn)

=(a,+ - +a)+ b+ +Db)

=A, +B,.
Epbécov A, — A ka1 B, — B, 0o £xovue S, — A + B Bdoet Tng 10106t rtag
opiov afpoicupatog yia akohlovbieg. IMapopola eivar kot n anddeEn
TOL TOTOL SLAPOPAS CELPDOV.

[Tpoxepévov yia tov THTo cTadepov ToAlaniaciov celpdc, mopa-

tnpovue 0Tl Ta pepikd abpoicuata g = ka, oxnuatifovy v aKoiov-
0ia

S, =ka, +ka, + ... + ka,=k(a, +a, + ... + a,) = kA

1 omoid cLYKAIVEL GTO kA Bdcel Tng 116N TOG 0plov aTadepol TOA -
TAOGLOL Yo akoAoLOiES.

Yopunepdopato oo 10 Oc@pnpa 7 6YETIKA PHE TNV OTOKALGT GELPAS

1. KaBe un undevikod otabepd mToALamTAAG10 AmTOKAIVOLGOG
GELPAG OTOKALVEL.

2. Avn Zaq, ovykMvelkan 2 b, anokiivel, toéte ot = (a, + b,)
kot = (a, — b,) amokiivoov.

Ot anodei&elg mopareitovrat.

AXKHXEIX 8.3

Eupeon n-ootwv pepikwv adpoiopatuwv

Y11 Aoknoelg 1-6, Bpeite Evav tOMO TOL 1-0GTOD PLEPLKOL
abpoicpatog yia kabe ceipd, Tov omoio akorlovbwg ypnot-
LOTOINGTE Yo Vo vtoAoyicete to GOpoloua kaOe celpdc
GTNV TEPITTOGT GOYKALGNC.

1. 2+%+§+%+ +3"27]+~-~

' %Jr 10902+ 10903+... i 1090"+...

3. 1f%+if%+---+(71)"*‘%+---

4.1 -2+4—-8+ ...+ (=Dt .
5o tagt ﬁ+.-.+m+
6. 1'3%2+2%+3%+---+ﬁ+

LEIPEG PE YEWPETPIKOUG OPOUG
Y11¢ Acknoelg 7-12, apod ypayete Leptkoe and ToVg TPd-
ToVg Opovg kGbe Gelpdc, vroloyiote ta abpoicuata.

(-1 & 7
7. 8. b
E) 4 ,214"
< (5 1 (5 1
9. 2,(2 + 3 ) 10. 20(2 )
> ( ) l 2n+l
11. i 12.
5657 230

TnNAEOKOTIKEG OE1PEG

Xpnoonoinote Lepkd KAGCUATO Y10 va. fpeite To dBpot-
ouo KaOe Gmpdg otig Acknoetg 13-16.

21 (4n — 3)(4n ¥ 1)

2n + 1

2 n¥n + 1)

1 (2n — 1) (2n + 1)



Na Bpebodv ta abpoiocuato Tov celpov otig Acknoelg 17
kot 18.

< 1 i 1
2 <\f m) 2 <ln(n +2) In(n+ 1))

ZuykAion n anokAion

IMoteg amd T1g oe1pég tov Acknoemv 19-32 cuykiivouy, Kot
TOLEG ATOKALVOLV; ALTIOLOYNGTE TIG UMAVINGCELS GOG. TNV
TEPITTOOT GOLYKALONG, Vo vToloyiotel To dBpoiopo kaOe
GELPAG.

RV .
19. D —= 20. V2y
3(%) I
2. S (-1t 2 2. 3 cosnm
n=1 2 n=0 5
23. Y e 4. Yl
n=0 n=1
5.5 L x>0 6. 321

3
I
o
Il
o
W
B

MM
TN =
—
|
S|
=

27.

[\")
S
M
 ~
30n
—

5
I
=}

=
3

L
o
3

30.

DM
—
=]

29.

o~
N}
+ |3
—_
~—
i
(=]
3

3
[l

3

32.

M
S|

5
Il
=

< n!
31 ,,Z 1000"

FEWHETPIKEG OEIPEG

Mo ké0e yeopetpikn celpd Tov Acknoemv 33-36, ypdyte
UEPLKOVE OO TOVG TPAOTOLG OPOLE TPOKELUEVOL VO, Bpeite
T0 g KOl 7 Kol Vo, bToloyioete 1o GOpolouo TG GELpag.
‘Encita ek@pdote v avicotta | 7| < 1 cuvaptioet tov x
Kol Bpelte TIg TILEG TOL X VL0 TIG OTOLEG M AVIGOTNTA KO-
VOTOLELTOL KOl 1] GELPA GLYKALVEL.

33. i (—1)x" 34, i (—1)x>

n=0 n=0

QL [x— 1YV & (=1 1 !
35. ,,203< > 36. 20 5 <3 s x)
¥11g Aoknoeig 37-40, Bpeite T1¢ TILES TOL X Y10, TIG OTTOLEG M)

dobeloa yempetpikn oelpd cuykAivet. Eniong, vtoloyiote
ta afpoicpota (GLVEPTHGEL TOL X) Y10, TIG TYLEG OVTEG TOV X.

38 > (—lyx™
n=0

37. Y 2w

n=0

39. 2( ) x — 3y 40. i (In x)"
n=0

Aekadika yneia mou emavaAapBdvovtan
Exopdote kabe apBud otig Acknoeig 41-46 wg Aoyo 300
AKEPULOV.

41. 023 =0,232323 ...

42. 0234 = 0234234234 . ..

43. 0,7 =0,7777 . ..

44, 1,414 = 1,414414 414 . ..

45. 124123 = 124123123123 . ..
46. 3,142857 = 3,142857 142857 . . .
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Oewpia ka1 mapadeiypata

47. Aiavubev didotnpa and pmdda mou avarmnédsl Mio. pmédo
aenvetat va téoetl and byoc 4 m. Kdébe popd mov mpo-
okpovel 610 elodPOULO HETA ad TTOON £ m, ovannda
e byoc 0,75h m. Na Bpedel to cuVoALKS KOTAKOPLEO
ditdotnpo (Tpog ta TEV® Kol TPOS Ta KATM) TOL S10VVEL
N UmdAra.

48. Juvolikog xpovog avarménong Na BpeBei 0 cuvoAlkdg ypoO-
vog kivnong g undrag otnv Acknon 47. (Yrodeiln: O

tomoc s = 4,91 Sivert = Vs/4,9.)

ABpoion euBabwy To axdiovBo oyfua deiyvel ta TpodTa
névte LEA pag akohlovdiog tetpaymdvov. To eEwtept-
K6 TeTphyvo £xet epfadov 4 m?. Kadévo amd to dAla
TETPAYOVO TPOKVTTEL EVOVOVTUG ILE gVOOYpOpLo TUN-
HOTO TO LEGO TOV TAELPDOV TOL UUECMOG TPOTYOOUEVOL
tetpayovov. Na Bpebet to dBpooua tov eufadov
OAOV TOV TETPUYOVOV.

49.

50. Abpoion epBadwv To axdiovBo oynuae delyvel TIg TPELS
TPOTES YPOUUHES KOL HEPOG TNG TETAPTNG YPULUTG HI0G
axoAovbiag ypaupmv pe nuikvkAte. H n-ooth ypouun
neptéyel 2" nuikdkha, oktivag 1/2". Na Bpebel to

abpotopo TV eLPud®V OA®V TOV NUIKLKAL®OV.

1/8

w YV VN

1/2

51. H kaumuAn tng vipdéag xioviou tng Helge von Koch 'Ectw éva
LOOTAEVPO TPLY®VO povVadloiov WKovg TAELPAS, TO
omoto karovpe Kaundin 1. Xopilovpe kabe mhevpd oe
tpla ico guBOYpappa TUMUATO, KOU GTO LEGOLO TPiTO
k@0e mhevpdc oy edtdalovpe TaAL £va IGOTAELPO TPLY®-
VO TOL «OElYVEL TPOG TO EEMTEPLKO TOL APYLKOV TPL-
YOVOUL. ZPNVOLUE TO LEGALO TPiTO TUNUA KAOE TAELPAG
TOL aPYLKOD TpLydvov. TNy KapmdAn Tov oynUaTtiot)-
Ke e tov Tpoémo avtdv karovpe Kopumdin 2. Zoveyi-
Covpe ™ Sradikocia, ToToBETOVTAG IGOTAEL PO TPLY®-
va, Eava pe «katebBuvon» Tpog ta £Em, oTa pecala Tpi-
ta TV ThAgvpov g Kopunding 2. EavocBrvovue ta pe-
caia tpita g Kounding 2- tdpo KOTAGKEVACULE TNV
Kopndin 3. Eravorapfdvoopus tn dadikocic, Onmg
@oiveTal 6To oYNUa, opilovtag piav aneipn akorovdia
kopumul®v oto eninedo. H oprokn koumdin tng axo-
Aovbiog avtng sivor  koundAn g Koch kot mopiotd-
VEL U0 VIQASO, Y 1oVIoY.

CD-ROM
AiktudTomog

CD-ROM
AiktudTomog
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52.
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AN \
/ \ / \
/ \ \ /
/ \\ \/ (
/ \ / \
/ \ / \
\
Kopmoin 1 \
Kopmdin 2
AN gjig
y 7% o
a / o A
) { ) é
Y 1 ¥ K
v " e o
Kopndin 3 Koprndin 4

Mropei va amodetytel 6tt n kapmvin g Koch €yet
GmELPO UNKOGC, EVM TEPIKAEIEL YOPLO TEMEPACUEVOL
guPadov, mg akorovhmC.

(a) Bpeite to punkog L, g n-ootg Kaumving C, kot
deléte ott lim,,_,,, L, = .

(B) Bpeite 1o guPadodv A, Tov ywpiov Tov TEPIKAELEL N
C, ko1 vroloyicte to lim, ., A,.

Mabete ypagpoviac To akdrlovBo oynua pag mopéyet
g dromn anddetén tov 611 1o 2% (1/n%) eivar wi-
Kpotepo tov 2. EEnynote Tt ovpPaiver. (Inyn: “Con-
vergence with Pictures”, apBpo tov P. J. Rippon, Ame-
rican Mathematical Monthly, Vol. 93, No. 6 (1986), pp.
476-478.)

-
= [Rl=[B

53.

1 52
2
2 1
42
1 1 1
2 4

Aldayn 6eiken H ogipd tng Acknong 5 unopet eniong va
Ypa@ei 6N Lopen
& 1

2

i (n+ D+ 2)

£

1

o ﬂ:z_l n+3)ntd

Tpayrte v og aBpotopa pe deiktn mov Eekivd and TV
Tun

() n= -2

B) n=0

(y) n=275.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

Mdbete ypapoviac Kotookevdote pio Aretpn ceipd un
UNSEVIKDY Op®V TOV OTOL®V TO GOPOIGHLO. VO 1GOVTAL [LE

(a) 1
® -3
0.

Mropeite vo KOTAGKEVACETE L0 ATELPT] CELPA U1 [UT)-
deviK®V OpmVv Tov v GLYKALVEL GE OloVoNToTE 0PpLOULO
0¢hete; EEnynore.

[ewpetpikn oeipd Bpeite tnv Tun Tov b yia tnv onola

l+e+e+e+...=9.

Tpororoinuévn yewpetpikn ogipd o TOLEG TIUES TOL F GL-
YKALVEL M| GITELPT OELPA

L+2r+ 77+ 27 + 7+ 27+ 70+

Bpeite 10 dOpoioua tng celpdc oty mEPITTOON GO-
YKALONG.

JpdApa otn xpnon pepikou aBpoiouatos Agi&te OTL TO GPAA-
pa (L — s,) TOL TPOKVLTTEL OV UVTIKOTOGTIGOVUE U0,
GLYKAMVOLGO YEMUETPIKN GELPA UE KATOLO OO TO, [LE-
pika g alpoiouata s, eivat ar"/(1 — r).

[ivouevo opo mpog opo Bpelte cuykAlvovoeg YEOUETPLKEG
celpéc A = 2 a, kot B = 2 b, mov va deiyvouv 0Tt N
Sa,b, umopel vo cuYKALVEL Y ®pPIig Vo toovTul pe AB.

[InAiko opo mpog opo Dépte €va mopddELyna Tov vo. dei-
yver 6t 2 (a,/b,) utopet va cuykiivetl o Tiun didpo-
pn tov A/B, dnov A = 2 a,, B = 2 b, # 0, ka1 kavévag
0pog b, dev undeviletat.

InAiko opo mpog opo Agi&te pe €va mapddetypo OTL M
2 (a,/b,) propel va amoxiivet, tap’ 6Tt TO6G0 N = g, 6GO
Kol 1 2 b, cUYKALVOLV KOl KOvEVAG 0pog b, dev undevi-
Cetat.

Avtiotpogor opo npog opo Av m 2 a, cuykAivel kat a, > 0
via K00 n, TL UTOPOVLLE VO GUUTEPEVOVLLE Y1 TN GELPE
2 (1/a,); Arttoloynote TV andvinomn cag.

llpoaBeon 1 apaipeon opwv Tt Ba cupPel av tposHécovpue
éva memepacpévo TANB0g OpmV G o amokAiivovca
GELpd, N AV aPalpEGOVUE (Slaypayovle) £Vo TETEPQ-
ouévo mANnBog Opwv amd pia artokiivovoa celpd; At-
TIOAOYNOTE TNV UXAVINGT GOG.

ABpoian ouykAivouoag kar amokAivouoag akodouBiag Avn X a,
ovykAvetl kot n 2 b, amokALVEL, TL UTOPOVUE VO GUUTE-
pavoupe yia 1o abpotopa = (a, + b,); Atttoroynote v
aTavING” GOC.
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L€1pEC HE PN apvNTIKOUG 0pOUG

Kpitnpio tou oAokAnpwpatog ©  ApUOVIKEG OEIPEG KAl p-OEIPEG  ©
Kpitnpia oUykpiong ©  Kpitnpia Adyou kar pidag

Aobeloag plag oelpdc = a,, £Xovue 000 EPOTNUNTA TPOC ATAVINGT.
1. Zvykiiver n oeipd;
2. Av vai, molo glvat To afpoloud tg;

Yy nopovoa evotnta 0o acyoAnbovue e celpEC TOL dEV EXOLV
apvNTIKOVG 0pove. O AOYOC TOL TEPLOPIGUOL BLTOV E1VOL OTL TAL LEPLKE
abpoicpato T€TolV oelpdv oynuatifovv un edivovoec akorovbiec,
Kol ot un @Bivovsec akoiovdieg mov glval Gvm PPAYILEVEG GUYKAIVOLY
navtote. Ta pepikd abpoiocuata eivar un ebivovta d1otL 5,4 = 5, + a,
Kot a, = 0:

SISH=EH=...=5,=84=....

Bdaoetl tov Oewpnuotog povotovev akorovbiov (Oedpnua 5, Evotnta
8.2), n oepd O cuykAivet €dv 1 {s,} elval Ave epoyuéEvn.

Nopiopa Oswpnpatog 5

e 0 . r r r
Mio Gelpl Dy @, UM APVITIKAOV OpOV GUYKAIVEL AV TO LEPTKE
™¢ afpoicuata gival Gveo epayuéva.

To cvunépacua avtd amotehel OgUEALO Yo TA KPLT PO GUYKALGNG
mov o e€etdoovpe GTNV TOPOLGU EVOTNTO.

Kp1tnpio tou oAokAnpwpatog

Eiwcdyovpe to Kpttrplo Tov OLOKAT pOUOTOG LEGH ATO £VA TALPAS ELYLLA.

Napadeiypa 1 Egappoyn tou Mopicpatog tou Bewpnpatog 5

Agi&te O0TL M oElpd

a1 1 1 1 1
= +7+7+7+...+7+...
P e AT pE

GLYKAMVEL.

Aoon  E&etdlovpe t cOykiion e =iy (1/n%) cvykpivovtdg v
pe 1o 7 (1/x%) dx. T va kdvovpe ™ oOykplon, Bempodue Tovg
dpoVE TG GELPAC OC TIEG TNG cuvapTNoNC f(x) = 1/x% T1c omoieg kat
epunvevovpe og ta gufadd tov opboymviov mov Keivial KAt and
™mv kouroAn y = 1/x2.

Onwc deiyvel 1o Zynpa 8.12,

1 1 1 1
=f) +f2) +f3) + -+ fln)
"1
<f(1)+fl de
1
<1+j1 ;dx

Onwg xat oty Evotnra 7.7. Mapddsrypo

<4 l=2 o -1,
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ITPOXOXH =Zwmyv nepintwon oby-

KAloNG, T0o dBpoioua TG celpdc dev Oa
1o0UTOL UTAPULTNTOC LE TO OAOKAN P®-
pa. Xto Mapdaderypa 1,

220:1 (1/n*) = 776, evd>

IT (/x%ax=1.

KepahAaio 8. Ameipeg oe1pég

y
a y = ()
@)
\ﬁﬁ‘
0 1 2 3 n n+1
()
y
a y=f
a, a
[ 4 |
0 1 2 3 n—1 n

®

IXHMA 8.13 Av mAnpovvtat ot
npobnobécelg Tov KpLtnpiov Tov
OAOKANPOUATOC, TOTE 1) CELPA 2= 1
a, Kot to ohokAnpopa [T f(x) dx
GLYKALVOLV I} ATOKALVOLY

TALTOY POVA.

©

'Etot, ta pepikd afpoicuata g == (1/2%) ppdocoviat ek Tov Gvo
(amd o 2) xau dpa n oelpd cuykiivel. To aOpoiopd g 1GovTuL PE
16 = 1,64493.

y
—1 (1, f(1)
Fpagnpa mge f(x) = x—lz
1
12 2,f(2)
L 1
3% (3.£3) = IxHMA 8.12 BonOnrikd
/ 1 (. f(m) , )
22 / / CYNUO Y10 TIG CLYKPLOELG
- x  euPadav oto [Mapaderyua 1.
of 1 2 3 4 n—1n..

Kp1tnpio tou oAokAnpwpatog

‘Ecto {a,} akolovbio Oetikdv 6pwv. Eoto a, = f(n), 6nov f
ovveyxng, Betikn, pbivovoa cuvaptnon Tov x Yo kabe x = N

(N givat BeTidC aKEPULOC). TTNV TEPITTOON AVTH, 1| GELPE Dpmey
a, ka1 1o olokAnpopa [y f(x) dx 0o cuykiivoov 1 Oa armokiivovv
TALTOY POV

Amodelsn  Oa deifovue TO KPLTNPLO Yo TNV TEPinTmon 6mov N = 1. H
amddelEn v yevikdtepo N gival TopOUoto.

Eekwvape pe v vedébeon o6tL M f eival eOivovsa cuvaptnen Kat
f(n) = a, yia xaBe n. Avtd pag odnyel otV Tapatnpnon 6t ta opbo-
yovio 6to Xynua 8.13a, ue eufadd a,, a,, . . . , a,, TEPIKAELOLY GLVOAL-
K& peyaAOTEPO gUPadov and to euPadov KaTm amd TNV KoundAN y = f(x)
and x = 1 éogx = n + 1. Me dAho Loy,

n+1
j fx)dx=a, +a,+---+a,.
1

¥10 Zynua 8.13B ta opboydvia TEPIKAEIOVY GUVOAKA LEYOADTEPO ELL-
Badov and To euPaddv Tov ympiov mov opilel pue Tov AEova x 1 KapumH-
AN. Ayvodvtag Tpog GTIYUNV 10 Tpmto ophoymdvio, euPadol a;, maip-
VOUULE

n
a2+a3+-~-+an5f f(x) dx.
1
Av topo copreptiAdpoovpe to opboymdvio gufadod a,, 1GyvEL OTL
n
a1+a2+~-~+an5a1+f f(x) dx.
1

Yuvévalovtog To 0ToTEAEGUOTA VT,

nt+l1 n
f f(x)deal+a2+-~-+a,15a1+ff(x)dx.
1 1

Avto JT f(x) dx givor memepacuévo, n 81 avicdTNTO GNUALVEL OTL 1|
celpd = a, elval Tenepacuévn. Av to IT f(x) dx aneipiletal, n apiote-
PN avicotnTa delyvel OTL M GEPa 2 a, eniong anelpiletal.

YUVETMG, N GELPA Kal TO OAOKAN pous Bo cuykiivovy 1 O amoki-
VOLV TaVTOY POVO.
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Napadeiypa 2 E@appoyn Tou Kpitnpiou Tou 0AOKANPWHATOG

, , o~ 1
Tuykhivel n celpd ;
r;l n\/ﬁ

Aten  To KpLTNPLO TOL OAOKANPAOUATOS UTOPEL VO EQPUPUOCTEL,
€QOGOV M

f) =1

XV X

elval ovveyng, Oetikn, pdivovsa cuvaptnomn Tov x yio x > 1.

‘Exovue
f ——dx = lim f x 32 dx
1 1

xVx k—>0

k
= lim [—2)6_”2]
k—>o0 1

. 2
=lim | — +2

kﬂw( Vk )
=2.

To ohoxkAnpopa cuykAivel, dpa to 1610 Oo toyveL Kal yio T GELpd.

ApHOVIKEG OEIPEG KAl P-CEIPEC

XPNOUOTOLDOVTAG TO KPLTHPLO TOL OLOKAN POUOTOG LTOPOVUE VO, OTO-
eovBovue Tepl cOYKAMONG Yo KaOe oe1pd TG LOpeNG Zn=1 (1/n7), 61OV
p mpoypotikn otabepd. (H oeipd tov TMapadeiypatog 2 eiye tétola
popon, cvykekpiuéva p = 3/2.) Ot GepEG 0UTEG KALOVVTAL p-GELPEC.

H p-ogipa

o1 _ 1,1 1 1

,;1 N [0 S n’
(p mpaypatikn otabepd) cuYKALVEL Yo p > 1, eVE amoKALVEL Y10,
p= 1.

Anodeitn Amno to IMapdaderyna 3 tng Evotnrog 7.7, to ohokAnpopa
J7 dx/x? ocvykhiver yia p > 1 kat amokiivel yia p < 1. Bdoel tov Kpt-
piov Tov OLOKAN POUATOG, TO 1610 B0 1GYVEL KOt Y10 TNV p-GELPA 2=
(1/n?): ZuykAivel yio p > 1 kot anokAivetl yio p = 1.

H p-ceipd yio p = 1 glvar n Aeyopevn appovikn 6epd , 1 oroia mi-
Oavotata elval  TAEOV PNUICUEVT aoKAIVOLGH GELPE oTa podnuaTt-
Kkd. To kprtnpro Tng p-ceipdg Hag AEEL OTL N APULOVIKT GELPA Elval (o-
Aig amokAivovoa: avEdvovtag Katd Eva ELAYLGTO TO p, T.Y. HIVOVTAG TOV
v tun 1,000000001, n celpd cuykiive!

H Bpaddtnta pe v omoia ta pepikd adpoicpuota TG opULOVIKNG
GELPAG TELVOLV GTO ATELPO €lval EVILTOGLOKN. Agite GYETIKA TO €MO-
LEVO TOPASELYLLO.

Napadeiypa 3 H apyn amokAion Tng appovikng 0€1pag

[Mocol Tepimov 6poL TNG UPUOVIKNG GELPAS ATALTOVVTOAL Y0 VO, GYT)-
paTioTel Eva pepiko afpoiopa peyarvtepo tov 20;

Auon Ot ypo@ikég mapuctdostg sival evylmtteg (Zynua 8.14).
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Ti TOo appoViKO oTnv dppovIKN o£1pd;
Ot 6pot TG APULOVIKNG GELPAG
aVvTIGTOLY 00V GTOVG KOUBOLS Hiag
Y10PONG TOL TOALOLEVT TOPAYEL
nolhanrdcio g Oepeiiddong
ouyvotntag. o topddetypa, o 6pog
1/2 mapdyet Ny o SmAGctog cuyvOTNTAG
™ Bepeliddovg, o 6pog 1/3 mapdyet
Lo Gy VOTNTO TPITAACLO TNG
Oepeliddovg, k.0.x. H Begpuehimdng
oy voTNTa elvot N yaepnAdTEPN TOV
EKTEUTETAL OTOV 1o XOpdN TAAAETAL.

CD-ROM
[ Aiktuotomog

Bioypa@ikd otoixeia

AALBépTog
™¢ Zagoviag
(mep. 1316-1390)

=
Il
=
<
1l
==

In4
| \\

X
o 1 4

(a) ®

—
o —
w
~

IxHMA 8.14 Evpeom dvo opaypoatog yio £va and ta LepLKd
abpoiocuata tng appovikng ceipds. (lapaderypa 3)

‘Ecto H, 10 n-06t6 peptko a0poiso TG pUovIKNG GELPAS. AT
™ GUYKplon TV 600 Ypaenudtov tpokvntel 0Tt Hy < (1 + In 4) kot
(ev yével) ott H, = (1 + In n). Epeig 6€hovue 1o H, va gival peyaiv-
Tepo Tov 20, omoTE

1+Inn>H,>20
1+1Inn>20
In n>19
n>eb.
H tipn tov €' eivar mepimov 178.482.301. Avtd onuaivel ot amat-
T00VTUL TOVAdYIgTOY TOGOL OPOL TNG OPUOVIKNG GELPAS Y10 VO vtepPel
€vo, nuepikod aBpotopd g tov apbuo 20. Av kdvate Tov LTOAOYIGUO
TOL LEPIKOV 00PoiloUaTOg CVTOD UE TO KOUTLOLTEPUKL GaC, Oa ypELa-
{ocaotav apketéc efoonddes. Tlapd Tavta, N GPUOVIKT GELPAE 0To-
KAlvel

Kprtnpia ouykpiong

To kpiTNplo TG p-GEPAC PAC AEEL O,TL X peldleTal va EEPOVILE Yia TN
GUYKALGN 1 amOKAGT GELpOV TG LopeN G 2 (1/n”). Oporoyovuévmg, N
HOPOT QLT aPOPE Uid HKPH KAGAOM GELPOV, OCTOCO UTOPOVUE VO
armo@avlovpe yia T GOYKALGT TOALOV GAAOV GEp®V (cuuneptlaufo-
VOULEVNG TNG GELPAG TNG OTOL0G O n-0GTOG OPOG ELVAL TLYOVGA PNTT CL-
VAPTNGN TOL 1) GUYKPIVOVTAS TIG WE TNV p-CELPAL.

Kpitnpio tng apeong ocUykpiong
‘Ecto X a, Gelpd un apvntikov 6pmv.

(@) H X a, 0o cuykAivel av vmapy el GLYKAVOLGH GELPA = ¢, TE-
TOl0 OGTE a, = ¢, Y10 KaOe n > N, yia KAmolov akEpato N.

(B) H = g, 0o amoxAivel av vmdpy el 0TOKALVOLGO GELPE UT) ALPVN-
TIK®OV 0poV 2 d, T€T010 OOTE a, = d, Yo k4Oe n > N, yio Ka-
ooV akéEpalo N.

AmodelEn  Xto puépog (), ta pepikd abpoiocuata g 2 a, €lval avo
epayuéva ard tov oplipd

M=a +a+..+a,+ 2 c,.
n=N+1

Zovenmg, oynuatifovv pio un ebivovsa axoiovbio pe épro L = M.
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1o pépog (B), ta pepika abpoiopata g = a, dev givatl dve epay-
péva. Aot av frav, tote To pepikd abpoicpata g = d, 6o ppdcsco-
vtav and Tov aplfud

M*=d +d,+..+dy+ 2 a,

n=N+1

onote N 2 d, 6PEILE Vo, GLYKAIVEL 0VTL VO ATOKALVEL.

Ortav gpapuolovpe To KPITHPLO AUECTS GUYKPLONG, OEV E1VUL AVE-
VKT Vo GLUTEPIAGBOLILE OAOVG TOVG OPYLKOVE OPOVE TNE GELPAC GTT| UE-
AETN poc. Mrmopovpe va mopaleiyovpe OAOVE TOLE TPMTOLE N dpovg,
omov N tuxmv aptbuoc, apkel Oumg amd 'Kel K1 EXELTO VO GUUTEPIA-
Bovpe 6AoVE TOVG EMOUEVOLE OPOLE.

Napadeiypa 4  Epappoyn Tou kprtnpiou Apeong oUykpiong

YuykAiver 1 akolovdn celpd;
2 1,1 1 1 1

5 +'§'+’1 +‘7’+’§'+'§T + ZT'+"” +’%T + -

Auon  Tlopaieimovpe tovg TPOTOLE TE0GEPLS OPOVG KOL GLYKPI-
VOULLE TOVG EMOUEVOLS OPOVG [LE LTOVE TNG CLYKAIVOLCUG YEMUETPL-
KNG GEIPAC Dy (1/727). TIopotnpovpe OTL

LAV SRIND DRI ST R S

sttt =5t Tt
YUVETMG, 1 OPYLKN GELPA GLYKALVEL BAGEL TOL KPLTNplov AULEGN G OV-
yYKplone.

H egappoyn tov kprtnpiov Gpeong cOyKpiong d1evkoALVETOL AV

EYOLUE TPOYELPEG LEPIKEG CELPEC TOV OTOLMV O GUYKAIVOV 1 ATOKAL-
VOV X0paKTNPOS Hog eival yvootds. [1600 ol Gelpég mov eldape mg TP

Yvuykhivovoeg oelpéc AnokAivoveeg oelpéc
Teopetpikn oeipd e |r| < 1 Teopetpikn ceipd e |r| =1

. . < 1 , !
Tnieokomikég oelpég Onmg N zl nn £ 1) H appovikn oeipd ;} 7
Hoeipd ), % K&0e oeipd X, a, yio TV omoia to

o lim,_,., a,devvndpyetq
lim, ., a,# 0
Ka0g p-ceipd Y, % v p >1 Ka0g p-ceipd Y, % yp =1
n— n=1

Exkt6¢ amd 1o kp1tiplo Quecong cVYKPLGNC, LITAPY EL KOL TO KPITHPIO
OPIAKNG TGOYKPITHG.

Kp1tnpio op1akng auykpiong

‘Ecto a, > 0 kot b, > 0 yia k6Be n = N (N 0e11K6¢ 0k €PALOC).

1. Av ,1&11010 Z—: =c,0<c <o, 16t8 01 2 @, ko1 2 b, o GuyKAivovV
1 B amokAivovv TavToOY poVva.

2. Av ,1&11010 Z—: =0 kot 2 b, cuYKALVEL, TOTE K1 M 2 4,
GUYKALVEL.

3. Av lim % = o0 Kol M = b, anokAivel, TOTE Kol M = a,

oo
nl o

OTOKALVEL.
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B0, uTopovCapE KOAMOTA VO ElyouE
naper b, = 2/n, oAlG n Tiun 1/n
ATAOTOLEL TOL TPALYLLOTOL.

Anodelln  Oa dei&ovpe 1o (1). Ta (2) kot (3) aenVovTal GTOV AVaYV®-
o™ (Aoknon 67).

E@bdcov c/2 > 0, B vrapy el £vog aképaiog N TETO10¢ MOGTE Y10 Ka-
Oen,

Opmp(’); oplov pe e = ¢/2,

ay C o .
n>N=|——c| <= = ¢, K01 10 a,/b,ctn Béom
b 2 OV 4.
Apa, yian > N,
c _4dy c
— <——c< =,

2 b, 2

c _ 4% _ 3c

2 b 2’

c 3¢
<2> bn < a, < <2> bn'

Av 1 cepd 2 b, cuykiivel, Oa cuykAiivel kot 1 2 (3¢/2)b, aALG KoL M
> a,, Pacel Tov kpLTNplov duecnc cLYKPIGNGC. Av 1 GEPU = b, ATOKAL-
VEL, 10T€ 1060 N 2 (¢/2)b, 660 ka1 N 2 a, O amokAivovy eniong, Pdoet
TOV 1810V KpLTNploL.

Napadeiypa 5  Xpnon tou kpitnpiou opiakng aUykPIoNG

IIpocdiopicte av 01 TAPAKATO GELPES GLYKALVOLV 1 TOKALVOULV.

3.5, 7 < 2n+ 1 - 2n+1
—+—+—+—+ =

@ 3+9% 16 ALt At
1 1,1, -

(B) + + + + 2271_1
1+2In2 1+3m3 1+4lmd4, _~xl+tnlnn

+ + +
= 14 21 2 ni+s
Auon
(@) Eoto a, = 2n + 1)/(n* + 2n + 1). T peyéro n, o 6pog a, cv-

umepLpépetal Onwe N mocoTte 2n/n’ = 2/n, ondte Oswpodus
b, = 1/n. Epdécov 1 celpd

Sh=3

n=1 n=1

NI

OMOKALVEL, KO OKOUN

lim an _ lim ﬂ =72,

n>e by nee p? 4+ 2n 41
tote Ko M oelpd 2 a, 0o amoxAiivel, Bdoet Tov (1) Tov kprnpiov
GVYKpPLoNG opiov.

(B) Eoctw a, = 1/(2" — 1). T'wo peydro n, 0 6pog a, GUUTEPLPEPETOL
onwg M mocodta 1/2", ondte Bewpodue b, = 1/2". Epocov ) cet-
pa

oo oo 1
2 b=2 5
n=1 n=1

GLYKALVEL, KoL akOun

a, 2”
lim 7%= lim 5"
= lim 1

e 1 — (1727
=1,
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toTe Kol M 6€1pd 2 a, Oo cuykiivetl, Bacetl Tov (1) Tov KprTnpiov
GOYKPLGNG Oplov.

(y) Eoto a, = (1 + nIn n)/(n* + 5). T peyéro n, o 6pog a, Oa cv-
unepLpépetal 6nwg o (n In n)/n* = (In n)/n, nov eivar peyarvTepog
tov 1/n ywon = 3, ondte Bewpovue b, = 1/n. Epdcov n cerpd

o0 o0 1
E bn = E n
n=2 n=2
OTOKALVEL, KO AKOUN
.4, .. n+n*lnn
lim — = lim —————
n—0 bn n—> n-+ 5

= o0
)

T0TE KoL M o€1pd 2 a, Ba anokAiivetl, Bdoet Tov (3) Tov KkpLTNpiov
GUOYKPLONG Opiov.

Kprtnpia Adyou ka1 piag

Mze 10 kp1tplo Tov AOYOL UTOPOVUE VO, LETPHCOLUE TOV pLOUS avEN-
ong (M erdttmoncg) pog cepdg, eEetdlovtag tov AOYO a,,/a,. L& ua
YeoUETPIKN oEpd = ar”, o puOudc avtdg eivar otabepdg ((ar" ')/ (ar™)
= r), Ko 1 0€1pd GLYKALVEL oV Kol VO av 0 AOYOG TNG elvol HIKpOTE-
pog Tov 1 Kot andivtn . Mmopodue vo eTeKTEIVOVILE TO OMOTEAE-
oua avto, taipvovtag £tot To Kptrripio tov Adyov.

Kp1tnpio tou Adyou
‘Ecto n cepd 2 a, pe Betucong opove. ‘Ectm axoun

li Ayt _
1m =p

n—>® n

ZINV TEPITTOGT QUTN

() M oepd guyriiver yia p < 1

(B) m oepd arorciiver yio p > 1 M yio anepilopevo p

(Y) TO KPLINPLO dev pag emiTpénel va amopavloiue mepi GUyKAIGNS 1
amorxlians ov p = 1.

AmodeiEn
(@) p<1.'Eocto r apBuog peta&d tov p kot tov 1. Xty nepintmon av-
™ N mocdTNTO € = r — p glvar Oetikn. Epdcov

Api
a, P

0 MOY0G a,,1,/a, B0 TpEmeL va keltal pe andcTaon HIKPOTEPN TOL €
omo TO p Y10 0PKOOVTIOG LEYALO 1, ONA. Yo kaOe n = N. Me dila
A0V,

Apty
a

<pte=r, yion=N.

n

Anhodi,

Ay < ray,

Ay < Fdayg < rZaN,

3
Aniz <TFayi, <T’ay,

m
Anim < FTANyp—) < T ay.
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To kpitfpro tov Adyov amofaivel
GLYVA YLPNCLO OTAV Ol OPOL LLLUG
GELPAG TEPLEYOLY TAPOYOVTIKG TOL 11 1)
EKPPACELG VYOUEVES GTT| n-00TH
dovaun.

®

Ot Tapoamdve avicdtnTeg deiyvouy OTL 01 OPOL TNG GELPAS LOG, LLE-
TG Tov N-00TO OpO, TELVOLY GTO UNOEV TAYVTEPU OO TOVG OPOVE
NG YEMUETPIKNC TPoodov pe Adyo r < 1. Akpiféotepa, Dewpnote

™ oepd 2 ¢, 0nov ¢, = a, ywan = 1, 2, ..., N K0l ¢y, = ray,
Cyia = Play, ..., Cyiy = May, . ... loylet a, = ¢, Yo k40e 1, Kol
axoun

2 c,=a,ta,+ - +ay,tay+tray+ r2aN+

n=1
=a,ta,+ - +ay,tay(l+r+ri+-).

H yeouetpikn ceipd 1 + r + r* + ... cvykAivel gpdcov |r| < 1,
apa kar m 2 ¢, ovykiivet. Agdopévov 6t a, = ¢,, N oeLpd = a, Oa
GuYKALvEL ETTioNC.

1 <p=o.And kdnotov deiktn M Kot gpe&ngc,

Apig
a

> 1 Kot ay < ay < aym<...

n

Ot 6pot g akorovbiag dev Telvovv 6To UNdEV Kabdg To n anelpi-
Cetal, omoTE M GELPA AMOKALVEL, PAGEL TOL KPLTNPLOL TOL 7-0GTOV
opov.

(y) p = 1. H cvunepiopopd tov cELpoOV

NI

D k>4
n=1 n=1 n

pag meifer 6T1 Bo ypelocTel KATOL0 GALO KPLTNPLO GUYKALGNG Yl
v nepintoon p = 1.

& 1. Ay /m+1)
T my %n a = Un ari 0t

S 1 an+1_1/(n+1)2_ n \2 ,
o v glnz. e —1"=1.

Kat ot1g dvo nepintooeig Aowmdv p = 1, ®5T0G0 1 TPOTN GELPA
OTOKMVEL, VD 1 dEVTEPT GLYKALVEL.

Napadeiypa 6  Epappoyn Tou kprtnpiou tou Adyou

Atgpguvnate 1 cOLYKAGT TV akOLovdoV GELpOY.

2" +5 (2n)! 4"nn!
()nE0 ® Y ()E(W

= nln!

Auon

(@) T oetpd Do (2" + 5)/3", éxovue

a

n

Aper _ Q"N+ 5)/3 1 245 <2+5-2">%1_2_2
3 3

Q"+5)/3" 3 2"+5 1+5-27" 1 3

H oe1pd cuykiivel epocov to p = 2/3 glvar pikpotepo tov 1. Avtd
oumg dev onuoaiver 0t to 2/3 givatl to dbpotoua e oepdc. o v
akpifeta, ival

Lo 5 & 51 5 o1
23 _2)() 2y ey tioam - 2
2n +2)!

(2Zn)!
B Ava, = P ,TOTE Ay = —————————— KO

n+ Di(n + 1)
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a,y _ nln!2n +2)2n + 1)(2n)!

a, — (n+ Dln+ D2
_2n+2)Q2n+1)  4n+2
T+ D+ n+l

— 4.

H oe1pd amoxiivel epdcov 10 p = 4 gival peyardtepo tov 1.
() Av a, = 4'n!n!/(2n)!, tote
Apey 4 m+ Din+ 1! 2n)!
a,  (2n+2)2n+ DH2n)! 4"'n'n!

4+ Dn+1)  2n+1)
T @n+2)2n+1) 2n+1

— 1.

Epocov 1o aveotépm 6pto givat p = 1, To KpLTnplo Tov AOYoL d€V Hag
EMTPEMEL VA amopavOovpe Tepi cOYKAGNS. AV OU®OC TOPUTNPHGOL-
pue ot a, ., /a, = 2n + 2)/(2n + 1), copunepaivoope 011 0 6pOg a,,; €i-
VOl TAVTe LEYAADTEPOS TOL @, pdcov to (2n + 2)/(2n + 1) vrepPai-
vel mavtote ) povada. Katd cuvéneia, Aot ot 6pot gival peyarv-
TePOL M 1001 TOL a; = 2, 4pa 0 n-06TOG OPOG dEV TEIVEL GTO UNIEV KO-
0mdg n — o . Tuvendg M GELPE ATOKALVEL.

To xpitnplo g n-octNg pilac anotelel AALo Eva xpNOLO EPYO-
Aglo Yo TN digpevvnom NG oVYKAIONG GEPOV UE UM apVNTIKOLG
Opovg. AvapEPOLLE E0M TO KPLTNPLO Y ®PIG amodetén.

Kpitnpio n-ootng pidag
‘Ecto noepd 2 a, pe a, = 0 yio n = N. 'Eocto akoun o1t
lim \V;n =p.

TNV TEPITTOGT QVTN

(a) M oepd guyriiver yia p < 1

(B) m oepd anorxciiver yio p > 1 M yio anwelpilopevo p

() TO KpPLINPLO dev pag emiTpénetl va aropavloiue mepl abyKAions 1
amorxlians ov p = 1.

Napadeiypa 7 E@appoyn Tou kpitnpiou Tng n-ootng pidag
‘Ecto

o = n/2", nmepittdg
" 1/2", ndptioc.

Yuykiivel n celpd 2 a,;

Auon  Eeappdlovpe to kpttnipto g n-o6tng piog, onote
w— _ [Vn2, nmeprrtog
a"_{ 1/2, népriog.

YUVETMC,
n,

1 n
=Va,= 5

1
2

Epbocov Vn—1 (Evomrta 8.1, ITivaxag 8.1), 0a eivor lim,, .. Va, =
1/2 Baocetl Tov Bempnuatog «odvtovttey. To dplo avtd eivor pikpdte-
PO TNG HOVAdUG, apo M oeLPd GuYKALvEL BAGEL TOL KpLTNpiov TNG Nn-

ootg piloc.
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Napadeiypa 8

Epappoyn Tou kpitnpiou tng n-ootng pidag

IMota amd T1g akOhovOEG GELPEG GLUYKALVEL, KOl TOL0, ATOKAIVEL;

s

I’l
@ 3 7
Auon

() H 081pa

® S
n=1nNn

2 n 2

n? Y )2
GLYKALVEL O10TL n_Nn_ (V1) 1o 1.

2" 2" V) 2 2

L 2 . . [ 2" 2 2
H ceipa E = amokAivel d1OTL * = —=>1.
(B) P ,,:1}12 n2 (%)2 1

AXKHZEIZX 8.4

Kpitnpio tou oAokAnpwpatog

E@opuodcte 1o KpLtnplo Tov OAOKANPOUATOS Y10 VO TPOGC-
dropioete moleg amnd T1g oelpEg TV Acknoemy 1-8 cuykhi-
VOUV K01 TOLEG OTOKALVOLV.

> 5 S 1
L,zln-i-l 2',,212n—1

< In n < In n
3.y mn 4.y n

;122 n »;2\/;
5.3 ¢ 6.5 1L

a1 1+ e S Va(Va + D

(l/n)
5(n n)VIn’n —

Kpitnpio apeong odykplonc

E@oppocte 1o kpitfplo dpeong cOYKPLong yio va Tpocdlo-
ploete moleg amod Tig oelpég TV Acknoenv 9-14 cuyki-
VOLV K0l TOLEG OTOKALVOULV.

1
n(1 + In*n)

N
Ms

*®
HMS

3
I
w

w ] " 3
9. 10.
Z 2V +Vn gl n+Va
s si;jn 12 i 1+ czos n
n=1 n=1 n
L n n 0 l
13. ;;1 <3n + 1) 14. ,123 In(In n)

Kp1tnpio opiakng ouykpiong

E@oppocte 1o Kpitnplo oplakng GOYKPLONG Yo VO TPOGC-
diopioete moleg amod TG oelpég TV Aoknoenv 15-20 cv-
YKALVOLV KOl TOLEG ATOKAIVOLV.

o 1 o (h’l n)Z
15. 16.
nEz (In n)? ng " n?
(n n)3 S 1
18.
2 Zz Vinln n
o ln n)Z o 1
Z 20. ,,21 1+1Inn

Kpitnpio Adyou

E@opuocte 10 kpitnplo Touv AOYoL yld VO, TPOGOLOPIGETE
moleg amd TG oElpEG TV Acknoemv 21-28 cuykAiivovy Kot
TOlEG omotd»ivouv.

2 22.

2,—n

DMs
N}
Y

3
Il

23. 3 nle M3

25. 2 26. 21”12“”
o ot D 4 ;

27. Ew 28. E “(n?)

Bl
\

Kpitnpio pidag
Epoppocte to kpitnplo g n-0otng pilog yio vo T1pocdio-
pioete TMoleg amd TIG GELPES TV Acknoenv 29-34 cuyki-

VOLV K0l TOLEG ATOKALVOLV.
0 n
1 1
30. D, ——
n=1 n n2
w

2 (In n)"
< n

3.y o 32.

"5 (non) = (In n)™?
(n)" S on”
2 (nn)l 34. E (2")2

Npoadiopiopog ouykAiong n amokAiong

TToteg and 11¢ oelpég Twv Acknoemv 35-60 cuykAivovy Kot
noleg anokiivouv; Atttohoynote tig anavinoelg oog. (Ka-
0mg eréyyete Tig amavinoelg cag, Buundeite dtL vTapyoLY
TEPLGCOTEPOL TOL EVOG TPOTOL TPOTHLOPIGUOV TNG COYKAL-
oNG N ™G amOKALONG oG GELPAG.)

S n
}; 36.;1“]
> 3 <« —2
— 38.
g\f ngln\/ﬁ
kd S n(n+ 1)
40. _—
E(l-i-lnn)2 ,;2 n+1



41.
43. Y
45.
47.
49.
51.
53.
55.
57.

59.

3 w3 (52)
- 3)! S
n=1 % 44. 2 %
2 n + 1)‘ 46. 2;’
- o

n:lsﬂ# 83"

2 sech n 50. 2 sech’ n

i] : J;;;I s 52. il <1 _ 31n>

In n < In n
54. —_—

ngl n’ ngl n
i 10n + 1 56 & 5n° — 3n
Sinn+ D+ 2) TS0k - 2t +5)
S tan 'n > sec 'n
& .1 & 2
’;1 nsin o 60. gl T o

Avadpopika op1{OpEVEG GEIPEG
TMoteg and TG GElpég Doey a, TOL Opilovial amd Tovg TH-
TovG TV AckNoe®v 61-66 GUYKAIVOLV, KOl TOLEC OTOKAL-
VOLV; ALTIOAOYNGTE TIG OMAVINCELS GOG.

61.

62.

63.

64.

65.

66.

— > _ 1+ sinn
ay = <z, Ay = n n
_ 1+ tan'n
a =5 = 4
_ 1 _3n—1
T3 G T s
a=3, a.,=—1a
1 5 n+1 n+] n
_1 Al
al—g, py1 = Va4,
1 n+1
a; _E’ Ay = (an)

Oewpia ka1 mapadeiypata

67.

68.

69.

70.

Agiére

(@) To (2) Tov kpitnpiov oplaknNg cOYKPLONC.

(B) To (3) tov kprTNpiov OPLAKNG GVYKPLONG.

Mdbete ypdgpoviac Avn Doy a, Elval cuykAivovca celpd
Un opvnTIK®OV oplipdv, Tt UTOPEITE VO GUUTEPAVETE
v my X, (a,/n): EEnyforte.

Mabete ypdpovrac 'Eoctmw a, > 0 xatr b, > 0 yio n = N
(N axéparog). Av lim,_.., (a,/b,) = © ko1 m celpd 2a,
GUYKALVEL, TL UTOPEITE VO CUUTEPAVETE Yo TNV = b,;
ALTIOLOYNOTE TNV ATAVINGT GOC.

Yywon kabe opou oto tetpdywvo Agi&te 6tLav n 2 a, glval

suykAivovsa Gelpd un apvntikdv opov, tote N 2 a’
GULYKALVEL

T moteg TIRéG TOL @, v LILAPYOLV TETOLES, GUYKALVOLY OL
oelpéc tov Acknoenv 71 xat 72;

71.

73.

74.

75.

76.

71.

78.

79.

8.4. JEIPEC PE PN ApvNTIKOUG OpOUC 629

& a 1 2a
,Z,(n-i—Z n+4> 72 2(n—l n+1>
To Kpitipio tou Cauchy To xprtinpro tov Cauchy Aéet
ott: 'Eoto {a,} wo pn avgovoo akorovbia (a, = a,.,
vio ka0e n) Betikdv 6pwv mov cuykAiivel oto 0. H
3 a, 0o cvykiivel av kot povo av kot n = 2"a, ovo-
vkAivet. Mo tapdderypa, n 2 (1/n) anokiivel 10Tt n
22" (1/2") = 21 amoxAivel. Aei&te yati toybel 10
GULYKEKPIULEVO KPLTHPLO.

Xpnowonomote 1o kprrnpto tov Cauchy tng Ackn-
ong 73 yio vo. deiete OTL

OTOKALVEL.

e 1
(o) Hoepa Z I n

(P H cmpaZ pr ouykAMvel o p > 1 kot anokiivel

n=1

yaep = 1.

NoyapiBuikn p-o€ipd

() Acei&te OT1 TO OLOKAN PO

fw dx
2 x(ln x)"

ovyKkAivel av kot poévo av p > 1.

(p wa Betikn ctabepd)
(B) Tt cvvendyetal n andvinon 6og 6To gpATNLd (0)
TPOKELLEVOL Y1 TN GUYKALGT TNG GELPAG

)

= n(ln n)? :

ALTIOLOYNOTE TNV ATAVINGT GOC.

(Zvvéyela tng Acknong 75) XpNOLUOTOLNGTE TO UNOTE-
heopo g Acknong 75 yia va TpocdloplcETE TOLEG
and TG aKOAoLOEG GEIPEG GLYKAIVOLV KOl TOLEG OUTO-
KAlvouv. Awtokoyﬁms TIG AMOVINGELS GOG.

()E (ﬁ)z

n=2 l’l(ll'l n) n=2 n(ln n)]()]
< 1
;2 nln (n3) ® )122:2 n(In n)?

AAAn pia AoyapiBuiki p-oeipd Agi&te OTL OLTE TO KPLTHPLO
TOL AOYOL OUTE TO KPLTNPLO TNG n-00TNG pilag pdg mo-
PEYEL KATOLN TANPOGOPLD Y10 TN GOYKALGT TNG CELPAG

(p otaBepar).
‘Ecto
_ /2"
=12
YvuykAivel n oepd 2 a,; ATIoOAOYNGTE TNV OTAVINON
cag.

av n TpoToc 0ptbuog
av oyt

p-oeipd OUTE TO KPLTHPLO TOL AOYOL OUTE TO KPLTNHPLO
™™g n-00tNG pilog Hag EMTPETOLY VO TPOGILOPIGOVLLE
™M GOYKAMOT Hag p-celpds. Aokipndote va eQaproceTe
O KPLTN PO AvTé TNV

< 1
2

kot 0eléte OTL OUEOTEPO. ATOTLYYAVOLY VO S1UAEVKA-
vouv v vtdbeon.
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YMOAOITETIKEY AIEPEYNHZEIX

‘Eva puotnpio

80. Axoun dev givatl yvootd av 1 celpd
< 1
a1 n’sin® n

ovykAivel N arokiivel. Kévovtag ypnon evog cuotn-
HLOTOG LTOAOYLOTIKNG GAyeEBpac, dlepELVCTE TN GUL-
UTEPLPOPD. TNG GELPAG eKTEADVTAG Ta akdAovOa Prua-
Ta.

(a) Opiote v akolovbia TV LePK®OV abpoloudtmv

S

S = - .
SlI’l2 n

n=1 }’l3
Tt ocvpPaivel 6tav mpoonabncete va Ppeite 10
6pto Tov 5, Kabog k — %0; Bpioketl 10 vmoloyloTiko
cag oboTNUO KAToto Ao KAELGTHG LOPPNG YLd TO

(B) TomoBetnote oe dibypappa to Tpoto 100 onueia
(k, s,) Tng axohovBiog pepikmv abpotopdtov. Aegi-
% VOLV VO GLYKALVOLV; L& TOL0 OPLO MIGTEVETE;

(y) Katomv, torobetmote og dtdypappo ta tpote 200
onueia (k, s). [eprypayte pe dikd cog Adyla
GULUTEPLPOPE OV PAETETE.

(0) TomoBetnote oe daypappa to tpoto 400 onueia
(k, 5. Tvmopatnpeite yia k = 355; Yrnoloyicte tov
aptOud 355/113. Baoel tov vroloyiopod cog, eEn-
ynote Tt ovpPaivel 6tav k = 355. T moteg Tinég
0V k TEPIUEVETE OTL 1] GLUTEPLYOPAE OVTN UTOPEL
vo. eTavoineBet;

Mia evotaQEPOLGO LELETT TG TELPAG CLTNG LTTAP-
xet oto Keop. 72 tov Bifriov Mazes for the Mind tov
Clifford A. Pickover (New York: St. Martin’s Press,
1992).

oplo;

EvaAAacoopeveg

OE1pECG, anmoAutn oUykAion Kai

umo ouvOnkn ouykAion

EvaAAaocoopeveg ogipég @
osipwv ®

AnoAutn oUykMon
Madikaoia mpoabiopiopou olykAiong

Avadidatagn

Ta kprtnplo GOYKALIGNG TOL EOUUE DG TOPU GPOPOLY LOVO GELPEG UE
Un apvnTikovg Opovg. Xtnv mapovco evotnta 0o efetdoovue oelpEg
TOL TEPLEYOLY KAl ApvNTIKOVG Opovs. 'Eva mapddelypa tétolag Gelpag
Ue HeYOAN omovdaldtnTa €ival M evallacaduevy ceipd, TNG OTOLNG Ol
0pol evoirdocsovy mtpocnua. Oa pabovpe eTioNg TOLEG GUYKAIVOLGEG
GELPEG UTOPOLV VO, LTOGTOVV avadldtain TOV dP®V TOVG YOPIG VO LE-
taPfAn0el to aBpoioud tovc.

EvaAAdcoopeveg og1pEg

Mia celpd g omoiag ot dpot givar eVvoALGE Betikol Kot apvnTikol Ko-
AElTAL EVEALAGOOUEVT] GELPA.
I80V tplo mopadeiypota.

D S BN I ISP Gl DS
l=3+3-47F5 + ot (1)
_ D O IO NI Gl ) S
241-5+7 gttt (2)
1—-2+3—-4+5-6+...+(—1)"n+ .. (3)

H oeipd (1) —mov KoAeltal eVELLAGOOUEVT APUOVIKT] GELPI— GUYKALVEL,
Katt mov Oa dei&ovue ovvtopo. H oeipd (2), wio yeouetpikn Gepd Le
a= —2xorr=—1/2, cuykhiiver otnv Tiun —2/[1 + (1/2)] = —4/3. H
celpd (3) amokiivel BAcGEL TOL KPLTNPLOL TOL 7-0GTOV OPOV.

®0 del&ovpe TN GOYKALGN TNG EVOAAUGGOUEVNG UPUOVIKNG CELPAG
epopuolovtog 1o akolovbo kprtnpo.
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Oswpnpa 8  Kpitnpio evaAdacoopevng oeipdg (Oswpnpa Leibniz)
H ceipa

D" =y — oyt ouy —uy +
n=1

GLYKALVEL OV TANPOLVTAL TOVTOY POVA Ol EENG TPOUTOOEGELS.
1. Ta u, elvor OAa Oetiid.
2. u,=u,; ywokdben = N, yio Karolov aképato N.

3. u,—0.

AmodelEn  Av n glvol ApTlog oKEPULOG, £€0Tm n = 2m, 1OtE T0 AOpol-
OUO TOV TPOTOV 1 OPOV ELVOL

S = (g — up) + (U3 —uy) + 0+ (Ugyey — Uyy,)
=uy = (uy = u3) = (g = us) = = (Upy—n = Unpy—1) = Uy

H npotn 166tta deiyvel OtL 10 55, €lval dOpolopa m un apvnTik®v
opav, epdcov kabe Opoc evidg Tov mapevlécemy gival Betikdg M un-
SEV. ZUVENWDGC, S9pin = Sy, KO M aKOAOLOLO {55,} €lvor un eOivovca. H
devTepPN 10OTNTA OELYVEL OTL S5y, = u;. E@OGOV N {5,,,} €lval un ¢Bivov-
G0 KOl AVOD QPayUEVT, OQEIAEL VO, €Y EL OPLO, £GT® TO
lim s,, = L. (4)
>0
Av n glval meptttog axépatog, ot n = 2m + 1, 16t€ 10 AOpolcua
TOV TPOTOV 1 OPp®V EIVAL Sy, 41 = S T Unpyt- EQOGOV 1, = 0, B0 1oy 0-
gL om

lim Upp+1 = 0
m—>o

omote, kabmog m — o,

iy Som+1 = Sy T Uyyy1 = L+ 0= L. (5)
—Uu
uy ’ ;Uvéudgovrag Ta (’morskécuram TOV Eétcd)csso)y (4) ka1 (5? naipvpous
. lim,_,., s, = L (Evotnra 8.2, Aoknon 26). To Zynua 8.15 delyvel ndg ta
N uepikd afpoicuota GLYKAIVOLY TPOog To OpLd Tovg L.
I x 2NV TpaypatikotTo, To Xy nua 8.15 Selyvel apkeTd TEPLGCOTEPU
0 Sy sy L 53 5

amd TO peyovog TNG GUYKALONG Kol LOVO™ HOG OELYVEL OKOUT TOV TPOTOo
LLE TOV OTO10 {10, EVOAAUCGOUEVT GELPA GUYKALVEL OTAV TAT POLVTOL OL
amaltnoelg Tov kpitnpiov. To pepikd abpoicuata «Eemepvodvy To GpLo
TAAAVTEVOUEVA YOP® OO CLTO TAVM GTOV GEOVA TOV aptOudV, Kot Tpo-
ceyyilovtag 1o Pabutaia. Etot, av mpog oTiyunv €luacte 6T0 n-06Tod
pnepkod abpoiopa, yvopiloopes 6t o enduevog 6pog (Fu, ) o odnyn-
GEL TNV TIUN TOL peEPLKoL abpoiouatog atny avtifetn TAgvpd Tov opi-
0L OO GLTNV TTOL EIUACTE TOPO” 1 TAELPA avt O glval n OeTikn N N
aPVNTIKT, GVOAOY®MS TOL TPOGTUOL TOV i, .. H Tapatipnon avtn uag
EMITPENEL U10L EDKOAN EKTIUNGN €VOC VD QPAYUATOS Y10, TO COAANS,
OTOKOTNG, OTMC delyVeL TO emduevo Bempmnpa.

ZxHMA 8.15 Ta pepikd abpoicuota
UL0GC EVOALOGGOUEVNC GELPAC TOV
LKOVOTOLEL TIC TPpovToHETELS TOV
®ecwpnuatog 8 yta N = 1,
«drackeMlovvy dlapKdS TO OpLo
npoceyyilovtdg To.

Oewpnpa 9  Oswpnpa eKTipnong evaAAaceoPeVnG oE1Ipag
Av 1 evodrooodpevn oelpd D, (—1)""u, tcavonotei tic
ovvOnKec Tov Oe®PNUATOC 8, TOTE TO COAAUT ATOKOTTNG OA®V
TOV OpOV PLETA TO n-06T0 pePkd dhpotopa, Oo ival putkpdtepo
TOL u,.; kKot Ba €y et 1dto mpoonuo pe tov (n+1)-0616 6po g
GELPAG.
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@paypa opdiparoc

To Oedpnua 9 dev mopéy el Evav tomo
Y10 TO GOAALO ATOKOTNG, GAAL Eva
ppayua tov. Evdéyetatl To gpdypa avtd
va glvat apketd cuvinpntiko. o
To.pAdELYLLA, TPOGTIOEUEVOL OL TPMTOL
99 6pot NG EVAALUGGOUEVNC
APLOVIKNG GELPAG divouy TTEPITOL
0,6981721793, evod to dmelpo abpotopa
TOV Op®V TNG GELPAG ElvaL

In 2 = 0,6931471806. To mpaypotikd
GPAALE 0TOKOTNG Elvatl AOtmov 6y eddv
0,005, tepimov To UIGd TOL PPAYIOTOG
7oL pog divel 1o Oedpnua 9 (Kot Tov
oobtat pe 0,01).

CD-ROM
[ Aiktuotomog
Bioypa@ikd ctoixeia

Niccolo Tartaglia
(1499-1557)

Napadeiypa 1 H evaAdacoopevn appovikn ogipd

Agil&te 0TL M EVOALOGGOUEVT] OPUOVIKT GELPH GLYKAIVEL, EVO 1| AVTI-
oTolyn GEPA anOALTOV TGOV O)l. Bpeite éva pdyuno yio 10 GQAA-
Qo amokonng netd and 99 6poug.

Aton Ot 6pot evaAlAGGGovy TPOGNUA Kol LIKPOIVOLY KAT 0mOAL-
™m Tn:

11
>=> >
! 23

Eniong,
% — 0.

Bdoetl tov kprtnpiov evoALacGOUEVNG GELPAC, I GELPG
(_ 1)n+l

o0
2
n=1

GLYKALVEL.

AT TV GAAN, 1 GELpE amOITOVY TIHOV Dy (1/1) SeV givat Ta-
PA 1 APUOVIKT GELPA, 1 OTOL0 MG YVOGTOV ATOKALVEL.

To Bempnua extTipnong eVOALUGGOUEVNC GEIPAC HAC EYYLATOL
0Tl TO GOAAUN ATOKOTNG HLETA ad 99 dpovg Ba gival piKpOTEPO TOL
Uy = 1/(99 + 1) = 1/100.

Napadeiypa 2 Epappoyn Tou Bewpnpatog ekTipnong

Ag JOKIUAGOVLE VO Y PNOIULOTOINGOVIE TO Oedpnua 9 6 pia celpd
™™g omolog To dbpoloua pog eivol YvmoTo:

1

S U U N R R U S S
* * - 256

S gl _,_ 1, 1 _1_.1_1_,1_ 1
;;)( D=l 3%y 5 16 32764 128

L+
2opuemva pe 1o Bempnua, oV AToKOWYOLULE TOLE OPOVLE UETE TOV OYS00,
TAPAALELTOVUE EVO LTOLOLTO TO OTOL0 gival BETIKO Kal KpOTEPO TOL
1/256. To daBpotcpa tov TpodTtOv oKT® Opwv eivar 0,6640 625. To

abpoloua TG GELPAg slval

1 1 2

1—(—1/2) 3/2 3

BLémovpe hotrdv 0t1 1 dapopd, (2/3) — 0,6640 625 = 0,0026 0416 6 .
.., €lvat Betikn kar pikpdtepn tov (1/256) = 0,0039 0625.

AmoAutn ouykAion

Op1op0G  AmodAutn olykAion

H ce1pd 2 a, ovykhivel amordtog (£ival amorvTmg 6uyKAivovsa)
0V GLYKALVEL 1 OVTIOTOLYM GELPA ATOAVT®V TIL®V, ONAGON M

3 la,|.

H yeopetpikn celpd

1,1 1,
I

oLYKALVEL ATOADTOC O10TL 1 AVTIGTOLYT GELPE ATOAVT®OV TILOV
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ITPOXOXH To ®sdpnpa 10 pog
Aéel Ot kdbe amoAbtwg ovyiclivovaa ael-
pa ovyrcliver. To avtioTpo®o dev 1oy bt
navrote: [ToAdég ouykAivovseg GELpEG
dev cuyKAivouy amoALTMGC.

1, 1,1,
I+5+5+g+

ovykAivel. H evadhacoouevn appovikn oeipd (Iapdderyua 1) dev ov-
vkAtvel armoArbtog. H avtictolyn oelpd andAvTov TInoy elvol 1 (0mokAl-
VOLGX) CLPUOVIKT] GELPA.

Op1GHOG  ZuykAion umoé ouvOnkn
Aépe 6T H1o cELPA GVYKAIVEL VIO GLVONKY OTAV GUYKALVEL LEV,
OAAG OYL OTOAVTMG.

H evoilaooduevn appuovikn celpd cuykAivel vtd cuvOnKn.

Napadeiypa 3 AnoAutn oUykAion ka1 umd ouvOnkn ouykAion

IIpocdiopiote moleg amd TG 0kOAoVOEG GEIPEC GLYKAIVOLY OTOAD-
TOC, TOLEC LILO GLVONKT, KOl TOLEG ATOKAIVOLV.

< _1n+1L:]_L 1
(u)g‘l( " V2 V3 V4

S n _ 1 n_ 1 2_ ; 3 ; 4_
o g0
M 2 (_l)n(nﬂ)/z%: _%_%“L%Jr 6

Auon

(0) H oe1pd ocvykAiivel Baoel Tov kpltnpiov EVOALACCOUEVNG GEL-
pac 816t (1/Vn) > (1/Vn + 1) xar (1/Vn) — 0. H oeipd amdiv-
TOV TIHOV Dy (1/Vn) anokAivel, ©61660, 9OGOV £ival pia p-
cepd pep = (1/2) < 1. Katd cvvéneto, n do0sico oelpd eivat av-

yrAivovaa vrd avvOnKy.

(B) H ce1pd anoxiiver Baoel Tov KpLTnpiov Tov n-06TOL OPOL EQPO-
covlim, .. (1 — (1/n))" = e ' # 0 (Iivokag 8.1, Tomog 5).

(7) H oe1pd avtn dev elvarl evarlhocoouevr. Qotoco, i

3 -yl

n=1 n=1 2"

glval Hlo GLUYKALVOLGO YEMUETPIKT GELpd, apo 1 dobeica celpd
elval anolvtwg ovykivovaa.

_ n(n+1)/2i
(—1yere

H andéivtn oOykAiion mapovcidlel evdlapépov yia 000 Adyouc.
[Tpotov, d1oTt drabétovpe 6N KPLTpLo GOYKALONG GELPAOV [LE BETIKOVE
opovg. Agbtepov, 610TL 0V Uia GELPE GLYKAIVEL 0TOADTMOC, TOTE E1VOL
oLYKALVovoo. AvTo pag A€l TO ETOUEVO Bempnpa.

Oewpnpa 10  Kpithpio améAutng auykAiong

Av 1 cepb D, |a,| ouykhiver, tote Kou M X a, GUYKALVEL
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CD-ROM
f Aiktudtonog

Bioypa@ikd otoixeia

Georg Cantor
(1845-1918)

Anodeén T xabe n,

—la,| = a, =a,|, ONA. 0=<a,+|a,|=2a,|
Av 1 oelpd Dy |a,| cuykhiver, tote 1 D, 2|a,| cuykiiver eniong,
Kol, BAGEL TOL KPLTNPIOL GUEGNC GUYKPLONG, M CELPG UM GPVNTIK®OV
opav Yy (a, + |a,|) 6o cuykhivel. H woétta a, = (a, + |a,|) — |a,|
HOG EMLTPETEL VO, EKPPAGOVUE TNV Drey @, G TN 1aQOPE §VO GLYKAL-

VOLC MV GSlp(DV.

0

glan=2<an+\an| la, |>—2(a +la, \)—E\m

n=1 n=1

SOVETDC, N Doe @y GUYKALVEL. —_—

Napadeiypa 4  Epappoyn tou kpitnpiou amoAutng olykAiong

Mo v

©

_ n+14J; — — l, l,__ — ces
2(1) n214+9 + -

N OVTIoTOLY T OELPE OATOAVTOV TIL®V ELVaL 1] GLYKAIVOLGH GELPE

<o 1 1,1 1
=0ttt
,;lnz LIRS

H apyixn evoilaccopevn Gelpd GLYKALVEL EPOGOV GUYKALVEL ATO-
AOTOC.

Napadeiypa 5  E@appoyn Tou kpitnpiou amoAutng oluykAiong
I'o v

1 4 T T

i sinn _ sin 1 | sin 2 sin3
= n2
N 0VTIoTOLY 1 CELPE ATOAVTOV TIL®V Elval 1

sin n

1’12

__|sin 1|+|sin 20,
1 4 ’

n=1

1N omoia TPoPavAS GuyKkAivetl, dedopuévov 6Tt 1 oelpd > % - (1/n?) ov-
yrMver kat |sin n | = 1 y1a k@0 n. H apyixn ceipd eivat Lowndv amo-
AVTMG GLYKALVOLGA, GPa CUYKALVEL.

Napadeiypa 6  EvaAdacoouevn p-ogipd

Av p givar o Betikn otabepd, n akorovdia {1/n”} eival ebivovoa
Kot €yl OpLo To UNdEV. ZUVETMG, N EVAALAGCOUEVN p-CELPd

o 1 n—1
> - ) — L+ p=>0,
n=1
0o cuykiivet.
TIo p > 1, n cepd cuykiivel anolvtog. o 0 < p = 1, n cepad
oLYKAveL LTTO GLVONKN.
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ITPOXOXH Avadiatdocovrtag
amelpo TAN00g Opov piag vTd cuVONKN
GLYKAMVOLGOG GELPAG, UTOPEL VO TTPO-
KOWEL €va TELELMG OLOPOPETIKO UTOTE-
AECUHO amO TO GOPOIGUO. TNG OPYLKNG
GELPAG.

’ . , 1 1 1
YOykAton vid cuvONKN: 1 — — +——= — — + -+~
V2 V3 Va
; g 1 1 1
Andivtn cbyxiion: 1 - W + W — W

Avadidtan ceipov

Oswpnpa 11  Be@pnpa avadidta&ng yia anoAuTtwg
GUYKAIVOUGEG GEIPEG

Avn oelpd D a, GLYKAIVEL amOAOTOG Kat by, by, . . ., by, . . .,
elval po toyovoa didtaén dpwv g akorovdiog {a,}, TOTE KAl M
celpd Y, b, 0o cuykiivel anoritoc, Kol peAicTo

©

2 b= a,
n=1

n=1

(Ztnv Acknon 60 meptypdapetatl 1 anddEEN ToL EXOUEVOL Demp)-

HOTOC.)

Napadeiypa 7 Egappoyn tou Bewpnpatog avadiata&ng
Onwc eidape oto [Mapaderypa 4, n oeipd

L1 1y et Ly
L T Gl Ve s
ovykAlvel anolOtwg. Mio mibavn avadtdtoén tov 6pwv TG GELPAc
0o Tav vo Lexivovoape e Tov 0eTiko 6po, ETELTU VO TAPOLILE dVO
apVNTIKOUE Opovg, LETA Tpelg BeTikobg Opovs, K.0.K.: Metd anod k
Opovg evHg mpocnuov, akoAovBody k + 1 dpot avrtifBetov Tposnuov.
O1 pdrtot 10 6pot ptag tétotag oelpdg Ba Ntav Aomov ot eEng:

1 1 1 1 1 1 1 1 1

1=y 1679 25749 3% &4 100 144

To Bedpnuo avadidtagng pnag AEet 0Tt Kot 01 000 GELPEC GLYKAIVOLY
otV 18t TIun. 1o TapAdElyua ovTo, oV apylKd pag divotay 1 deb-
TepT oELpd, Ba pog eEunnPETONOE VO TNV OVTIKUTUGTGOVIE E TNV
TpOTN, ov BEPata uactav PERatot 6TL KATL TETOLO €lval EMTPERTO.
Kat o1 800 celpég cuykiivovy Gty TIUn

(Agite oyetika tnv Aoknon 61.)

Napadeiypa 8  Avadidata&n tng evaAAacoopevng appovikng
0€1pag

H evoilaocoduevn appuovikn celpd

1
11

+ + + +

1 _ 1 _
1 10"

| —
W=
P
| —
A=
~ =
0| —
O |—

unopel va avadiataydel €101 OOTE Vo ATOKAIVEL 1} AKOUT KOL VO, GL-
YikAlvel Tpog omotadnmote tpokabopiouévn Tiun entbupovpe(!).
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H cvpnepipopd mov eidape 6to
TAPAdELYLO. QVTO Elval
LOPOUKTNPLOTIKT] TOL TL UTOPEL VAL
ovufet pe v avadidtaén Tov opov
Htog vtd GLYVONKN CLYKALVOLGOG
celpdg. Atdaypa: Ipochéate Toug
OpovG Hiog LG cLVON KN CLYKALVOLCOG
oelphg pe ™ didtagn mov cag divetat.

(a) Avadatacaovrag v 220:1 (—1)y"*/n éro1 wate va anoxiiver . H cel-

pa X [1/(2n — 1)] amoxAivel oto +00 , evd n cepd 2 (—1/2n) amno-
KAlvel 610 —© . AveEaptnta and TO TOLol OPOL TNG UPYLIKNG GEL-
pag £xovv NoN mponyndel, uTopovUE TAVTH Vo TPOocHEGOLUE KO-
TaAAnro TAn0og Betikdv 6pwv (dNA. TEPLTTOL SEIKTN) MOTE VA
npokOyel Evo avbaipeta peydio dfpotopa. Opolmg yia tovg ap-
VNTIKOUG OpoLG, aveEapTNTa 0O TO TOGOL OPOL TNG GELPAG EXOLV
nponyn0el, propodue navta va tpocHécovue 1kavo tAnboc dio-
SOYIKOV apVNTIKOV 0pV (ONA. GPTIOL JEIKTN) DGTE VO TAPOLUE
€vo apvnTIKO abpoiopo 660 peyding andivtng Tiung entbvpodue.
Mo mapdadeiypa, o propodcoapue va EEKIVIGOVUE E TEPLTTOVG
opoug uEypt va ptiagovpne abpoioua LEYaADTEPO TOL +3, Kal KO-
TOTLV VO GUVEYIGOLIE UE TOGOVE ULPVNTIKOVG OPOVG, MGTE TO VEO
abpotoua va yiver pikpotepo tov —4. ‘Enerta 6o tpocbétops 10-
covg Betikovg 6povg dGTE TO AOpOIGHA VO YIVEL LEYOADTEPO TOL
+35, Kot Katomy taAl 0o Taipvope opvnTiKong Opovs GTIYVOVTAG
véo abpotlopa pKkpoTEPO TOL —6, K.0.K. M€ 1 dtadikacia avth, N
T tov abpoicpatog Bo taiavtevetal avbaipeta tpog kabe Ko-
Tevbuvaon.

(B) Avadwatdacoovrac v Y-y (—1)"1/n étor date va goyrliver oto 1.

Mio GAAN duvaTOTNTO E1VOL VO, KOTOANEOVUE GE £VO GLYKEKPL-
pévo o6pro. ‘Eotm 611 embupodue vo xotockevdcovue abpoi-
GLOTO TTOL GLYKALVOLY 6TO 1. EEKIVOVULE HE TOV TPDTO OPO, TOV
1/1, and tov omoio agaipovpe 1o 1/2. ‘Encita tpochétovpe Toug
opovg 1/3 xar 1/5, ondte 10 dBpoioua vrepPaivel katd Tt to 1.
Katémy mpochétovpe 51000 1K00¢ 0pvyNTIKOVG OPOLG WEYPL TO
abpotopa vo yiver uikpotepo tov 1. Xvveyilovpe pe tov 1010
TpoOmo: MoOALg to dbpotoua yivel pikpdtepo tov 1, mpochétovue
OetikoUg Opovg uéypt vo vrepPel kol maAl To 1, €metta agat-
povue (mpocsBétovpe apvnTiKoLg) GPOVE TOL PEPVOLY TAAL TNV
Tiun tov abpoicpatog mo kKatw and to 1. H dadikacia avtn
umopel vo cvveylotel en’ adpiotov. Eneldn 1060 o1 mepLTTon
delkTn 0G0 Kol 01 GPTLOL JElKTN OPOL TEIVOLY GTO UNJEV KOOMDC
n — o, 1 TOGOTNTO KOTG TNV omola vrepPaivel T Lovade to
ekdoToTE HEPLKO Gbpotoua teivel eniong oto undév. ‘Etot, N
véa oelpd ocvykiivel oto 1. H avadiatetaypuévn avtn ceipd Ee-
Kiva o¢ e&ng:

1 1+, 1,1 r. 1.1 1.1, 1 1, 1,1 1
1T 23 s s 7 9 et T st s T 10
1 r_+r,r 1t _ 1, 1 1.,
Tt Tttt 1wty 16T

Madikaogia mpoodiopicpou ouykAiong

To dibypoppa pong mov akoAovbel UTopel vo Gog Y PNOIULEVCEL OTAV
eEetalete T GVYKAIGN N ATOKALGT UlOG ATELPNG CELPAG.
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H ce1pd amoxiiver.

)

Arnoxhivel yio || = 1.

Svykiivet oto a/(1—r) vy |r] < 1.

]

Yuykiivetyio  p > 1.
AmoxAiivertyio p < 1.

|

Kpurfplo [ Ioybet 6t lim a, = 0; ]QX1—>[
n-0G6Tov OPOvL —
Not | 1 iowg
Kputfipro v N ~
YEOUETPLKNG [ Ioybel o1 Y a, = a + ar + ar’ + ]m_,
GELPAG
'Oxtl ~
‘Ey el n cepd ™ popen (
Kpumpro LELNOEp ln “ pen Not
p-oepis R L
O

Svykhivern X a,l;

Sl e G Epapuodovpe oty X |a,| kKGmolo and ta kpt

Kou/m
amoALTn GOYKAIoN

GOYKPLONG, TO KPLTHPLO TOV OLOKAT POUATOS, TO
KPLTNPLo ToL AdYOV, 1 TO KPLTNPLo NG n-06TNg pilag.)

mpla

JN(“—>£ H apyxn ceipd cuykhiivet. ]

|

Oyi| M towg
Y \
Kpripro o
evaddaooopevng | 1OXVELOTL ay, = up— uy Uy = Ynapyet aksp>mog N ‘CS‘E?T?Q ooTe
ce1pdc (evorlhaooouevn Gelpa); ) Uy = Uy, = ;
Not

O
Y

Acgite 1 unopeite va kavete g€etdlovrog
o peptkd abpoicpota g oelpdg,

ouppovievdeite mo tpoympnuéva Pipiria,

1 d1EPELVNOTE PLE KATOLO0 GVOTNLLA
LTOALOYLGTIKNG AAYEPRPUGC.

~N

A

A4

J

)

Zuykiivel av
AmokAivel av

u, = 0.
u, + 0.

ATATPAMMA POHE 8.1 Awadikocio Tpocdlopioon GUYKALONG.

AXKHZEIX 8.5

Npoadiopiopog cuykAiong n andkAiong

[Moteg amd t1g evarlrooooeves celpég tov Acknoewv 1-10
GLYKALVOLV, KOl TOLEG ATOKALVOLV; ALTIOAOYNOTE TIG AT~
VINGELS GOG.

LS

. __1\ntl l "
3. ,Zl( 1) <]0> 4.

n 1 < 1y 1
_1) +172 2. ”21( 1) +lﬁ

< 10
1 n+1
ngl ( ) i’l

. o . .

5. Z,z(—n *'—ln - 6. n;(—l) nT

7.3 (1 In n 8 S (—1yh(1+1L
n=2 In n? n=1 n

9. 3 (- et Yt 1 10.?( 13Vt 1
n=1 + 1 n=1 \/7-}—1

AmoAutn guykAion Ka1 oUykAion umo
ouvOnkn

[Toteg amd T1¢ oepéc tov Acknoemv 11-44 cuykhivovy amo-
AMOTOC, TOLEG GLYKAIVOLY LG GUVONKN, KOl TOLEG OTOKAL-
Vvouv; ALTIOAOYNGTE TIG ATOVINOELS GOG.

S

(_l)n

1)n+] (0,1)”

1
Vn+1

i E (_1)n+]
n

M 1

3
Il

+l

v 1
=D n+3

iMs T

n=1
.E( )n+]3+n

(_l)n+1 1 +n

n2

Ms T

3
Il

o

: §|<—1>"
: ,,2 <“>”n i

n?(2/3)"

tan" ! n

-b P

100)”

12.

14.

16.

18.

20.

22,

24.

26.

28.

30.

1

nln n

Inn

n—Inn
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S (=D < Inn\"
L 2.3 (-1

3 rgll’l +2n+1 3 Z’z( )<lnn2>
33 cos nm 34, S COos naT

& (— 1)" (n+1) & (=1 (nly
3 2y 36 2 G

. (2n)! 5o ()3

37. E ' 38. Z e
39. E(—l)" (Vn+1-Vn) 40. i —-1)"(Vn>+n—n)

n=1 n—

S < (="
41. 1) + - 42.

BV VTNV Ve 2 B TS
43. i (—=1)"sechn 44, i (=1)"cschn

n=1 n=1

Ektipnon opaApatog

Y116 Aoknoeig 45-48, extiunote 1o nEyebog tov ceaALaTog
TOL TPOKVTTEL OV Y PN CYLOTOINGOVIE TO LEPLKO GOpOLGHLO
TOV TPOTOV TEGGEP®V OP®V Yo VO TPOGEYYIGOLUE TO
aBpotoua kGOe celpdc.

45. 2( sl

n=

Mmnopel va anoderybel 6Tt to dOpoioua
toovtot pe In 2.

46. 2 (—1ym*! 1—0,,

2( py+ GO 01)"

=2 (=
0

n=

Onwg 6o dovue oty Evotnra 8.7, to
afpotopo teodtar pe In (1,01).

47.

48. 1+t

0<r<l1

Y11g Aoknoeig 49 katl 50, Bpeite pia TPOCEYYIGTIKN TIUN

TV a@potcudtwv pe ceaiua pkpdTEPO ToL 5 X 107°,
Onwg 0o dovue oty Evotnra 8.7, to

49. 2 =)' | dOpotoua toovtar pe cos 1, dni. pe 1o

(2)

Gll\l]ul‘CO\ o 1 aktiviov.

Onwg 0o dobue otnv Evotnta 8.7, 10
GOpotlona toovtal pe e .

50. S (—1y L
n=0

n!

Oswpia ka1 mapadeiypata
51. () Mabete ypagoviac H celpd

11,1
9 27

+ + + o

S
Al
0 | —

1

3
dev mAnpol pia and Tig Tpovimobécelg Tov Oempnua-
tog 8. [Towu;

(B) Noa Bpebet to dOpoiopa TG GELPAG TOL EPOTNUATOG
().

Mia evaAAACGOUEVT] GELPE TTOL 1KOVOTOLEL TIG TPOVTTO-

0éoelg Tov Oempnuatog 8 £y el 6pto L mov Keltatl avajie-

co g 000 otudNmote dadoylkd peptkd abpoicpotd

¢ H mapatmpnon avtn odnyet 6to cuunépacua 6T n

péon Tipmn

52.

Sn + Sn+1
2

l n
=5+ 5 (-1,

unopel va ypnowonondel g EKTiUNoN TG TIUNG TOL
L. Ynoloyiote TNV TOGOTNTA

53.

54.

55.

56.

57.

58.

59

1.1

Sy 291
MG 10, TPOCEYYLGT TOL abpoicpatog g eVoOAALCGO-
pevng appovikng cetpds. H axpipng tun tov abpoi-
opatog ivat In 2 = 0,6931 .. ..

To mpdoonuo tou umoAoimou piag evaldacaouevng agipdg mou
1kavorolel Ti¢ mpolmoféoeis tou Bewpripatog 8 Amodei&te
TOoV 1oYLPLoUd Tov empnuatog 9, 6Tt dNAadn otav
U0 EVOALOGCOUEVT GELPA TOL IKOVOTOLEL TIG TPOUTO-
0éoelg Tov Oempnpatog 8 Tpooeyyiletol and Evo pePtkod
m¢ abpotopa, to vroéromo (dni. to dbpoicua TV
anoppleféviov 6pov) £xel To 1810 TPOGNUO UE TOV
npoto anopplebévia 6po. (Yrideiln: Opadonoinote
TOLG OPOLE TOL LITOAOITOL G€ KaTAAANAa {ebyn.)

Mdbete ypapoviag Agi&te 11 T0 AOPOIGUO TOV TPOTOV 2n
OpOV NG GELPAG

1
3
1o00TuL LE TO GOPOLGHO TOV TPAT®V 11 POV TNG GELPAG

S

1 1 1 1
1-2 2-3 *

+t —

3:4 4-5 5-6
YvuykAivouv ot celpég avtég; Iloto to GOfpoioua tov
TPOTOV 2n + 1 6poV TG TPOTNG GELPAS; AV Ol GELPEG
ouykAivouv, ToTe Totlo To dBpoiopuo TG kabepiog;
Ardrlion AgiETe OTL av N Doey @, GTOKAIVEL, TOTE KA1 1)
> la,] anoxdiver.

A&iéte 011 av M Dome; 4, GUYKAIVEL AMOAVTMC, TOTE

Kavoveg amoAutng ouykdiong Agi&te 6TL av Ef;l a, Kol n
o . , , p ,
E,,:l b, GLYKALVOLV aTTOADTMG, TOTE TO 1010 Oa 1oy vet

KoL ylo Ty

@ 3 (@, + b

Ms

a,l.

® E (a, —

n=1

/1)

() 2 ka, (k wydv apiBuog)

n=1
[vopeva opo mpog opo Agi&te pe éva mopadetypa 0Tl
> ab, evéyetol va amokAivel oKOUN Kol av Ot
> a, KO ey b, GUYKALVOLY TaLTHY POV

Avadiataén Xto IMapdderypa 8, £éotm 0TL BENovpe va ava-
Statd&ovpe Tovg OPOLE MOTE VO KATUOKEVUGOLUE L0
v GELPA TOL Vo GLYKALVEL 6To —1/2. Egkivolpe Aot-
OV LLE TOV TPMTO UPVNTIKO Opo, Tov —1/2. MOALg Ttpo-
KOyel abpotopa pikpotepo 1 ico tov —1/2, apyilovue
Vo eledyovpe BETIKOVG OpovG (TOVG OTOLOVE TALPVOLLLE
LE TN OEpd TPOTEPULOTNTAG TOL ELYOV GTO OPYIKO
aBpotoua), uéExpt to véo abpotoua va yivel LeYaADLTEPO
tov —1/2. 'Enetrta mpochétovpe apvntikods 6povg pé-
%Pl TO dbpotoua va yivel kot Tt pKpdTEPO 1 1GO TOV
—1/2. Xvveyiote ) dadikacio avTi HLEYPL TO. LEPLKA
cog afpoiopata vo «dacKeAicovy» To emBountd 6pto
TOLAAYLOTOV TPELS POPES, KATAAYOVTOG GE HIKPOTEPT
N ton pe ovtod Tun. Av s, lvotl 1o GOPoIGUa TOV TPOTOV
n OpwV NG VEAG 060G GELPAG, TOTODETNGTE GE LAY PAULT.
o onpeio (1, s,) avadelkvOovTag £TG1 TN GLUTEPLPOPE
TOV LEPIKDOV 0OPOIGHATOV.



60. Tepiypagn tng anodeiéng tou Oswpnyuatog avadidtaéng (Bewpn-
ua 11)
(0) Ecto € 0eT1kd¢ Tpayuotikds aptbpodc, L= > a,,
KoL s, = DX, a,. Aeiéte 0T ylo KGmoloug deikteg
N, xat N, = Ny, B toydovv ta e€Ng:

3

S ja,l< £ Kat

€
n=N, 2

—L|<
|5N2 | )

E@ocov 6lot o1 6pot ay, a, . . ., ay, enpaviCovtar kd-
mov otV akolovbia {b,}, Oo vrapyel évag deiktng
N; = N, 161010¢ OGTE Y1 n = Ny, 1 T0cdtNTo, (Dh—; by
— Sy, LOOVTUL TO TOAD g KATOlo dOpotspa 6pmv a,, yio
m = N;. Zuvenmg, yio n = Nj, Oa 1oy bet

n
E b, — SN,
=1

0

= > lagl + sy, — L|<e.
k=N, :

+ lsy, — L

ibk—L‘s
k=1

(B) H emyeipnuoatoroyia tov epoTUOTOS (0) delyvet
OTL v M GEPE. Doy @, GUYKAIVEL AmOADTOC, TOTE 1)
> b, 00 GUYKAIVEL KOl HAMGTA Doy by = Doy
a,. Topo Seilte 0T emeldN N Dy |a,| cvyKAiver, 1
1 |b,] 00 cuyKAivel 6t0 Dy |a,].
61. AmoAutwg ouykAivouoeg ogipég

(0) Aciére 6tiavn Doy |a,| cuykhivel kat

— aﬂ
n-1o

TOTE KO N Dy by, 000 GUYKALVEL

ywa,=0
v a, <0,

(B) Xpnowononote 10 ANOTELECUATO TOV EPOTNLO-
1o (@) Y10 vo. Seiéete 0T av 1 Gelpd ey |a,| ov-
YKALVEL Kot

c. =

n

0 ywa,=0
a, vwa,<O0,

8.6. AuvapooeipEg 639

TOTE KON Doy €, 000 GUYKALVEL.

Me dira LOYLO, OV Pl GELPA GLYKALVEL OTOAD-
¢, T0TE ot BeTiKol g dpot yopiotd oynuoatilovv
U0 GUYKALVOLGO GELPE” TO 1810 KOL Ol UPVNTIKOL
™™g 6pot. Emmiéov,

2:21 a, = 2:21 bn + 2;021 Cn
gpocov b, = (a, + |a,)/2 xar ¢, = (a, — |a,|)/2.

62. Evaldaooouevn appovikn oeipd T1oO givar €0 10 AdBog:
IMoAramlacidlovpe katd LEAN TV e&loman

S=1- 7L+i+...
10 11

N | —
W | —
A=
D | —
N —
|-
0 | —
o | —

pe tov apbud 2, ondTe TUipVoLLE
N —
1 2 2
—=—+ + e e S
2 9 11
\_/'
OpLad0TolovpE TOVG OPOLE KOLVOL TO.POVOUAGTT, OTMG
delyvouv ta BéAn, ondte

28=2-1+
ot

(SR RR
N
W | =,
~ o
A=
D | —
[

SRV SRS (S (IS B ST
A A

0| —
| —

H oeipd oto 6e816 pérog g televtaiag e&icmong
elvatl 1 1dto e LTV oL apPYICaUE. LUVETMG, £YOVUE
2§ = S, kot dtolpdVToG PLE S KATOANYOLILE GTNV TPOTOCT
2 = 1. (Ifyyy: “Riemann’s Rearrangement Theorem”, ¢p-
0po tov Stewart Galanor, Mathematics Teacher, Vol. 80,
No. 8 (1987), pp. 675-681.)

63. Xyedidote oynuo mopopoto pe to Xynuo 8.15 yia va
dei&ete T obyKALoN NG GELPAG TOL OempruoTtog 8 yio
N> 1.

m Auvapooegipeg

Auvapoogipég kar oUykAion  ®
Mapaywyion 6po mpog 6po  ©

Aktiva kar d1dotnpa ouykAiong  ©
OAokAnpwon 6po mpog 0po

e [oA\amAaciaopog duvapooeipwv

INa x| < 1, o tOnog abpoicuatog 6pmV YEOUETPIKNG GEPAC pog AEEL

oTl

l+x+x2+x3+ ... +xX"+...=

1—x

Ag avoroylotodue yia Alyo v mapoandve tpotacn. H ékepacn cto
def16 pnéhog opiletl pra cuvapTNo”M e TESIO OPLGUOD TO GOVOAO OA®V
tov aplBudv x # 1. H ékppacn oto aplotepd néELog opilel o cuvap-
mon ue medio opiopov 1o Stdotnua chykiong, |x| < 1. H weotnto
AooV €y el vonuo poévo 6To TeEAELTALO 0LTO aplOULOoGHVOLO, OTTOL Q-
@OTEPO TO LEAT TNG e£10MONG E1VUL KOADS OPLoUEVA. € AvTO TO TESLO
0pLGUOY, M| GELPA TTapiaTaver T cuvdptnon 1/(1 — x).

2NV Tapovoo evOTNTo 0o LEAETNGOVILE «TOAVMVOLO» TNG LOPPNG
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Av 0éoovpe x = 0 otnV €KQpocm

Ec,,x"= co + c1x + cpx?
n=0
+ ..ot X+ L,

107€ 670 0€E10 LELOG TTULPVOVLLE ¢, EVD
610 aplotepo ¢+ 0°. Agdopévou o1t To
oouporo 0° Sev avtictolyel oe kamolov
aptbuo, n xpNo™M TOL AVAOTEP®
cuuforiopod gival KAT®S 0TuyNG,
aAld Top’ OAa avtd Oa ) deytovpe. H
1010 KaTAoTaoN TPOKOTTEL OTOV
Oéoovpe

x=a oT10vopo D c,(x— a).

P

Koat o711 dvo nepintdoelg Bempolue
ot Katd oopPoon N Ekepacn ¢, 0°0a
toovtat ne ¢p. (Kot dvtag opeiler va
1600TAL LLE ¢, OTOTE O Y ELPLOUOG LOG
dev otepeltal LodNUaTIKNG
AVGTNPOTNTOS E0M ATAMG
StevkptviloupLe LLe TOLOV TPOTO TPETEL
va €1d0wbel 0 cuuPforiouodg, dote va
amodidet opbmg to podnuotikd.)

Do x", mov KahoOvTal SLVOOGELPES, EVO otV EmOpevn, Ou Sodue
TMOG UTOPOVUE VO OVOTOPAGTHGOVILE (10 GUVAPTN G LE TNV KATAAANAN
duvapocELpa.

Auvapooeipég ka1 guykAion

H £kQpoom Do ¢,x" LOLALEL AQEVOS [LE TOLVMVLLO, EPOGOV AmOTELEL
aOporopa SLVALE®MY TOL X (L€ KATOLOVE GLUVTEALEGTEC), GAAG KoL OLOQE-
peL epOcOV Ta GLVNON ToAv®OVLRA glval memepaouévon Babuol kol dev
ATOKAIVOLV Y10, KATOLEG TIUES TOL Xx. AKpfmg OTmg pia dneipn celpd
dev glval anmimg £vo AOpolopa, £TG1 KoL 1) GELPA SLVALE®Y TOL X dEV &l-
VOl aTA®MG £V TOAVOVLUO.

0p1GHOGC  Auvapooeipég
Kabe éxppaon tng popeng

feel
2 cxX'=cotoxtextt L Hex"+ .
n=0

glvar pio dSuvapooerpd pe kEvepo o x = 0. Kabe éxppaon g
Hopong

Nex—a)y=ctce(x—a)+cx—al+ ... +clx—a)+ ...
n=0

elval pio duvapocelpd pe kEvipo 10 x = a. H tocotnta ¢, (x — a)"
glval 0 n-067t0g 0pog’ 0 a.plOLdG a elval TO KEVIPO TNG GELPAG.

Napadaiypa 1 Tewpetpikn ogipad

H yeopetpixn cepd

X=1+x+x2+ ... +x"+ ..

M

n=0

elval plo duvopocelpd ue kévipo to x = 0. ZvykAilvel otny TIun
1/(1 — x) oto didotnua —1 < x < 1, 10 omolo emioNC £XEL KEVTPO TO
x = 0 (Zynuo 8.16). H cvunepipopd avtn &lvol yopokTnploTiKY,
onm¢ Oa dovue mopokdto. Mo duvapocelpd eite Oo cuykAivel yia
kabe x, €ite Oo cLYKAIVEL GE TEMEPACUEVO dLAGTNUA 1610V KEVTPOL
e avtny, eite 1éAog 0o cLYKAIVEL LOVAY O GTO KEVTPO AUTO.

y

9

8

7
y8:1+x+x2+x3+x4+ + x84+ X7 + 48
5
41—

31—

-1 0 1

IxHMA 8.16 T'pagikéc mapactdoelg e f(x) = 1/(1 — x) ka1 tecodpov
TOAVOVLULK®V TNG Tpoceyyicewv. (ITapddetypa 1)



ZxHMA 8.17 T'pagikéc mopacTdoelg
™mMe f(x) = 2/x Kot TOV TPpOTOV
TPLOV TOAVMVUUIK®V TNG
npoceyyicenv. ([Mapaderypa 2)

8.6. AUVAMOOEIPEG 641

Méypt topa xpnowononooue Ty eicmon

ﬁ=l+x+x2+...+x”+..., —l1<x<l
vio va Bpodue Evay gdypnoto TOTo ToL afPoiGUUTOC TNE GELPAS TOL dE-
&100 pnéhovg.

Ag alra&ovpe ontikn yovia: Ag Oewpnoovue to pepikd abpoi-
OUOTO TNG GELPASC OC ToAVOVLUO P, (x), Ta otola tpocseyyilovy ™ Gv-
vaptnon oto apiotepd wELoG. Ta tinég x kovtd oto undév, apkodv
peptkol 6pot TG GELPAC Yo 110 1KavoToinTikn tpocéyyion. Kabag
OU®G To x TANoLGlel tmv T x = 1, 1 v —1, anairtodvror dLo Kat
neplocotepol O6pot. To Zynuo 8.16 deiyvel ta ypoenuata Tng
f(x) = 1/(1 = x) xa1 TOV TPOCEYYIGTIKOV TNEG TOALOVOU®V Yy, = P,(x)
yiaon=0,1, 2, xat 8.

Napadeiypa 2 E@appoyn Tou opiopou

H dvvapoceipd

N P Lo o o (1Y (o Zay g o
1 2(x 2)+4(x 2)° + +< 2> (x—2)" + (1)
€Y EL KEVIPO TO @ = 2 KO GLVTEAEGTEG ¢ = 1, ¢; = —1/2, ¢, = 1/4,

. H cepd ovykiivel yuo %

x—2
2
0 <x <4.To dbpoiopd g sivat

< 1 dnradn v

., ¢, = (—1/2)". H oeipd avtn elval YEOUETPIKN, LE apylKo 6po 1
KOLAOYO r = — r

11 2
1= x—2 X
1+ >
Kot apo
2_,_ G2 =2 Y
2=1 5t =) G- 0<x<4

H cepd (1) mapdyet ypNoIeg TOAVOVOUIKEG TPOCEYYICELS TNG OVL-
vapInong f(x) = 2/x yio TiéG ToL X Kovtd 6To 2:

Pyx) =1

ST PSR N S
PW=1-3(0=2=2-3

1. 1, on_~_3x_ x*
PW=1-50=2)+,6-2"=3-T+7,

K.0.K. (ZyMua 8.17).

Axtiva ka1 S1dotnpa ouykAiong

Ot duvapoocelpég ota [Mapadeiypata | kol 2 cuvEPn va eivatl yeopetp-
KEG, OMOTE UMOPEGAUE VO BPOVUE TA S1OGTNUOTA GOYKALGNG Tovs. [
UM YEOUETPIKEG OELPEC, EeKLVODUE LE TNV TAPATI PNOT OTL KAOE duva-
LOGELPE TNS LOPPNG Do Cu(X — @) Bu cLYKAIVEL TaVTA Y10 X = @, OTo-
te Oa vIApy el TOLAGYIGTOV €va oMUELD TOL AEova TOV TPUYLOTIK®OV
aplBudv o0mov M cOykAlon eival dedopévn. Agutepov, £xovpe 1oM Gu-
VOVINGEL OUVOULOGELPES, OTmG avTég ota [Tapadeiypata 1 kat 2, mov cv-
YKALVOLV Y10 TEMEPUGUEVO SLAGTNLO TILAV TOL X YOP® OO TO KEVIPO
a. Téhog, VTAPYOLY SLUVOLOGELPEG TOL GLYKALVOLV Yi0 KGOE TpayLoTL-
KO 0plOpo. Avtég elval OAEG Ol SLVATEG TEPITTOCELS, OTMG dELYVEL TO
Oedpnua Tov axoAovdel.
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Oewpnpa 12  Bs@pnpa olykAIoNG SuvapooElpOV
0G0V 0Qopé TN GOYKAGN TNG CEIPAC g Calx — @) vILAPYOLY
TPELG OLVOTOTNTEG.

1. Yrdpyet 0etikoc aptOudg R TE€T010C MGTE 1 GELPA VO ATOKAL-
velLyia |x — a| > R, olhd va cuykAivel yua |x — a| < R. Zta
okpoio onueiax = a — Rkatx = a + R 1 ce1pd umopet gite
VO GUYKALVEL E1TE VO ATOKALVEL.

2. H ceipd cuykiivel yia k4Be x (R = «).

3. H ceipd cuykAivel 1o x = a Kol OTOKAIVEL GE OAO TO GAAC
onueta (R = 0).

O ap1Buodg R gival n oktive 6OYKAONG, KOL TO GOVOLO OAOV TOV X
Yo To 0Tolo 1| GELPA GLYKALVEL €lval TO ddeTnpa cvykitone. H axrti-
va o0YKAMeNg kabopilel TANPpmG T0 dAoTNUe GUYKALONG OTNV TEPL-
TTOOT TOL TO R gival ite undév eite dnerpo. o 0 < R < o, moT1600,
TOPAREVEL 0volyTO TO (NTNU TNE GVYKALGNC GTO GKPO TOL OLUGTHLO-
10¢. To axdAiovbo mapddeiyua deiyvel mmg Bpickovue T0 ddoTnue cO-
YKAGTG.

Napadeiypa 3 Elpeon Tou diaotnpatog oUykAIoNng e xpron Tou
kp1tnpiou Tou Adyou

Mo moteg TIéC Tov X GLYKALVOLY 01 UKOLOVOEG BLVUUOCELPEG;

s n 2 3
A X X
@ 3 =S

w

i XX
(ﬁ)E( )17_1—)6 3+5

< x"
) 2; —1+x+§+§+

@) Dalx"=1+x+21x>+30x+
n=0

Aoon  Eeapuodlovue 1o kptthpto tov Adyov 6t cetpd 2 |u, |, dmov
u, €lval 0 n-06toOg TNG OPOG.

Uyt
u,

(o)

X| =X
= A Ix| = %],

H ce1pd cuykiivel anolvtog Yo | x| < 1. Amoxiiver yia [x| > 1, §16-
TL 0 n-0G7TOC NG OPOC deV GLYKALVEL TOTE 6TO UNdév. o x = 1, Tpo-
KUTTEL N Evolhaocoduevn apuovikn cepd 1 — 1/2 + 1/3 — 1/4 + ...,
n omoia ovykAivel. o x = —1, n cepd yivetar —1—1/2—-1/3 —
1/4—..., mov givol N avtibeTn TNg UPUOVIKNG CELPAG, Kal GLpa OTo-
KAivel. H oeipd (o) ovykiiver homdv o —1 < x = 1 ka1 amokiivel
yio KGO dAlo x.

5 | Iy
-1 0 1

Uy +1 :2}1—1 2 2

¥ 1 X" —=> X",

® ’

H ce1pd cuykiivel amoldtog yio x? < 1. AmokAivet yio x? > 1, 161t
0 n-06T0¢ NG Opo¢ dev Guykiivel Tote oto undév. Mo x = 1, n oet-
pa moipver tn popen 1 — 1/3 + 1/5 = 1/7 + ..., 1 omoia cuYKALvEl
Bdoel Tov Be@PNUATOG EVAALACGOUEVNC GELPAC. ZVYKALVEL emiong
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yviox = —1, 3107t KOl TOTE TOIPVEL TN LOPPT EVOALUGCOUEVNG GEL-
pag Tov TANpot Tig Tpovmobéceic cbykiiong. H tiun tng oeipdc yio
x = —1 givor n avtifetn avtig yio x = 1. H ceipd (B) cvykAiivel Aot-
oV v —1 = x = 1 kot anokAivel yia ka0e GAlo x.

| L
-1 0 1

X

[x|
n+1

! n!
T+ D! X

Uyt g
u,

()

— 0 ywo kae x.

H ce1pd cuykAivel amoAvTmg yio kabe x.

|
0

(n+ D!

n

Uiy
u,

(®)

=m+1)|x|]— o egktdéc av x = 0.
o (n+ 1) x| :

H ce1pd amoxiivet yio kabe pun undevikod x.

s x
0

Yvvoyilovpe TN dradikacic €DPECNG TOL SLACTNUATOS CUYKALGNG
piag SuVOPOCELPAG.

EUupeon d1aotnpatog ouykAiong

Bfjpa 1: Xpnoomoiodue to kpithplo Tov A6yov (1 e n-0atig pi-
Lag) yia va fpodue to didathnia 6mov n Gelpa GLYKAIVEL Ao ADTAG.
Zuvnlog, avtd givarl Eéva avorytd dtaoTnua

lx—al|<R SMA. a—-R<x<a+R.

Bfjpa 2: Av 10 diaotyua anoAvtng oUykAMong Eival TETEPATUEVO,
eCetalovue ) abykiion i anoxiian ae Kdlbe drpo Tov, OTWS KOvVa.-
pe ota [Hopadelypota 3(a) kot (B). ['a tov okomd avtd ypnot-
LOTOLOVULE TO KPLTHPLO GOYKPLONG, TO KPLTNPLO TOL OLOKAT p®-
HATOG, 1} TO KPLTNPLO EVAALAGGOUEVIC GELPAG.

Bfjpa 3: Av 10 ddatnua arnoivtng abykliong givar a — R < x <
a + R, n oeipd anoxiver yia |x — a| > R (3ev cvykiivel kav vid
ovvOnkn), 61071 0 1-06TOG TNG OPOG OEV TELVEL GTO UNSEV Y1 dv-
TEGC TIC TULEG TOV X.

370 €0MTEPIKO TOL SLOGTHUOTOC GUYKALGNG ULOG SVVALOGELPAS, M
terevtoia 0o cuykAivel amoADT®MG. AV (o SLVOLOGELPE CLYKAIVEL ATO-
AOTOG Yo kabe x, Aépe OTL M GKTive cVYKAGNG givon arnepn. Av cv-
YKALVEL HOVO Y10 X = a, M aKTiva 6OyKAong eivar pndgvik.

Napaywyion 6po mpog 6po

"Eva 0edpnpo Tov TpoyopnuéVon amelpoOGTIKOD AOYIGHOD HAG AEEL OTL
UTOPOVWE VO TOPAYDYIGOVIE OPO TPOC OPO UL SLVAROGELPE GE KAOE
€0MTEPLKO GMUELO TOL JLUGTHUATOC GOYKALONG.
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ITPOXOXH H napaydyion 6po
TPOG OPO EVIEYETAL VO UMV E1VOL «AEL-
TOLPYIKN» Yio. GAla €1dn celpav. Ta
TOPASELYLO, 1] TPLYWVOUETPIKT CELPG
& sin (nlx)

n=1 n2

cuykAvet yia kabe x . Opwg ov tnv
TOPAYOYIGOVILE OPO TPOG OPO,
TOIPVOLLLE TN GELPA.

i n! cos (n'x)

1 omola amokAivel yio KGOe x.

Oewpnpa 13  Bs@pnpa mapaywyiong 6po mpog 6po
Avn 2 c,(x — a)" cuykiivelt yiwa — R < x < a + R yia k4mwolo
R > 0, tot€ opilovpe ™ cuvaptnon f:

f(x)ZEc,,x—a)”, a—R<x<a-+R.
n=0
Mio T€to1a GuvapTNGN f £ EL TAPAYDYOLG OLOV TOV TAEEMV
€vTOG TOL S10GTNUATOS GUYKAIONG. O Tapdy®yol aVTEG LTOPOVV
va g&ayHolv av Tapayoyicovpe TNV apylkn GELPAE OPO TPOG
opo:

Fle= S mele oy
n=1

') = nn — De,(x —a)" 2,

n=2
k.0.K. KaOepia and 11c oe1pég avtég cuyKAiveL o€ KaOE
E6MTEPIKO GMNUELO TOL SLAGTAUATOG GLYKALGNG TNG APY KNG
GELPAC.

Napadeiypa 4  E@appoyn Tng mapaywyiong 6po mpog 0po
Exopdote og popon oeipdg tig f'(x) kot f”(x) 6mov

fx) = _x=1+x+x2+x3+x4+~-+x"+---
= > x", —1<x<l.
n=0
Auon
) =—1— s=1+ 20+ 37+ 4+ T
I=x
= Enx"il, —1<x<l1
n=1
f”(x)=ﬁ=2+6x+ 1202 + -+ n(n — D2 + -
- X

M

nn— 1) x"2, —1<x<l1

n=2

OAokAnpwon dpo Tpog 0po

‘Eva dAro Oedpnuo Tov TPoy®pnUEVOL ATELPOGTIKOD AOYIGHOD WAG
EMITPENEL VO, OMOKATN POGOVILE OPO TPOG OPO 10, SLVAROCELPE og KAOE

oMUELO TOL SLACTHUOTOG GUYKALGNG.

Ocwpnpa 14  Bzwmpnpa oAokAnpwaeng 6po MPoG 6po
‘Ecto 611 M cepd

©

=3 e = ay

ovykAivelyloa — R <x <a + R (R > 0). Xtnv nepintoon avtn
n GEpa

o0 a)n+l
2 n+1

n=0
0o cuykAiveryiwa — R < x < a + R kat

© _ n+l1
ff(x)dx= 2 cn%ﬁ— C

n=0
yioa —R<x<a+R.



[Ipocétte Ot av KOl M apyLKN CELPA
tov [Mopadeiypatog 5 cuykAivel Kat
6T 600 GKPO TOL SLACTNALOTOG
oVYKMoNG, €V To0TOo1 To Ocmpnua 13
HOG €YYLATOL TN COYKALON TNG
TOPAYDYOL TNG CELPAS LOVO [éaa GTO
didotnpa.
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Napadseiypa 5  H ogipd tng ouvaptnong tan *x, —1=x=1
Bpeite pio KAELGTN GLVOPTNOLOKT EKQPUCT Y10 TT CELPA

35
f(x)=x—%+x§—..., —1l=x=1

Auon  Tlopaywyilovpe 6po mpog Opo TNV apylkn GEpd, OomoTe
ToipvovpE

fly=1—-x>+x*—x+ .., —-1<x<l.
Ipdkeital Y10 YEOUETPIKN Gelpd apytkod 6pov 1 kat Adyov —x?,
ondte
1 1

U R R e gy

Mrnopodue Tdpa va orokinpdcovpe v f'(x) = 1/(1 + x?) kot va Té-
povpe

' dx -1
xdx=f =tan x + C.
H oe1pd mov avtictoryel oty f(x) undeviletar yia x = 0, dpa C = 0.
‘Etot,

f=x-T 4Ty, —l<x<l

ERE I TR , .

2tnv Evotnta 8.8, 0o pabovpe 611 ev AOY® oe1pd GUYKALVEL KAl GTO
tan~! x Yo Ta xpa x = *1.

Napadeiypa 6 H ogipd tng ouvaptnong ln (1 +x), —1<x =1

H ceipa !
—1_ 2_ 3
T+ 7 l—t+t7 ="+ ..

ovyKAivel 6to avolytd ddotnuo —1 < ¢ < 1. Zvvenag,
I S T SO SO S |
1n(1+x)—f01+tdt—t 2+3 4+ .

34
- - = ces — < < .
3 4+ , 1<x<1

2
X X

xX— =+
2

IMap’ 61o mov 1o Bedpnua dev pag eyyvdtat yia To Tt cupPaivel 6To
x = 1, pmopet va anoderytel 6TL | GEPA GLYKALVEL TNV TIuN In 2.

NoAAanAaciaopog duvapoceipav

‘Eva tpito Oedpnuo Tov TpoympnuEVOL 0nelpocTIKOD AOYIGHOU WAG
AgeL OTL umopovpe vo Torramiactafovpe HeTaED TOvg dVO ATOALTMG
ovYKAivovoeg duvapooelpéc, cav va NTav Tolvavoud. [Ipokdntel €10t
pia vEa SLVAROGELPA TOL EMIGNC GLYKALVEL ATOAVTMG.

Oewpnpa 15  Bzwpnpa moAAanmAaciacpol Suvapoosipwv
AV OLA(x) = Dy a,x" ko1 B(x) = Dy bx" cuykLivovv
anolvteg yia |x | < R xat av

n

(G aobn ar alb,,,] ar azbn,2 + ...+ an,lb] ar anbo = 2 akbn,k,

TOTE N GEPA Dy C,X" B0 GYKAIVEL amolbTmg 670 A(x) B(x) 1o
|x| <R:

(io M”) : (io b,,x”) =3 e

n=0
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Napadeiypa 7 E@appoyn Tou Bswpnpatog moAAanAaciacpou
IMoALomA0GIAoTE TN YEOUETPIKN GELPA

Exn:1+x+x2+...+xn+...:%

v x| <1,
n=0 1_

LLE TOV E0LTO TNG MOTE VO TAPETE 10 SOLVOUOGELPE TOL TAPLGTAVEL TN
cvvéptnon 1/(1 — x)2, yua |x| < 1.

Auon "Ecto

A= ax"=1+x+x+ - +x"+ - =1/(1-x)
n=0

Bx)= X bx"=1+x+x>+ - +x"+ - =1/(1-x)
n=0

Kot

Cc, = aobn + albn_l + - 4+ akbn_k + - 4+ a,,bo
n-;lépot
A R P

n+ 1 gopég

Toérte, fdoel Tov Be®PNULATOC TOAAUTAACIACHOD GELPOV, M

o= (n+ x"
n=0 n=0

=1+ +3x7+4 + -+ (n+ Dx" + -

A(x) * B(x)

givat 1 og1pd mov avtictory el ot cvvéptmon 1/(1 — x)%. Kat ot §vo
oelpég ovyKAivouv amolvtmg yia x| < 1.
H nopandvo ceipd copnintel pe avtmyv tov IHopadeiypoatog 4, de-

dopévov 0Tl
d{ 1 _ 1
dx\1—x (1 —x)?

AXKHXEIX 8.6

Aaotnpata ouykAiong

Y11g Aoknoeig 1-32, (o) Bpeite v akTive Kot To StdoTni
ovyKMong kdBe oeipds. o moleg Tinég Tov x cuykAivel M
celpd, (B) amorvteg kot (y) ved GuvOnKN;

1.

DMs
=
3

3
Il
=

w
Ms

(=1)"(4x + 1)"

3
I
<]

=

I
Do
~
=

i
DMs
—
<

3
Il
=

N
M
+|2
[\*)

=
Il

S
N}

3

°
s

S
gk

S

o< 2

|
—
~
S
B

Ms

11.

3
Il

=}
=

4.

10.

12.

2. i (x +5)

Mg O\Ms i

ips

3

W

i
s

L 2n+1 o 2 + 3 2n+1
13. E X ‘ 14. 2 ( X )
n=0 N n=0
© % (_l)nxn
15 > —— 16. > ——2—
00 + n 0 n
17. 2 M 18. #
(Bx —2) 1=0 =04"(n )
19. 3 \/32,,’(" 20. > Vn(2x + 5y
n=0 n=1
L 1 n ; o .,
1)"(.X + 2)n 21. y;l (1 + ﬁ) X 22. ’; (ln n)x
n " .
(x =1y’ 23. 3 n'x 24. 3 0l (x — 4y
n=1 n=0
Vn 2 (=1 (x + ) o
X" 25. Y — 26. D (—2)'(n + I)(x — )"
n=1 n=0



28.

29.

31.

X (ZvpPovievbeite Tnv Acknon 75
g Evotnrag 8.4).

(ZvpPovrevbeite Tmv Aoknon 75
¢ Evotnrag 8.4).

0 (4x _ 5)2n+l 0 (3)C + 1)n+1
ngl n3? 30. ,gl 2n+ 2

0 (X + 77)" 3 (X _ \/5)2/14-1
DV R.Y
n=1 \/; ) n=0 2"

FeWpPETPIKEG TEIPEC
211g Aoknoelg 33-38, Bpeite to ddotnua cbykAilong kébe

ocelpdg. ‘Enetta, Bpelte T cuVAPTNGON TOL X TOL TOPLGTAVEL
1N GELPE OTO ECOTEPIKO TOL SLUCTNUOTOG CLYKALONG.

o ()C_ 1)2n © (X“F 1)271
2w M2
S(¥ ) % 5 sy
n=0 n=0

Oewpia ka1 mapadeiypata

39.

40.

41.

42.

Mapaywyion opo mpog 6po Bpeite Yo TOLES TILEG TOL X GUL-
YKAlvel ) oelpd

N ) IPSUIPAC SRR B B PRSI
1 2(x 3)+4(x 3)° + +< 2) (x—=3)"+ .

ITowo eivar to dBpotopd tg; ot celpd TpokdnTEL OV
napaymyiceTe 6po Tpog 6po; ['a moteg Tiég Tov X Gu-
YKALVEL 1] VEQ ALTY| GELPA, KOt TO1o TO GOpoloud t™g;

OAokAnpwon opo mpog 6po AV OLOKANPOGETE OPO TPOG OPO
™ oelpd g Acknong 39, nowa oepd naipvere; o mot-
£G TILEG TOL X GLYKALVEL 1] VEX 0LT oELpd; Bpeite tn ov-
VAPTNGT| TOL TAPLGTAVEL 1| GELPAL.

Auvapooeipa tou sin x H cgipd

GLYKALVEL GTO sin x Y10 KAOE x.

(a) Bpeite toug mpmdtovg €61 Opovg NG GELPAG TOL
cosx. ['ta moteg Tiég Tov x GLYKALVEL 1] GELPE ALTT;

B) AvtikobiotdvTtag 1o x pe 10 2x 6T GELPA TOL Sin x,
Bpeite pla oelpd mov cuykAivel 6to sin 2x yio KGOe
X.

(y) XpNOUOTOLDOVTOG TO UTOTELECIA TOV EPMTNUATOS
(0) kot TOALATAOGLALOVTAG TIG KOTAAANAES GELPEG,
Bpeite tovg mpdTovg €1 OPOLG TNG GELPAS TOL
2 sin x coS x. LUYKPLVETE TO UMOTEALEGUA GUG LLE OL-
16 mov Bpnkate ato (P).

Auvapooeipa tou e H oeipd

2 3 4 5
v — A X X
e—l+x+2!+3!+4!+5!+

GLYKALVEL 67O €' Yo kaOe x.

(a) Bpeite ™ oeipd tng cvvaptnong (d/dx)e’. MNmog
OLTT CLUTITTEL UE TN GEPd Tov €' EEnynote yio-
Ti.

43.

44.

45.

46.

47.
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(B) Bpeite tn oeipd g cvvaptnong [ e dx. MAnmg
LT GLUTITTEL PE TN GELPA Tov €' EEnynote yio-
Ti.

(v)

AVTIKOTAGTIOTE TO X UE TO —X OTN| GELPE TOv €
®oTE Vo pelte pia 0P TOL CLYKALVEL GTO e ' Yia
k60 x. 'Enetta molAanlacidote TIg 6eLpEG TOL €
Kol TOv e yio va Bpeite Toug mpdToug €61 Opovg

NG GELPAG TNG GLVEPTNONG e * * e'.
Auvapooeipa g tan x H oce1pd
_ X2 177, 62x°
n =Xt T s T 315 T asss

ouYKAvVEL 0T cuvaptnon tan x yio —7/2 < x < /2.

(a0) Bpeite toug mpdTOLG TEVTE OPOLE TNG GELPAS TOL
In |sec x|. T moteg Tiuég Tov x avTh cLYKAIVEL;

(B) Bpeite toug mpdTovg mEVTE OPOLS TNG GELPAG TNG
sec’ x. "0 TO1EC TIHEC TOV X TEPLUEVETE AUTH VO GL-
YKMVEL

(y) EAéyEete 1o amotéreoud cag oto (B) vymvovtag
GTO TETPAYOVO TN GELPE TNG SEC X TOL SIVETUL GTNV
Acxmnon 44.

Auvapooeipa g sec x H ogipd

2
14Xy 4y Ol 6
sec x 1+2+24x +720x+

271

8
8064~

GLYKAVEL 0T cvvaptno sec x yio —7/2 < x < 7r/2.

(a0) Bpeite Toug TpdTOLE MEVTE OPOLS TNG SLVUUOCEL-
péc g cuvaptnong In [sec x + tan x |. T'a woteg Ti-
UEG TOL X TEPIUEVETE CLTN VO GLYKALVEL,

(B) Bpeite toug mpdTOLG TEGGEPLS OPOLS TNG GELPAG
g sec x tan x. I'to moteg TIRéG TOL x TEPIUEVETE Q-
™ VO GLYKALVEL

(y) EAréyEete to amotélecud cog oto (B) moriomia-
clafovtag T GEPA TNG CLUVOPTNOEMG SEC X [LE TN
cGelpd NG tan x mov divetat otnv Acknon 43.

Movabikotnta ouykAivouoag duvapooeipdg

(@) Acifte 611 av 800 SUVUHOGELPEG D e a,X" KOl
> ob,x" ovykAivouy kot givar iceg Yo k60e x oTO
avolyto dtaotnua (—c, ¢), 101€ a, = b, yia k4O n.
(Yrodern: Boto f(x) = D e a X" = Y reeg byx". To-
paymyicte 0po mpog O6po Yo va dei&ete OTL Ta q,
ka1 b, 1eovvtar pe f7(0)/(n!).)

(B) Acitte ot av 2 iy a,x" = 0 Y10 k4OE X GTO AVOLYTO
dbotnua (—c, ¢), tote a, = 0 yio k6Oe n.

Abpoiaua tne oeipdc )y (n?/2") TIpokewévov va Bpeite
10 GBpoloua TG GELPAG OVTNG, EKPPACTE TN CLVAPTI-
on 1/(1 — x) oc yeopetpikn cepd, napoyoyicte (og
TPOG X) KATA LEAN TNV TPOoKLTITOVCO €EIGMGT, TOAA-
TAOGLAOTE KATG WEAN LE TO X, TOPAY®YIOTE EAVA, TOA-
hamhooidote pe to x Eavd, Kot Téhog 0€éote To x 160 ue
1/2. Tv noipvere; (IInyn: Emotoln tov David E. Dobbs
oto meptodikd Illinois Mathematics Teacher, Vol. 33,
Issue 4 (1982), p. 27.)

Juykhion oe akpaia onueia Agléte pe TapadElyHaTo OTL AV
pto SLVOUOGELPG GLYKALVEL O€ aKpaio ONUIELD TOL dl0-
GTNUATOG GOYKALGNG, TOTE B0 cLYKALVEL €iTE AMOADTMOG
elte VIO CLVONKM.
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48. Aiaotipata ouvykdiong Katookevdote pio SLUVOUOGELPG (@) (—3,3) ® (=2,0) (y) (1,9).
NG O0molug TO SIAGTNHE GVYKAONG Elval TO

Ig1pgg Taylor ka1 Maclaurin

CD-ROM
AiktudTomog

Kataokeun ogipwv  ©  Xepég Taylor ka1 Maclaurin - ©  TMoAuwvupa
Taylor e YmoAoimo moAuwvupou Taylor e  Ektipnon tou
umoAoimou ©  X@dApa amokomng ©  [livakag ogipwv Maclaurin
e Juvbuaopog ogipwv Taylor

H o€ Babog xatavonon tov YE®UETPIKOV GELPOV LAG EXETPEYE V. Bpi-
GKOULUE OLVOUOGELPEG TOL TOPLGTAVOLY OESOUEVEC GUVOPTNOELG KoL
GLVAPTNGELS TOL 1GOJVVAUOVY LE dEdOUEVEG duvapooelpéc (Lo TV
npobmobeon g oLYKAGNG, TAVTA). TNV Tapovca evotnto Oo avo-
TTOEOVUE WE EPYOAELD TOL AOYIGUOU U0 YEVIKOTEPT TEYVIKN KOTO-
OKEVNG SLVAROGELPAOV. XE TOAAEG TEPITTMGELS, Ol SLVUUOGELPES TOL
KOTOOKELALOVTAL £TCL ATOTEAOVY Y PNCIUES TOAVMVUULKEG TPOCEYYL-
GELG TV YEVVNTPLOV GLVAPTNGEDV TOVG.

Kataokeun ggipav
I'vopilovpe 0Tt €VTOC TOL SLOCTNUATOG GUYKALGNG TN, 10 SLVOUOCEL-
pa elval GLUVEYNG CLVAPTNOT KOl £YEL TAPAYDYOLS OA®V TOV TAEEWDV,
oAl TO avtifeto apaye woyvel; Av uta covaptnon f(x) €xel mopayo-
YOUG OA®V TOV TALEMV 0& KATO10 d1aGTNUe. [, UTOPEL VO EKQPOUOCTEL OC
dvvopocelpd 6to 1d1o didotnua 7; Kot av vat, [Le TOLOVE CLVTEAECTEG;
210 televtaio epOTNUO divetal e0KOAN amdvinon av vrobécovue
oTL 1 f(x) ToploTdveTal 0o TN oELpd

©

f@) =2 a,x—a)

n=0
=ag+ta(x—a)+ax—al+ - Fale—a)+
ue Betikn axtiva ovykAtong. Hopaywyilovrag dtadoyikd dpo tpog 6po
670 dtdoTnua cVYKAMGNG I, TalpvoLpE
f'x) =a, +2a)x—a) +3a3x —a)’ + - +na,x—a" +
f'x)=1-2a,+ 2 3ay(x —a) + 3 -4a,(x —a) + -
fr)=1-2-3a;+2-3 4a,(x —a) +3-4-5as(x —a)’ + -,
omOTE M 1-00TN TAPAYW®YOC, Yo KaOe n, glval
f"(x) = nla, + 4Opoiopa 6pov e Tapdyovia (x — a).
Ot Topondve eE16DoELS 1GYDOLY KUl Y10 X = a, OTOTE
f'a) = ai,
ff@) = 1:-2a,,
fM@ =1-2-3a;,

Ko, €V YEVEL,

f"%a) = nla,.

Ot Topondve TOTOL PAVEPDVOLY TOV TPOTO «TYNUOTIGULODY TOV GLVTE-
LEGTOV KAOE SUVOLOGELPAG D eg a,(x — @) 1 omoio cuYKAiVEL GTIC TI-
uég e foto I («mapiotavel Ty foto I»). H aelpd avtn o eivor pova-
kN (e@dooV vrdpyel, KATL TOL dEV €Y EL OKOUN OTOdELYTEL), KAl O n-
00TOG GLVTEAEGTNG TNG O £ €L TN LOoPPN
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Bioypa@ikd otoixeia

3

Brook Taylor
(1685-1731)

Colin Maclaurin
(1698-1746)

8.7. Xeipég Taylor ka1 Maclaurin 649

AR

n!

n

Av n furopel va tapactadel and kdnolo GEPA, N GELPE QLT OQEIAEL
va glval 1 e&ng:

F(0) = fla) + f(a)x — a) + f;(!“) (c—aP+.. +

f"a)
!

n

x—a)'+ . (1)

Topa ti0etat To epdTNRA: AV £QOVLUE Hio TUYODGO GLVEPTNON f TTOV El-
VOl ATELPES POPEG TOPAYM®YIGIUN 0€ SLAcTN [ KEVTPOL X = g, KOL Y PN-
GLILOTOIMGOVIE TN GLVEPTNCN AUTH Y10 VO TOPUYAYOVLUE TN CELPE TNG
E&iocmong (1), t6te Ba cuykiivel 1 celpd oty f(x) yio KGO x uéoa oo
I; H andvinon givol icog yia pepikég ocvvaptnoelg 0o cuykiivetl, yio
GALeC Sumg Oy L.

Ze1pgg Taylor ka1 Maclaurin

Opiopoi  Zzipd Taylor, ogipd Maclaurin

‘Ecto f ouvaptnon pe Tapaydyovs OAmv Tov tdéemy o€ Kade
OMUELO EVOG dLACTNUOTOG KAl @ KATOL0 E0MTEPLKO GNILELO TOV
daotnuotog avtov. H eeipa Taylor mov napdaystor and tny f oto
X = a gival

() i
LR - s+ r@e-a+ Lla-ar+ .+

1"(a)

n!

Gz = @)f" 4F oo0,

H oepa Maclaurin mov tapdaystor ano v f eivol

o (k) 0 "0 (n)o
kgof k§ )xk:f(0)+f'(0)x+f2(!)x2+ _|_fn(' )x"+ -

oniadn toobtar pue tn oeipd Taylor mov mapdyetal and v f 6to
x=0.

Napadeiypa 1 Eupeon oeipdg Taylor
No Bpebet n oeipd Taylor tnv omoia wapdyel n f(x) = 1/xctoa = 2.
Mo mowo onpeio (v VAP OLY) GLYKALVEL N GELPA 6TO 1/X;

Aiuon  Tlpémet va Bpodue 11 f(2),1'(2),f"(2), . . . . Hopaywyilovus,
OTOTE TOIPVOLUE

oy =x7", fo=27"=2,
Fro=—x2, £ = —i,
1) = 212, f”z(!z) —03= %
fm(x) — _3| x74’ f’"(2) = _i

3! 24’

U _ =y

(n) — 1\ —(ntl)
[P = (=1)nlx , PR




650 KepdAaio 8. Ameipec 0g1pég

Kavovpe Adyo yia tolvdvopo Taylor
Taéng n o oy fabod n S16t n f(a)
unopel va undeviCetat. Ta npota 300
roilvdvopa Taylor tov cos x 610 x = 0,
yia Topddetypna, givatl Py(x) = 1 kot
P(x) = 1."E101, T0 TOAV®VLLO TPMOTNG
ta&Ng etvat undevikob Pabuov, oyt
TPOTOL fadpov.

CD-ROM
Aiktudromog

H oeipd Taylor, Aowrdv, eivar

" (n)
Q) + £ Q) —2) +f2(!2) (x— 2 + - +fn! (-2 +
B R T ey N
_5 22 + 23 +( 1) 2n+] +

IIpoxettal yio yeouetpikn celpd ue apytkd 6po 1/2 kar Adyo r =
—(x — 2)/2. H ce1pd 0o cuykiivel arordtog yio |x —2| < 2, kot to
abporoud g Ba eival

1/2 1 1

1+x—-2/2 2+@x-2) x

¥10 mopaderypo avtd, 1 aepd Taylor mov mapdyetal and v f(x) =
1/x 670 @ = 2 Ba cuykAiver oto 1/x yio |x — 2| <2 8nh. yia 0 < x < 4.

NoAuvwvupa Taylor

Ipoppikonot®vTac pio da@opiciun cvvaptnon f 6e onueio a, moip-
VOULLE TO TOAVDVLILO

Pi(x) = fla) + f(@)(x — a).

Av 1 folabétel Tapayd®yovg LEYOALTEPNG TAENG GTO a, TOTE O dt00é-
TEL KOl TOAVMVOULKEG TPOCEYYIGELS LEYUAVTEPNG TAENG (Ui TpOCEYYL-
on vy kdbe mapdymyo). Ta moilvdvouo avtd KaAOOVTOL TOAVOVULLOL

Taylor ¢ f.

Op1opoG  MoAuwvupo Taylor Ta&ng n

‘Ecto f cuvdptnon pe topayoyoug k tatng yiek = 1,2, ..., N og
KOO0 SLAG TN TOL TEPLEY EL TO a MG ECOTEPIKO onpeio. [a
ka0e axéparo n and 0 Eémg N, to tolv@vopo Taylor taEng r mov
TapAyeTal ond TNV foTo X = a glval To eENg:

P.(¥) = fla) + f'(@)(x — a) + f2(A'“) C—a)l+ ..

(%), (n)
@ x—a)+ ..+ A n(!a) (x — a)".

T

Eidope 6Tt M ypapupikonoinom e f 610 x = a TopEYEL TNV KOADTE-
PN YPOUULKT] TPOGEYYIGN TNG f 01N YELTOVIA Tov a. Opoimg, Ta Leyolv-
Tepng taENC moAvdvopa Taylor mapéyovv Tig BEATIOTES (TOALOVULLLL-
K£&G) TPOCEYYIGELS TMV TOAV®VUUIKOV CUVOPTNCEMY OVIIGTOLY 0L Bab-
pov. (Aeite Tnv Acknon 58.)

Napadeiypa 2 EUpeon moAuwvipwy Taylor yia To €

Noa Bpebei n oeipd Taylor kot o toAvdvopa Taylor ta omoio Tapdyet
n f(x) =¢ otox=0.

Aien  Egodocov

flx) =€, f'(x) = ¢, R fOx) =€ ...,
Oa &yovue
Ff0)=¢" =1, f'0)=1, ce, o0y =1,....

H ceipd Taylor tnv omotla mapdyet n f oto x = 0 givat, Aotmdv,
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f(O)+f'(0)x+—fnz(!0)x2+«--+—f(nn)!(0)x"+m= 1 +x+%2+~- .

xk

E.
0
EE opiopod, avtn dev elvar mapd 1 oeipd Maclaurin tov ¢*. Onog Oa
dovue og AMyo, 11 GELPA VTN GLUYKALVEL GTO e* Yl KaOe x.
To molvmvopo Taylor tdEng n oto x = 0 lval

M

k

2 n
= A4 X
Py =1+x+%5 4 470

Agite to Zynua 8.18.
y

30— y= P3(x)

2,5

y=Px
2,0

ZxHMA 8.18 I'pu@ikn napdotacn
™me f(x) = e kot tv
molvovopuwv Taylor avtig
Px)=1+x

Pyx) =1+ x + (/2

Py(x) = 1+ x + (2/2!) + (/3)).

1,5

1,0

05~ [MpocéEte TV TOAD KOAY GuU-

QoVvio Kovtd 6To kKEvTpo x = 0.

x
-0,5 0 0,5 1,0

Napadeiypa 3 Eupeon moAuwvipwy Taylor yia to cos x

Na Bpebei n oeipd Taylor kol ta rolvdvoue Taylor To omoia wapdyet
n f(x) =cosxotox = 0.

Auon  H cvvéptnon cuvnuitdvou kot ot Tapaymyol tng eivat

fx) = cos x, f'(x) = —sin x,

f'(x) = —cos X, O = sin x,

F(x) = (—=1)" cos x, £ () = (=" 'sin x.
¥10 x = 0, T0. cuvnuitova toovvtal pe 1 kot ta nuitova pe 0, ondTe

£0) = (=1y, f200) = 0.

H ce1pd Taylor mov mapdyetar and tnv foto 0 elvar

" " (n)
f(0)+f'(0)x+1¥x2+1¥x3+~~-+J¥xn+~-
_ X ) PR S < N G V-
=140 x =240 x3+4—!+ +(—1) (2n)!+ —ZO o]

E& opiopov, avtn tavtiletal pe ™ celpd Maclaurin yio 10 cos x.
Apyotepa Ba Sodpe OTL 1 GELPA GLYKALVEL GTO COS X Y10 KAOE x .

Edcov f@D(0) = 0, ta tolvdvopa Taylor tov taEsov 2n kot
2n + 1 tovtilovrtat:
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Yy npdén onavifovy ot GLVOPTNGELG
OV, OVTUG UTELPEG POPES
ToPAYOYIGIULES, StafETovy GELpég
Taylor o€ pepovopéva povayo onpeio
TOVG.

2
(2 "
To Zynua 8.19 deiyvel mdéco motd Tpoceyyilovv TV f(x) = cos x Ta
TOAVOVLULA 0VTE KOVTE 670 X = 0. AdY® TNG CLUUETPLOG WE TTPOG TOV
agova y, Lovo 1o 6eE10 OKEAOC TV YPAPNUATOV TopatifeTol £0Mm.

7+7_

PZn(x) = P2n+l(x) = 21 41

DG

|
N IrAN
PRS

ZxHMA 8.19 Ta molvdvopo
( l)k 2k
P, (x
2= 3, a1

ovyKAivovv 6To cos x kabmg n — . H cuuneptpopd Tov cos x G€ av-
Oaipetn anootaon and v apyn uropet va eEaydel aniog kot pdvo
LLE YVAGT] TOL GLUVTIULLTOVOL KOl TOV TOPUYDY®OV TOL 6T0 X = 0.

Napadeiypa 4 Mia cuvdptnon f pe oeipd Taylor ouykAivouaa
yia kabe x, mou ouykAivel Opwe otnv f(x) povaxa yia x = 0

Mmnopet va deryfel (01 kot 1060 €0KOAN) OTL M

x=0
f(x) { —1/x* , x # 0
Zynua 8.20) €xel mapaydyovg AoV TV Tafemv 6to x = 0 xatl Ott
£™0) = 0 yio k4O n. Tvvenmg, n oepd Taylor mov mapdyetar omod
myv foto x = 0 gival

f”() 22

(n)
17(0) n

+ cee +
n!

JO) + 'O +
=040 x+0-x7+
=0+0+ - +0+

H cepd cvykiivel yio ké0e x (€xovtag 6pro 0), adlrd cuykiivel otnv
f(x) povaya yuo x = 0.

+0 X"

y
_ 0 x=0
- 77 eV x 20
| | | | | | | [
-4 -3 -2 -1 0 1 2 3 4

IxHMA 8.20 H ypagikn mopdotacn tTng cuvey oL ENEKTUONG TNG

— 2 ’ , r r r
y = e " «oplovtidveton oty apyf Tov afovov, ondte OAEG oL

nopdymyol tng undeviCovtat exel. (Iapddetrypa 4)
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[Mopopévouv avamdvinto V0 EPOTNLATO.

1. T moteg TIEC TOL X UTOPOVUE VO TEPIULEVOLILE OTL 1 oelpd Taylor
0o GuYKAIVEL GTN YEVVIATPLA GLVAPTNGNG TNG;

2. T16c0o a&iomioto mpooeyyilovy pia cuvaptnon € d0edoUEVO O1d-
oTnuo ta aviictolryo tolvmdvopa Taylor;

IMopoxdto Oo aTaVINGOVUE GTA EPOTALATO CUTA.

YnoAomo moAuwvupou Taylor
Xpetalduoote KAmolo LETPO TNG aKPiPELOg [LE TNV OTOL0 TO TOALVMVL-
po Taylor P,(x) mpoceyyilet Tnv Tiun g ovvaptnong f(x). o tov
GKOTO OLTOV Y PNGLULOTOLOVUE TNV £VVOLA TOL VTOAOiITOVL R, (x), TOL Opi-
Cetat o¢ e&ne:

J(x) = P,(x) + R,(x).

Axpipng | |IIpoceyyiotikn| |Yrdhoimo

| |

H anéivtn tun [R,(x)| = |[f(x) — P,(x) | xadeitar o@dipa tng Tpocéy-
yiomg.

Xapn oto akdrlovbo Bedpnuo UTOPOLULE VO KAVOLULE 10, EKTIUNON
TOL VTOAOITOL gvO¢ ToAvwvopov Taylor.

Oewpnpa 16  Bzwpnpa Taylor

Avn felvarn + 1 popég Tapoyoyicun oe €va avolryto
didotnuo I Tov TEPLEYEL TO @, TOTE Yo KAOE x 6To I, Oa vdpy el
aplOpndg ¢ petald TOV X Kol a TETOL0C MGTE

f"(a)

0 = a7 @c=a + 152 a4+ 10

n!

(x—a)"+R,(x)

Omov

S ()

m+m@_wm'

R,(x) =

To Bedpnpa Taylor arotelel yevikevon Tov Bewpnuoatog Léong Ti-
une (Aoxknon 49). H pakpookeing anddeign napatifetal oto Ioapdp-
Tmua 8.

Av R, (x) = 0 kaBng n — o y10. ka0 x oto I, Aéue 6T1 1 oetpd Taylor
TOL TAPAYETOL ATO TNV f GTO X = a GLYKALVEL TNV f 0TO I, KOl YpAQOL-
ue

0 (k)
fo =31 kﬁ“) (x — af.

Napadewypa 5  H ogipd Maclaurin tou €*
Agi&te 011 1 oepd Taylor mov mapdyetal omd v f(x) = e* ctox = 0

GLYKALVEL TNV f(X) Y10 KAOE TPAYLOTIKTY TULT TOL X.

Auen  H ocvvaptnon éxet mapaydyovg oAwv tov tdEemv o OA0 TO
dtdotnuo I = (—%, ) kat, Bdoet Tov IMapadeiypatog 2,

. X2 X"
e —1+x+j++E+Rn(x),

omov

e , ,
R,(x) = TES Xt Yo KA4molo ¢ neta&d Tov 0 Kat Tov x.
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Egpbocov n e* elval abfovca Guvaptnom Tov x, 1o e€ Keital HeTagl Tmv
e’ = 1xat e*. T opvnTikd x, 10 ¢ elvat eniong apyntikd, dnk. e“<1.
Mo x ico pe undév, e = 1 xar R,(x) = 0. T'a OeT1xd x, T0 ¢ €lvar emi-
ong Oetiko, dpa e < e*. Zuvenng,

|x ‘n+l
= =
Kot
n+1
< > 0.
|IR(x)| < e TEE v x>0
TéAhocg, emeldn
n+l
0 v KGO x, IMivaxac 8.1, Throc 6

Iim ——— =

s (1 + 1)
0o eivot lim,_,,, R,(x) = 0, ka1 dpa n celpd cuYKAIVEL 670 e* Yo kabe
X.

Ektipnon tou umoAoimou

[MoAAég popég pmopole Vo EKTILNGOVILE TNV TIUN Tov R,(x) Omwg Kd-
vape oto [Mapaderypa 5. H pébodog avtn eival toco by pnotn mov tnv
avayovue og Bedpnuo.

Oswpnpa 17  Be@pnpa ekTipnong unoAoimou

Av vapyovv 0etikég otablepég M Kol r TETOLEG MOTE

£ (@) | = Mr™*! yio ké0e ¢ petald tov a kat x, TOTE 10
LOAOLTO R, (x) Tov Bempnuatog Taylor Oa tkavomotel Tnv
avicoTNTA

rn+1| x—a |n+1

Av TANpoLVTOL 01 TOPUTAV® GLVONKEC Yio KAOE n, KoL ov M f
TANPol OAEG TIg LTOAOITEG GLVONKEC ToL Bempnuatog Taylor,
TOTE 1 GELPA GLYKALVEL TNV f(X).

Yta amhovotepa Topadeiypato taipvoous r = 1 epdcov 1 f Kot OAEC
ol Tapay®yol TG ival amoAbT®mg Ppayuéves omd pio otabepd M. Xe G-
AEC TEPIMTMOGELG dlvOLULE SLaPOPETIKT TIUN 670 r. [lo Tapdderypa, av f(x)
= 2 cos (3x), t6te kdOe mapaydyion TPocdidEL Evayv mapdyovta 3 katl £TGL
TO r TPEMEL va Yivel peyaAdtepo tov 1. Oétovpue Aomov €00 r = 3 Kat
M=2.

Ag dovpe pe pepikd mapadeiypato tong epapudiovpe to Oewpnuo-
ta Taylor kot gktipnong vroAioinov yia va g£etdoovpe ™ cOYKALON
ocuvvaptnoemv. Me ta Oewpnuota ovtd Hropodue ENIGNG VO TPOGILOPI-
coupe pe Toon axpifeia tpooceyyiletal pia cuvépTnon and KATolo To-
Avovopo Taylor.

Napadeiypa 6  Xepd Maclaurin tou sin x
Agi&te 6TL ) oelpd Maclaurin tov sin x GuykAiveL 6To sin x Yo KAOe x.
Auon  H cvvaptnon katl ot Topdymyol tng sival

flx) = sin x, f'x) = cos X,

f'(x) = —sin x, f"(x) = —Cos X,

FP) = (=1sin x, F*D(x) = (=1)* cos x,



8.7. Xeipég Taylor ka1 Maclaurin 655

ondte
F0) =0 Kot FED0) = (- 1)

H oe1pd &y et povaya dpovg meptttng dvvoung, kot ywn = 2k + 1, 1o Oe-
opnuo Taylor divel
3 XS (_ 1)kx2k+1

+ = — -

N
SIMAZX T TS 2k + 1)!

+ Ry ().
‘Oleg o1 Topdymyotl Tov sin x glval Kat’ amdALTN TIUN WKPOTEPEG M
iogg Tov 1, Gpa UTOPOVUE VO, EPAPUOGOLUE TO DedPNUO EKTIUNGNG
vroAoirov yio M = 1 xal r = 1, naipvovrog
|x |2k+2
< -—
|R2k+l(x)| =1 (Zk + 2)‘ .

Epocov (|x [*2/(2k + 2)!) = 0 xadg k — o , avelaptitmg Tne TIUNG
oV x, O Exovpe Ry, (x) = 0, kat dpa m oeipd Maclaurin tov sin x Oa
GLYKALVEL GTO sin x Yo KAOE x.

Napadeiypa 7 Xepd Maclaurin tou cos x

Agi&te 6T1 M oglpd Maclaurin Tov cos x 0o GuykAivel GTo oS x yia Kd-
Oe x.

Auon  And 1o Ioapdaderypo 3 naipvoovus to molvdvopo Taylor tov
cos x 670 omoio mpochétovue Tov 6po Tov voroinov. ‘Etot €yovue
tov tono Taylor yio to cos x pe n = 2k:
x2 x4 ‘ ka
=]l —-—=+=—-+ (= — + .

cos x =1 ST, (=1 20! Ry(x)
‘Oleg o1 TOPGY®YOL TOL COS X ELVOL KOT OTOALTN TIUN UIKPOTEPEC M
iogg Tov 1, omdTe TO Bempnua EKTIUNGNC LITOAoiTOL Yoo M = 1 kot
r =1 pag divel

‘ X |2k+l

|Ry(x) | =1 NeTEIE

Mo kaBe x, gival Ry, — 0 xabog k — © . Zuvenmg, N 6elpd cLYKAIVEL
GTO COS X Y10, KAO¢g x.

ZpadApa amokomng

H oe1pd Maclaurin tov e* cuykAivel 6to €' yia ka0e x, alAd péver ako-
un vo. paBovpe méGoLE Opove Y PELLOUACTE Y10 VO, TPOGEYYIGOVIE TO
e ue dedopévo Pabud axpifetag. Tnv tAnpoeopia ovtn pag divel o Oe-
M®PNUO EKTIUNGTNG LTTOAOLTOL.

Napadeiypa 8  YmoAoyiopog tou e
Yrnoloyicte 10 e pe coaiuo pikpdTepo tov 107°,

Auon  Xpnowonotobue tov tono tov apadeiyuatoc 2 yio x = 1,
ondte

e= 14140+t LR (D),
ne
R,(1) = ¢ @ 41 Dl yia kKamwoto ¢ peta&d tov 0 kat 1.

Mo tovg oxomobs Tov Tapadeiypatog, £0Tm o EEpovue 0Tl e < 3.
Eipoote Lowmov BéPatot 6t1
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1
(n+ 1)!

3

<R <

gpooov 1 <ef <3700 <c<1.

Aoxipalovtag Stapopa voduepa, Bpickovpe 611 1/9! > 107°, evd
3/10! < 107, Tvvendg, to (n + 1) Oa mpénet va eivar peyardtepo 1
ico tov 10, dnA. to n peyordtepo N ico tov 9. 'Etol pe cpdipa pi-
kpdtEpO Tov 1078, ypdpovue

1 1

3 1 -

Napadeiypa 9 H ouvaptnon npitovou w¢ moAuwvupo Babuou 3

Mo moteg Tipég Tov x uropodUe Vo OVTIKOTAGTIGOVILE TO Sin X LE TO
x — (x*/3!) ue cedipa pikpdtepo (Kot amdivtn Tiun) tov 3 X 1074

Aoon  Bdoet tov Hapadeiypatog 6, 1o x — (x?/3!) = 0 + x + Ox? —
(x*/3!) + 0x* ivor to moAvdvvpo Taylor tdéng 4, alhé kat TENS 3, Tov
sin x. Onote,

)C3

sinx=x—y+O+R4,

Kot To Oedpnua ektiunong vroroinmov yioo M = r = 1 divel

xP _|xP

Rl =1-% =50

"Eto1, 10 6pdipa 0o eivar pikpdtepo 1 ico tov 3 X 1074 av

| x |5 s 2Tpoyyviomolovpe
—<3X 1074, 51‘]7\.. oV |x| < V360 X 10 % = 0,514. mpog to kdtw, yio
120 va glpoote BEPatot

To Bedpnuo exTiunong eVOALUCGOUEVNG GELPAC MOG AEEL KATL
oL TO DeMPMUA EKTIUNGNG LTOAOITOL TOUPALEITEL: CLYKEKPIUEVA,
ot n ékppacn x — (x3/3!) «omoekTnd» 1o sin x Y10 OeTUCd X EMES M
nocotta x°/120 gival oty Tepintmon avty OTIKT.

To Zynua 8.21 deiyvel to ypaenua tov sin x, poll e ta ypoen-
LATO LEPIKAOV TPOCEYYLIGTIKMOV ToAL®mVOp®V Taylor tng cuvaptnenc.
Onwg Prémete, N Kapmon Py(x) = x — (x3/3!) dev Swupépet oyedov
K0OOA0L 0O TNV NUITOVOELON KOUTOAN 670 dtdotnue —1 = x = 1.

y
2_

Pl
1+~

| |
0 1 2
-1+
-2+

ZxHMA 8.21 To moALOVLLLO

B n (_l)kx2k+l
P2n+l(-x) - kz() (2k + 1)‘

GLYKALVOLV GTO sin x KaBmg n — o,
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8.7. Xeipég Taylor ka1 Maclaurin 657

Mivakag ceipwv Maclaurin

IMapabétovpe €0 pLePIKES 0mod TIG Y pNoIndTEPEG oELpEC Maclaurin and
aUTEC TTOL E1douE MG TOpa. XTI aoknoelg Oo cag {ntndel va ypnoiuo-
TOUNGETE TIG GELPEG OLTEG Y10 VO KOTUOKEVACETE AAAEG GELPES (T0.).,
TV cuvaptioeny tan ! x? | 7xe', k.0.x.). [Tapadétovue eniong ta dia-

GTNUHOTA GUYKAGTC.

Xeipég Maclaurin

1.#=1+x+x2+---+x”+m=2x” (Ix|<1)
1—x n=0
1 2 n — < n..n
2 =l oxha (—x) ;O( 1y'x (x|<1)
2 n * n
ef=l4+x+5 45 4= E X (yo xa0e mpayroTiko x)
2! n! =on!
. x3 xS x2n+l ® 211+l
. = _7+7_ “en + — n _— W
4. sinx=x-7+5 Dt 20 AT
(Yo kG0e Tpaypatiko x)
LR e 2
=1 - +2 -4 P g
5.cos x=1 -5+, (=1 ()] ,120( 1) o
(Yo kG0e TpaypatiKo x)
2 3 B
6. 11’1(1+X)ZX*XE+%*"-+(7])”_1%+~~- :E(_l)n—l%(_1<xsl)
3 5 2+l © 2n+1
B T I ST BV 1 v = 1y =~ x|=1
Totanx=x - T+ DS z( V5 i (xI=D

Zuvbuaopog oeipwv Taylor

Avo 1 tepiocotepeg aelpég Taylor uropolv (GTnV TOUN TOV S10GTNUA-
TOV GOYKALGNG TOVG) Vo TpocTtebovy, va apatpefody 1 pia ard tnv G-
AN, vo ToAlonhactachovy pe otadepEc N KAl WE SLVAUELS TOL X, £TCL
MGTE 1 TPOKVLTTTOLGA GELPA va elval Tail pio oelpd Taylor. H ceipd
Taylor tov abpoicpatog f(x) + g(x) elvar to dBpolcpa TOV GEPOV
Taylor tng f(x) kot g g(x) d16TL N n-00TN TOPAYOYOS TG f + g €lvar n
™ + g™ x.0.x. H ceipd Maclaurin tov (1 + cos 2x)/2 mpokORTEL GV
OVTIKOTOGTNGOVIE TO X LE TO 2x 6T 6€1pd Maclaurin tov cos x, mpo-
c0étovtag to 1, kot dtupavtag pe to 2. H oeipd Maclaurin tov sin x +
cos x €lvol To GOpoloura TV GELPMY TOL sin x Kot Tov cos x. H ceipd
Maclaurin tov x sin x TPOKOTTEL 0V TOAAUTAAGIAGOVUE OAOVE TOVE O-
povug g celpdc Maclaurin tov sin x Ueg TO X.

Napadeiypa 10  Eupeon oeipdg Maclaurin pe avuikatdotaon
Bpeite ) oe1pd Maclaurin tov cos 2x.

Auon  Xtov tOmo g oelpdg Maclaurin tov cos x, avtikabiotobus
TO x e 2x:

Ky n\2k 2 4 6 EE. (5) ne
cos 2x 2 (=120 =1- (2x) + 20" _ (29 4+ ... T02x0mM
k=0 (2k)! 2! 4! 6! 6¢om tov x
_ 227 | 2%t 2%
TR TR TR

B 22kX2k

=3

& @
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H E&icwon (5) woyvel yio —o < x < o0, 4po Kot yio —o < 2x < o0,
EMOUEVMS M| GELPA oL PpNkope cuykAivet yla kabe x. Abvovtag tnv
Aocxnon 54 6o telcbeite yioti n oelpd mov Bpnkape dev uropet va ei-
vat dAAn and ) cepd Maclaurin tov cos 2x.

Napadeiypa 11 Elpeon oeipdg Maclaurin pe moAAanAaciaopo

Bpeite tn oeipd Maclaurin tov x sin x.

Auon  TlollamAiocialovpe tov TOTO NG oe1pdg Maclaurin tov sin
x (E&lomon (4)), ne 1o x:

3 5 7
; — _X XX
xsmx—x(x 3!+5! + )

)C8

7

4 6

=2 X X
S TR T T

H npoxdntovca celpd cuykiivel yia kabe x, dedopévov 611 1 GEL-

pa Tov sin x cvykAivel yia kabe x. Avvovtag tnv Acknon 54 0o met-

of¢gite ylati n celpd mov Ppnkape dev umopet va gival GAAN and

oelpd Maclaurin tov x sin x.

AXKHZEIX 8.7

Eupeon moAuwvupwv Taylor
CD-ROM Y11 Aoknoeig 1-6 Bpeite ta morvodvopa Taylor taéewg 0, I,  Ztic Aoknoeig 15-20, Bpeite t1g oeipég Taylor mov mapdyo-

Awuéronog 2 ka1 3 Tov TOpAyovTOL and TNV £ GTO @ .

1. fx)=Inx, a=1
2. fx)=In(l +x), a=0

3. fx) =

4. f(x) =sinx, a= w4

5. f(x) = cos
6. f(x) = Vx
Eupeon ogl

x, a=ml4

, a=4

pwv Maclaurin

Eupeon osipwv Taylor

vtat and v f 610 X = a.

15. fx) =x3>—2x+4, a=2

16. f(x) =3x> —x*+ 2 +x? =2, a=-1
17. f(x) = 1/x*, a=1

18. f(x) =x/(1 —x), a=0

19. fx) = ¢, a=2

20. f(x) =2%, a=1

Ieipég Maclaurin

Kavovtog tv katdAinin aviikatdotacn, 6tmg oto [apd-

Bpeite tic oeipég Maclaurin yio tic cvvaptioelg tov  dstypa 10, Bpeite Tig ogipéc Maclaurin yio T1g cuVAPTNGELG
Acxnoeov 7-14.

7. e "
1
8. 1 +x
9. sin 3x
10. 7 cos (—x)
11. cosh x = e te’
12. sinhx = £ ;e_

13. x* — 2% — 5y + 4

14. (x + 1)

Tov Acknoesov 21-24.
21. ¥ 22, 2

23. sin <T;x> 24. cos Vx

Ieipég Maclaurin

Me KatdAAnin ypnon tov ceipodv Maclaurin wov divovtal
OTOV TVOKO TNG TEAELTOLNG eVOTNTOG, PpEite TIC GEpEg
Maclaurin yio T cuvaptnoelg Tov Acknioewv 25-34.

25. xe 26. x’sin x
AL 28. si NS
-5 COS X Ssinx = x4 5

29. x cos mx



30. cos’x (Ymdderln: cos* x = (1 + cos 2x)/2.)

31. sin’x

33. xIn (1 + 2x) 4., ——
(I=x CD-ROM
Ektipnon o@dApatog
35. Mdbete ypdpoviac T TOLEG KOTA TPOGEYYLOT TILES TOL X
UTOPOVLLE VO BVTIKOTOGTIGOVILE TO Sin x [1E T0 x — (x°/6)
MOTE TO TPOGEYYLOTIKO GOPAAUA VO UV LTLEPPULVEL TO
5 X 107%; AitioloyfoTe TNV OMAVINGT GaC.

36. Mdbete ypdpoviac Kavte pio €KTINGT TOL TPOCEYYIOTL-
KOO COUALOTOG OV OVTIKOTOUGTI|COVIE TO COS X UE TO
1 — (x*/2) yio |x| < 0,5. H mocdtta 1 — (x2/2) maipvet
UEYUADTEPEG 1 LIKPOTEPES TILES UTO TO COS X; ALTIOAO-
YNOTE TNV ATAVINGT GOG.

37. Ipappikn npoogyyion tou sin x T16co koA €lval N TPocEy-
yiom sin x = x yio |x| < 1073; T noteg and Tig Tipég
OUTEG TOL X 1oYVEL x < Sin X3

38. pappiki npoogyyion tou V1 + x Hrpooéyyion V1 + x =
1 + (x/2) ypnowonoteitot ylo pikpd x. Extipunote to
opdiua Yo |x | < 0,01.

39. AsutepoBdbuia mpooéyyion tou e

(o) Hrpocéyyion e =1+ x + (x2/2) ypnoiponoteitat
yio pikpd x. Me ypnon tov 0e@pnpatog eXTipnong
vroloinov ekTunoTE To GPaALN Yo |x| < 0,1.

B Tw x < 0, n cepd tov €° gival EVOALOGCOUEVT.
Xpnowonoimaote to Dedpnua eKTipnong evaiioo-
GOUEVNC GELPUG Y10 VO EKTILNGETE TO GOAALO TPO-
céyyiong tov e peto 1 + x + (x%/2) ya —0,1 < x
< 0. Zuykplvere TNV EKTIUNGCN GO LE VTNV TOL
KOvVOTE 0TO epmdTNUA (01).

40. KuBikn mpoogyyion tou sinh x ExXTIUNGTE TO GCOUALA TNG
npocéyylong sinh x = x + (x*/3!) yio |x| < 0,5. (Yndder-
&n: Xpnoomonote 1o Ry, 61 10 R;.)

41. Ipaupiki mpoogyyion tou e” T 0 < h =< 0,01, d&ikte 611 10
" umopet va mposeyyiotel and to 1 + h pe cdipa oyt
peyaAvTepo tov 0,6% tov h. O@cwpnote 6t ™" = 1,01.

42. lpooeyyilovtac to In (1 + x) pe 1o x To moreg OeTiég Ti-
UEG TOL X UWTOPOVUE VO AVTIKOTAGTNGOVUE To In (1 + x)
ULE TO X, OCTE TO TPOGEYYIGTIKO COAUALN VO UMV LTLEP-
Baivel To 1% tov x;

43. Extipnon tou /4 "Eotw 6Tt OEAOLUE VO EKTIUTGOVUE TO
/4 vroloyilovtog TNV katdAANAN celpd Maclaurin
¢ GuvapToNG tan~! x 610 x = 1. XpNoILOTOIRGTE TO
Oedpnuo extiunong evoAlacGOUEVIG CELPAG Yo VO.
TPOGdLOPIoETE TOGOVE OPOVG TNG GELPAG Y peldleate,
moTE N TPOGEYYION o0g Vo, £l akpifeta 600 dekadi-
KOV ynoiov.

44. Ppdyua tngy = (sin x)/x
(a) Xpnowonoote T oelpd Maclaurin tov sin x kot

10 Oedpnua extiunong eVOALUGGOUEVNG GELPAG
v va. dei&ete OTL

sin x

X x # 0.

2
1—%< <1,

(B) Mdbete ypdpovrag Ty edldoTe GE KOWVO GYNUOA TNV
f(x) = (sin x)/x ko1 Ti¢ cvvaptoelcy = 1 — (x2/6)

8.7. Xeipég Taylor ka1 Maclaurin 659

Koty = 1 yta —5 = x = 5. ZyoMdote N oyéon pe-
10 TOV KOUTUADV TOL GYNUOTOG.

AcutepoBadpieg npoceyyioeig

crwsronoe 10 TOALGVULRO Taylor ta&ng 2 mov mapdyetat omd t SimAd

Stapopiciun cuvaptnomn f(x) 610 x = a KOAEITOL ELTEPO-
Badpra mpootyyion e foto x = a. Xtig Acknoelg 45-48,
koleiote vo Bpelte
(@) ™ ypappikonoinon (roivdvopo Taylor taéng 1)
ctox =0

(B) ™ devtepofdduia tposéyyion e foto x = 0.
45. f(x) = In (cos x) 46. f(x) = &0
47. f(x) = 1/V1 — x? 48. f(x) = cosh x

Oswpia ka1 mapadeiypata

49. Oswpnpa Taylor kar Bswpnpa péong tiune EEnynote yoti 1o
Oeopnuo péong tiung (Evotnra 3.2, ®@eopnua 4) ano-
tehet €101kn mepintoon tov Oewpnuatog Taylor.

50. Ipaupikonoiiosgic os onpeia kaumis (Zvvéyeia amd v Evo-
wmra 3.6, Aoknon 49) Agi&te 6TL 0V 1) YPAPLKN TOPACTO-
o1 pog dmhd dtaeopiciung cvvaptnong f(x) €xet on-
UELO KOUTNG OTO X = a, TOTE 1 YPUUUIKOTOINGen ™G f
OTO X = a CLUTINTEL e TN dgvtepofaduia TposEyyion
™m¢foto x = a. Avtdg eival kat o AOyYog Yo Tov 0moio
N gpantopevn evbeia tatptalel 1060 KOAG GTNV KOUTO-
AN oTa CNUELN KOUTNG.

51. To (6eutepo) kpitipio beutepng mapaywyou XpMNOUYLOTOIN-
ote TV e&lomaon

16) = @) + £ @~ ) + T (o~ ap?

Y10 VL KOTOYVPMGETE TO akOAovBo KpLThplo.
‘Ecto 011 1 f €€l ouveyn mpdTn Kot debtepn mo-
paymyo kot Ot f'(a) = 0. Ztnv mepint®on avtn

(@) Hféyel tomkd péyioto oto a av f” = 0 og 6Ao 10
S1ACTNLO OTO E6MTEPLKO TOL OTMOLOL AVIKEL TO @.

(B) Hf éyettomkd ehdyioto atoa av f” = 0 ce 6Ao 0
S1AGTNLO GTO ECMTEPLKO TOL OTOLOL AVIKEL TO @.

52. KuBikn npoogyyion Xpnoiuomoinote tov Tomo tov Taylor
pea = 0katn = 3y va Bpeite T cvvnOn kuPikn mtpo-
céyyon e f(x) = 1/(1 — x) oto x = 0. Bpeite éva dvo
@PAYLO TOL TPOGEYYIGTIKOD GOAALNTOG Y10, [x | =< 0,1.

53. Beltiwon npooeyyioswy tou

(0) 'Ecto P pio mpocéyyion tov 7 e axpifeto n deka-
dikov ynelov. Aeiéte 6Tt 1 mocotnto P + sin P
npoceyyilel to 7 pe akpifeto 3n dekadikmdv yn-
olov. (Yrodeiln: @éote P = 7 + x.)

(B) Aoxipudote TO PLE £VO KOUTLOVTEPUKL.

54. H oeipd Maclaurin v omoia mapdyer n £(x) = > n-o ax" eivar n
> h-0a,x" H ouvaptmon mov opiletan and T Suvupocelpd
> yax" ue aktiva  ovykhong ¢ > 0 éysl osipd
Maclaurin mov cuykAivel otn cvvaptnon oe kabe on-
peto Tov dtootratog (—c, ¢). Amodeite TNV mTopUnaveD
npoTacn detyvoviag 0Tt | oelpd Maclaurin tmv onoia
TOPAYEL N F(X) = Do X" €lvar 1 18101 Dy @,x".
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Mia Guecn cuvETELD gival 0Tl GELPEG OTMG M
. X
xsinx =x2— 2+
Kot m

xze”=x2+x3+g+§—?+ XN
TOL TPOKVTTOLV OV TOALATACIACOVE GELpEC Maclau-
rin pg SLVAUELG TOL X, OALA KOl OLEG OL GELPEG TTOL TPO-
KOTTOLV LE TNV OLOKANP®OT 1 TNV TAPUYDYIGT LLOG
GLYKALVOLGOG dLVOHOGELPAS, €lval Ot 101eG Ol CELPES
Maclaurin T@v GUVEPTNCEDV TIG OTOLEG TAPLGTAVOLV.

55. Jeipéc Maclaurin yia dptie¢ kai mepitteg ouvaptrioeic 'Eotm
ot flx) = Efzo a,x" cuykAivel yio kd0e x 6To avolytd
dtdotnpa (—c, ¢).

() Aci&te 6TLav nfeilvat dptio, t0TEa; = a; =as = ...
= 0" 6Tt SNAadN M GELPE TG f TEPLEYEL LOVO APTLEG
SuvdLelg Tov x.

B) Aci&te 6tLov N felvarl meptttn, TOTE Ay = ay = a4 =
... = 0 0T1 dnAadn 6t M cEpd TG f TEPLEYEL LOVO
TEPLTTEG SLVALELG TOL X.

56. lloAuvwvuua Taylor mepiodikwv auvaptnoewv

(a) Aci&te Ot1 kGOe ovveyNg TEPLOSIKT GLVAPTNON
f(x), —o0 < x < o | gival amolOTOg @payreVn. Aelé-
e dnhadn Ot vrdpyel Betikn otabepd M tétola
dote [f(x)| = M yia kaOe x.

B) Aci&re 6TL T0 Yphonua kdbe moilvwvouov Taylor
Betikov Pabpod mov Tapdyetatl and TV f(x) = cos x
0QeLAEL TEALKA VO ATOLOKPOVETAL OO TO YPAPMLLA
Tov cos x kadmg to |x| avEdverar (Seite to TyNua
8.19). [Mapopota GLUTEPLPOPE £YOVLV TA TOAVMVULLOL
Taylor tov sin x (Zxnuo 8.21).

(a) Avo ypagripata Ty edldote G& KOWVO GYNUA TG KO-
pumorec y = (1/3) — (x3)/5 ko y = (x — tan~! x)/x3
Kot tnyv evbeta y = 1/3.

(B) Xpnowonomote pio KotdAANAN celpd Maclaurin
Yo Vo epumvevcete ta ypopnuota. [oto tiun éxet
70 6plo

X —tan 'x

lim > ;

x—=0 X
58. Ano dAa ta moAudvupa Babuou = n, to moAuwvuo Taylor taéng n
anotedel v kaAutepn npoogyyion "Eotw f(x) dapopioyn og
S1GoTNUO KEVTPOL X = a Kot OTL g(x) = by + by(x — a) + -
+ b,(x — a)" glvar molvdvopo Baduov n pe ctadepois ou-
VIEAESTEC by, . . ., b,. ' Ecto E(x) = f(x) — g(x). Agi&te 6Tt

av emifdiovpe oTo g TIg cLVONKEG

To TpOGEYYIOTIKO GO

(@) E(@) =0 undeviletot yio x = a.
) E(x) To cpdaipa eivat apeintéo
(B) lim =0, GUYKPLVOUEVO ULE TNV TOGOTNTA

x—a (x — a)"
( ) (x —a)".
t01¢

" (n)
80 =f@)+1@)x — )+ 0 = )2+ o+ Dy,

n:

Aniadn, To moivdvopo Taylor P,(x) gival To pévo ToAv®-
vopo Babuod pikpotepoLv N ioov e 1 Yo TO OTOi0 TO TPO-

GEYYLOTIKO CQAAUA Elval UNOEV GTO X = a KUl AULEANTED GL-
ykpwopevo pe to (x — a)".

YMOAOITXTIKEY AIEPEYNHZEIX

fpappikég, deutepoBadmeg ka1 TtprtoBadpieg
TIPOOEYYIOEIG

O torog tov Taylor yia n = 1 xat a = 0 divel T ypoppiKo-
moinon ptog cvvaptmong otox = 0. Mo n = 2 ko n = 3, 8i-
vel Tig ouvn0elg devtepofauieg Kot tpitofabuieg tpoceyyi-
GELG. XTIG 0OKNOELS TOL 0koAoVOOVY, KaheITTE VO StepELV-
GETE TO GOPAALOTO TOV TPOCEYYIGEMV AVTAOV. ZVYKEKPILEVO
tiBevtat 6o epoOTNHATA:

(o) T moteg TIéG ToL x pumopet vo aviikatactadel n
cuvaptnon and kobepio TPOoEYYIoN UE COAAULM
ukpdTEPO TOL 1072

(B) Toco elval To PEYIOTO GOAAUE TTOV OVOUEVETE AV
OVTIKATOOTIOETE TN GuVApTNoN pE kKobepio and Tig
TPOGEYYICELS AVTEG GTO SLAGTNHO TOL diveTat,

Me ™ xpnon KATolov GLGTNIATOG LITOAOYIGTIKNG GAYE-
Bpag, exktedéate 10, akolovba Bpata yia TIC GLVAPTNGELS
Kot ta dteotnpate Tov Acknoemv 59-64. Avto Oa cag fon-
Onoel va aroviioete ot epotroto (o) Kot (B).

Biua 1: Eyedidote ) cuvadptnon 6To dLACTNUO.
Tov diveral.

Bnua 2: Bpeite ta moivovopa Taylor Pi(x), Py(x),
Kot Py(x) otox = 0.

Bnua 3: Ymoloyicte ™ (n + 1)-ot moapdymyo
£ (¢) mov eppaviletar 6Tov THTO TOL LITOAOITOVL
ka0e molvwvouov Taylor. Ty edidote TV TOphy®-
YO GUVOPTNGEL TOL ¢ GTO 1610 S1GOTNUA Kol EKTL-
Unote ™ HEYLOTN amdALTN TIUN TG, M.

Bnupo 4: Yrokoyicte to vorowno R,(x) yio kéOe
TOAVOVULLLO. XPNGLULOTOLOVTOG TNV T M Tov B1i-
patog 3 avti yia v f7(c), oyedidote 1o R, (x)
oto kabopiopévo drdotnue. Koatoémy ektiunote
TIG TILEG TOV X TOL ATOVTOUV GTO £pOTNUA (01).

Bnua 5: Zuykpivete 10 EKTILOUEVO COAALA [LE TO
npaypatikd c@iiuo E,(x) = |f(x) — P(x)| oyedid-
fovtog 10 E,(x) oto dtaotnua. ‘Etot Oa arovince-
1e 6T0 epd@TNUA (B).

Bnua 6: yedidote o€ KOvO S1aypappe T cuvap-
NG KOl TIG TPELG TPOoEYYioels TG katd Taylor.
TyOAACTE TIG YPAUPLKEG TAPUCTUGELS OVAPOPLKA
pe 6ca pabate ota frpata 4 Kot S.

1

59. flx) = Vi |x| ==

60. f(x) = (1 + %2, —% =x=2
61. f(x):x2j_ o x| =2

62. f(x) = (cos x)(sin 2x), |x|=2
63. f(x) = e “cos2x, |x|=1

64. f(x) =e*sin 2x, |x|=2
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Epappoyég duvapooeipav

Mwvupikn ogipd yia duvapeg kai pideg  ®  Auogig S1apopikwv
eClowoewv oe popen osipwv  ©  Opia mou mepiAapBavouv
anpood10pIoTEG HopPEC ka1 umoAoyilovtal pe duvVaPooEIpES

e To&a epamntopévng

B0 J0VLE TOPO LLE TOLOV TPOTO Ol EMLOTNUOVES KOL Ol UMY AVIKOL X p1-
GLULOTOLOUV TIC SLVOUOGELPEC GE L0 TANOMPO EPAPLOYDV.

Movupikn og1pa yia duvdpeig kal pideg
H ce1pd Maclaurin tnv onoia mapdyer n f(x) = (1 + x)", 6T0L M givol
otabepd, eivat
mm—1) , mm—1)m—2) ,
a7 31 v
N m(m — 1)(m i)' (m—k l)xk n

1+ mx +

H ce1pd avtn, mov KoAeiTal SLOVOUIKT GELPA, CLYKALVEL UTOAVTMG Y10
|x| < 1. To va KoTaAHEOVULE GTNV TOPATAVED £KQPACT) TNG GELPAC, KO-
TOYPAPOLULE TPATA T1) GLUVAPTNGT KOl TIG TAPAYMDYOLS TNG:

f&) =1 +x"
f'(x) =m(l + x)"!
Jrx) = m(m = (A + x)y"?
£"(x) = m(m — 1)(m — 2)(1 + x)" 3

f(")(x) =mm— D(m—2) - (m—k+ (1 +x)"*.

Katomy tig anotipobue 6to x = 0 Kot 11 aviikafiotodpe 6Tov TOTO
¢ oelpdc Maclaurin, dcTe va Tapovpe TN SIOVLULKT CELPA.

Av o m gival aképatog peyaldtepog N ic00g Tov UNdevog, n ceLpd
otapatd petd onod (m + 1) dpovg, d16TL o1 cuvterestég and k = m + 1
Kot epegng undeviCovrart.

Av 0 m dgv gival Oetikdg aképatog 1 undév, N oelpd eivat dmeipn
Kot cuykiiver yia | x| < 1. T va deite yroti cvpPaiver avtod, £otm u, 0
dpog mov meptéyet o X, Epapuolovpe 1OTE TO KPLTHPLO TOL AOYOUL Yia,
anoALTN GUYKALGT, omtdTE PAETOLULE OTL

Ut
Uy

m—k
X

1 — | x| Kabag k — .

H dc topa avédivon amodeikviel povaya 0Tt 1 dLOVLUULIKT GELPA
napdyetar ard v (1 + x)" kat 611 cuykAivel yio [x| < 1. Aev anodei-
Eape 6TL M oElpd cvykAivel otn cvvdptnon (1 + x)". Etotl copPaivet
OVTMOC, 0AAG avtd Ba To deyTovUE Y ®PIC AmOdEE.

Awvupikn cg1pd .
Mo —1 < x < 1, 10y0e1 611 (1+x"=1+ E(r]?)xk,
k=1

6mov e opiood m) - m\ _ mm — 1)
pop 1 m, ) 5 ,

(m)zm(m—1)(m—2)“'(m—k+l) k=3,

k k!
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Napadeiypa 1 Xpnon tng SiwVUPIKNG 0€1pag

TIN'om = —1, elvon
-1\ _ -1\ _ —1(-2) _
)= ()=

- —1(=2)(=3) = (=1 —k+1
(1)2 (=2)(=3) - (—1 =k + )Z(_l)k@):(_l)&

Kot

k k!

Me auTéG TIG TIHEG Y10 TOVG GUVTEAEGTEG, O TUTOG TNG OLMVULUIKNG
GELPAC OLVEL TN YVOGTN LOG YEMUETPLKN GELPA

1+x) =1+ i(—l)kxkz l—x+x>—x3+ .+ D%+ ...
k=1

Napadeiypa 2 Xpnon tng S1wVUPIKNG 0€1pag

I'vopifovpe and v Evotnta 3.6, Iopdderypo 1, 011 VI +x = 1 +
(x/2) Y10 pikpd | x|. T m = 1/2, 1 Stwvopikf oetpd puég mapéy et me-
PULTEPM TPOGEYYIGELG TNG GuvapTNoNg V1 + x, HEC® TOALO®VOUMV
dEeLTEPOL M KOl LEYOAVTEPOL Babpo, evod e To Bedpnuo EKTIUNONG
EVOALUCGOUEVNG GELPAC UTOPOVUE VO EKTIUWCOVUE TO AVIIGTOLYO

Soia: (;) (_;) 2 (5) <‘§> <_;> E

1/2 — X
(1 + x) —1+2+ o x°+ 3

1
2
2

XX x5t
R R TR DT

AvTikaO1oTOVTOG TO X KOTUAANA®MG, TOIPVOLUE TPOCEYYIGTIKES K-
PPAGELS Yo dLaPopeC AAAeg cuvaptNoels. [o tapddeiyua,

2 4
Vi-@=1-5-% 1o pikpo | |
1_1% 1 I Yo piKpo 1 oM. yio peydro | x|
X 2x 8y X\ - .

Auoeig d1a@opikwV EE10WOEWV GE HOPPN GEIPWV

Otav dev umopovpe vo BPOVULE o GYETIKG ATAN EKPpaon TG AOoNg
eVOG TPOPANUOTOC apy KOV TIH®V (dNA. piag dtapoptkng e&icmong),
npocnabodue vo «yniapicovne» T AOGN He aAlovg tpomovg. ‘Evog
€€ LTOV E1VAL VO TNV EKPPAGOLUE GE LOPPT] OLVALOCELPAG. AV AVTO
glval eQ1KkTO, TOTE 1 SLVALOCELPA UGG EQOOLALEL LE TOAVMOVUULKEG
TPOGEYYIGELG TNG AVONG, TPAYLO TOL UTOPEL VO LOGC OLPKEL Y10 TN GL-
vkexpinévn gpapuoyn. To mpaoto napaderypo (Iapdderypo 3) ava-
eépetol o€ po TpmTotaéla ypapulkn dtagopikn e&iocmon mov umno-
pet va Avbet pe pebodovg mov Exovpe oM det. Mmopel dumg va Avbet
Kot pue duvapoocelpés. To devtepo mapaderyno (Iapaderyua 4) €xet
va kavel pe o eEicmon mov dev Abvetal pe pebodovg mov Eyovue
NOM avoQEPEL.
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Napadeiypa 3 AUon o€ popen og1pdg MpoBANPATOC APXIKWV
THWOV
Noa Avbel to TPOPANUL OPYIKOV TILOV

y—y=x, y0)=L1

Aton  "'Eoto 611 vrdpy et AOGn TS LOPPNC
y=ag+ax+ax’+ ... +a_x""+ax"+ ... (1)

216)0¢ pag €ivol vo Bpovie TOLG GUVTEAEGTEC a; £T0L MGTE M GELPA
KOl 1) TPOT TNG TOPAYDYOS,

y =a, + 2a,x + 3ax> + ... + na X+ L. (2)
Vo 1Kavoroloby 1 dobeica dtapopikn e€lcmoT Kol TNV apylKn GLV-
Onkn. H oeipd y' — y elvar n drapopd tov oetpav (1) kot (2):
y —y=(a, +ay)+ Qa,— a;)x + Bay — ay)x* + ...
+ (na, —a, )X '+ ... (3)
Av 1 y wkavorotel Ty g§iocmwon y' — y = x, 101€ N ce1pd tng EEL-
cwong (3) Oa 1eovtal pe x. Katr epdcov n avanapdeTtacn Lo Gu-
VOPTNGEMG LECH SLVAROGELPAOV ELVOL LOVOIIKT, OTMG EIOAUE GTNV

Aocknon 45 tng Evotnroag 8.6, o1 cuvterheotég otnv Eicmon (3)
0QEILOVY VO 1KOVOTOL0VV TG £E10MOELG

a, —ay=0 Srabepoi dpot
2a, —a; =1 SUVTELEGTEG TOL X
3a; —a,=0 Tuvteheotég Tov X2
na, —a, =0 Sovteleotég Tov X!

Amnd v E&ilowon (1) Brémovpe 0tLy = a yiox = 0, ondte ay = 1 (ap-
ykn ocovOnkn). ‘Exyovpe hotmdv

1 a 1+1 2

(10—1, ap,=dag=1, a, = ) —72 —*2,
—Q—L—l —a”’l—l
37373230 ’ =" T

Avtikafiotodvac tovg cuvtelestéc avtovg oty E&icmon (1) mtaip-
vouue

2 3 n
y=l+x+2°%+2-%+m+2'%+"-
_ XX X"

.

Y

Yelpd Maclaurin tov e —1 —x
=1l+x+2e"—1—x)=2"—1—x.

H Abom tov TpoPANUOTOC 0pyIKOV TILOV elval Aotmdv y = 2¢*— 1 —x.

Enainbebovpe:



664

KepaAaio 8. Ameipeg og1pEg

y0)=2"-1-0=2-1=1
Kot

yV—y=2—1)— 2" —1—x)=x.

Napadeiypa 4  EmiAuon dragopikng e€iowong
Noa Bpebel 1 Adon g Hopen SLVOULOGELPAS TNG
Yy +x%y =0. (4)

Auon  YrmoBétovue 011 vIapyEL ADGT TG LOPPNE
y=ag+ax+ ax*+ ... +ax"+ .. (5)

Kot BploKOLILE TOLO1 OPEILOLY VA E1VOL Ol GUVTEAEGTEG ) OVTMG MOTE
N oEpd Kot n devTEPN TAPAYWYOS TNG

y'=2a,+ 3 2ax+ ... + n(n — Dax"* + ... (6)

va ikavorotobv v EEicoon (4). H ceipd tov x%y 1covtar pe x2 eni
™ Ge1pd Tov y, onodTe, amd TV E&lcmon (5) éxovpe:

X%y =apx’ + axP + axt+ .+ a X"+ L (7)

H ceipd tov y" + x%y givat 1o dOpotsua tov celpodv tov Eéichcenv
(6) xau (7):

Y + x%y = 2a, + 6asx + (12a4 + ag)x* + (20as + a))x>
+ ...+ —Da, +a,_)x" >+ ... (8)

IMpocéte 6TL 0 cLVTELESTHC Tov X' 2 oty Eticwon (7) eivot a,_y.
Av 1ta y xat y" ikavonotovv tnv ESicmon (4), o1 cuvteleotég kabe 50-
VOUNG ToL x 0T0 0eE10 néLog ¢ EEicmonc (8) Oa mpémet va undevi-
Covtat:

2a, =0, 6a;=0, 12a, + ay = 0, 20as + a; = 0, 9)
Kot yio kabe n = 4,
n(n — Da, + a,_4 = 0. (10)
BAérmovpe and v E&icwon (5) o1t
ay = y(0), a; = y'(0).

Me GAho LOYLa, 01 dVO TPATOL GLVTEALEGTESG TNG GELPAG ELVOL O TIUEG
tov ykaty vy x = 0. Ot EEiomncelg (9) kot o avadpoutkdg TOmog tng
E&icmong (10) pog emitpENOLY VA LTTOAOYIGOVILE TOVG VTOAOITOVS GL-
VTEAEGTEC GLUVOPTNGEL TOV 4 KAl ;.

Ot dvo mpatec and tig EEilomoseig (9) divouv
a, =0, a; = 0.
H E&iocwaon (10) diver a,_, = 0, onote a, = 0, mTov onuoivel 6Tt
ag =0, a; =0, ay =0, a; =0,

ko Ott undeviletar emiong kdle GAlog cuvtelectng a, UE el
n = 4k + 2 M 4k + 3. T'ta TOLG LTTOAOITOVG GUVTEALEGTEG, EYOVILE

—dp—y

b= = 1)’

onoTe
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4.3 87 8.7 3-4-7-8°
—dg —dy

T2 T3 4-7-8-11-12

Ko
. Tay _ —das a
5754 YT9.874.58-9°
_ag _al
aps =

“12-13 4-5-8-9-12-13°

INa arodntikove Adyovg, ek@pdlovue TNV TEALKN AOoM ¢ dBpoioua
000 GELPDOV, 1 L0 LLE GLUVTEALEGTN TO dy, 1 GAAN UE TO a;:

_ _x4 xS _ x12
Y= “0(1 3-473:.4-7-8 3-4-7-8-11-12

5 x9 X13

_x — e
+a1<x 4-5+4.5-8-9 4°5-8-9-12'13+ )

Kot o1 dVo avtéc oelpég GLYKAIVOLY OTOAVTMG Y10 KAOE X, OM®G Tpo-
KOTTEL E0KOAQ OO TO KPLTPLO TOL AOYOU.

‘0p1a mou mepiAapBdvouv anpoadiopIoTEG HOPPES KA
umoAoyiovtal pe duvapoceipEg

Mepikég QOpEG UTOPOVUE VO, LTOAOYILOVUE ATPOGILOPLOTEC HLOPPEC
eKQPGLovVTug TIC OYETIKEG GLVOPTNOELS WG oelpég Taylor.

Napadeiypa 5  Opia ka1 duvapooeipég

YrnoAloyiote T0O

sin x — tan x

lim 3

x—0 X

Aoon  H ceipéc Maclaurin tov sin x kot tan x, péypt 1ov 6po x°, &i-
vat

3 xS .X3 2x5

; — X X — Xoo g 2X .
SIn x = Xx 3!+5! s tan x x+3+15+ .
‘Etot,
Sinx_tanx:_i_i_"'ZXS _l_‘xi_
2 8 2 8
Kot
lim sinx—tanx:lim 1oxr
x—0 x3 x—0 2 8
- _1
3

XpNoponotdvtag Aottov Gelpéc yro tnv evpeon tov lim,_, ((1/sin x)
— (1/x)), Bpiokovue dy1 pévo to {nrodpevo dpro orhd kal Evav mpo-
GEYY1oTIKO TOTO Y10 TO CSC X.

Napadeiypa 6  Opia ka1 duvapooeipég

No Bpebel to
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Aton
3 5
x—(x—)?i'—f—);— )
1 1 _x—sinx_ )
sin x X X sin x ‘ _x3+x5_
X X ? §
(1 X2 2
— - 4 .. 1 X
x<3' 5! ) 3 st
2(q X L -4 -
x(l 3!+ ) 1 3
YUVETMC,
1 x?
7_74_...
. 1 1\ _ .. 3! 5! _
}cl—{r(} sin x X —11_133 s | =0
=X 4+ ...

Kl
Amnd 10 Tebevtaio kK dopo BrEmovue 6Tt Yo pikpd |x | Oa oy det

S csc x = % + %

N
316

To&a epantopévng

2nv Evotnta 8.6, [Mapdadetypa 5, BpnKape pio EKQpacn € LOPQPT| GEL-
péc ywo v tan ! x, mapayoyilovtac v (Gyvootn, TOTE) GuvapToN
d

£ tan'x = 1
dx 1+ x?

=1 —x2+x*—x+ -

KOl GTT GLVEY ELD OLOKAN POVOVTAG,

Qc1660, dev amodei&ope To Oedpnuo OLOKANPOGNG OO TPOC OPO, KA-
TL TOL M TEAELTOLN EKQPACT] TPOUTOOETEL. B0 avamapaydyovue TOPL
™ cepd ¢ tan ! x, oAokAnpdOVOVTAC KOTd LEAT TOV TOTTO

(_ 1)n+lt2n+2

1
1+ 12

=1— 4+ =04+ (D) +

1+

OTOV 0 TEAELTULOG OPOG TPOEPYETAL ATO TNV AOPOLCT TOV LTOAEITOUE-
vov 0pov DemPOVUEVOV ®C YEOUETPIKN GELPG UE APYLKO OpO a =
(=112 2 ka1 Aoyo r = —12. OhokANp®VOVTAC KOTG LWEAT TNV TELEL-
taio eélcowon and = 0 €é0¢ ¢ = X TALPVOLUE

w

X x2n+l

Ty = X b =1y +R
tan!x = x — % ST ( )2n+1 (n, x),
Omov
x _l n+1[2n+2
R(n,x) = D dr.

o 1+1¢2
O TapOVOUOGTNG TNG OAOKANPMTENG TOCOTNTAG ELVOL LEYUAVTEPOS N
icog tov 1" étot,

‘ X |2n+3

2n + 3’

[x]
|R(n, x)| SJ 12 dt =
0

TMa x| = 1, 10 88£16 péhog g avicOHTNTAG AVTAG TEIVEL 6TO UNdEV Ka-
Oidg n — . Tuvenag, lim, ., R(n, x) = 0 y10 |x| = 1 ka1



AxolovBobpe ™ pébodo avtn, avti Tov
anevbeiag vToLoyIoLoD TNG CELPAG
Maclaurin, 16Tt o1 TOTOL TOV
TOPOYDYOV LEYOADTEPNG TAENC TOL
tan~! x yivovtal moldmAokot.

Leibniz:

®¢tovtacx = 1 6tn GEpd Tov tan~

aw
4
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B © _lnx2n+1
tan1x=2( ) x| = 1.
n=0

2n+1 °

! x maipvoupe tov Leydpevo tHmo Tov

11 1 &
5 7t 7

! m+1

+

1
3

H oeipd avth cvuykiivel eEatpetikd apyd yia va Y€l KATOL0 Y PNCUO-
T, TPOKEWEVOL Yo deKadIKEC Tpooeyyioelg tov 7. [Ipotindtepn
Y10 TOV 6KOTO avTdV €lval  xpNomn Tov TOToL

7 =48 tan”' — + 32 tan"' —= — 20 tan"'

-1l -1 1 1
18 57 239°

OOV Y PNGLULOTOLOOVTOL TILEC TOL X EYYVTEPH GTO UNOEV.

AXKHXEIX 8.8
MVUPIIKEG GEIPEC

Bpeite Toug TpOTOLG TEGGEPLS OPOVG TOV SIOVLUIK®DV GEL-
POV Y10 TIG CLVOPTNOELS TV Acknoemv 1-10.

L+ 9" 2. (1+x)0

3102 4. (1 - 20"

5, <1 +1>72 6. (1 —1>72
2 2

7. (1 + 20y 8. (1 +x2)13

1 1/2 2 1/3
o (141 o (1-2)

Na BpebBodv ot S1oVUULKES GELPEG Y1 TIG GUVOPTNOELS TOV
Acknocsov 11-14.

11. (1 + x)* 12. (1 + x%)°

4
_ X
14. (1 2)

NpoBAnpata apxikwv TIHWV

Bpeite Moglg 6€ popen CELPOV Yia Ta. TPOPANUOTO apyL-
KOV TILOV Tov Ackfoewv 15-32.

15. y+y=0, y0) =1 16.
17. y =y=1, y0)=0 18.
19. y —y=x, y0)=0 20.
2.y —xy =0, y0) =1 22.
23. (1 —x)y' —y=0, y0)=2
24. (1 +x%)y" +2xy =0, y0)=3
25. y"—y=10, y(0)=1xaty0) =0

26. y"+y=0, y'(0)=0xay0) =1
y'(0) = 1 ka1 y(0) =2
y'(0) = 2 xa y(0) = —1
29. Yy —y=—x, y(2)=-2xauy?2)=0
30. ' —x}y =0, y'(0)=bxouy0)=a

13. (1 - 2%)°

Y =2y=0, y0)=1
y(0) =2
»0) = —1
y —xy =0, y0)=1

yHy=1
y +y=2x,

27. y"+y=unx,

28. y' —y=unx,

3.y +xy=x, y'(0)=bxary0) =a

32,y =2y +y=0, y(0)=1x0y0) =0
Npooeyyiovtag 0AoKANPWTIKEG CUVAPTNOEIG
pe moAuwvupa

e kabepio anod g Acknoelg 33-36, Bpeite éva moALOVLULO
nov mpooeyyilel v F(x) oto d00Ev didotnua, pe uéyebog
GOAUALOTOG L1KPOTEPO TOL 1073,

33. F(x) = J sin 12 dr, [0, 1]
0

34. F(x) = f e " dr, [0, 1]
0

35. F(x) = f “tan'rdr, (@)[0,0,5] (B)[0. 1]

0

36. F(x) = f:wdu (o) [0, 0,51 (B) [0, 1]

Anpood10p10TEG HOPPES

Bpeite ta 6pra tov Acknoewv 37-42 pe xpnomn celpov.

— (1 + 1 - t— (%2

37, 1im & LD 38, lim 08— (/2)

=0 ¥ =0 4

) tan"'y — sin

39. lim XX — 1) 40. lim — > "0

x—>® )'*)0 y» cOS y

o In(d+x) . .

. _— . +

4 1xlir(} 1— cos x 42 122 1 Smx +1

Oswpia ka1 mapadeiypata

43. Sepatouln (1 —x), x| <1 AvVIKOTOGTAOTE TO X LETO —X
ot oeipd Maclaurin tov In (1 + x) €101 ©®cTe Vo TdpeTe
™ oepd tov In (I — x). Katomy agaipéote avtd mov
Bpnkate amd ) oeipd Maclaurin tov In (1 + x) yio vo. d&i-
Eete OtL v |x| < 1, 1oybet

1+x X3, x
LX)
1nl—x 2<x 3 5 )
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44. Mdabete ypdgpoviac Tldoovg dpovg tng oelpdg Maclaurin
tov In (1 + x) mpénel va couneptidfete ®oTE va €10TE
BéParot 611 vroroyilete to In (1,1) pe péyebog coaipa-
toc pwkpdTepo tov 1078 Arttohoyfiote v andvinon
Gag.

45. Mdbete ypapovrac Topeova Le 1o Oedpnua eKTiUnong
EVOALOGOOULEVNG GELPAS, TOGOLG OpPOVG TNG GELPAG
Maclaurin tov tan™! 1 npénel va copnepiiifete dote
va eiote BéPatot 6t vmoroyilete to w/4 pne péyebog
cealpatog mkpodTepo tov 1073 Artioloynote v and-
Vinomn cog.

46. Seipa Maclaurin tou tan ' x  Agi&te 6t ) oe1pd Maclaurin
e f(x) = tan™! x amokAivel yo |x | > 1.
1

47. loAuwvupo Taylor Tou sin™* x
(0) XpNOLOTONOTE TN SLOVLULKT] GELPA KUl TO YEYO-
voc Ot

L I N
s 1—-x7)

MOTE VO TAPAYAYETE TOVG TPMTOLE TECTEPLS UM UN-
devikovg 6povg g celpdc Maclaurin tov sin~! x.
ITowa eivar n axtiva cOykAiiong;

(B) NoAvavupo Taylor tou cos ' x XpNOGYOTOINGTE TO

amotélecpa (o) Yo va Bpeite Toug TPMTOVG TEVTE
un undevikovg O6povg g oelpds Maclaurin tov
cos 'x.

48. Jeipa Maclaurin tou sin™' x OAOKANPOOTE TN SLOVULHLIKN
oepd g cuvaptioeng (I — x?) 12 yia va deifete 6T
v x| < 1, 1oy0et

L 13.5. (27’1_ 1) x2n+l
"x=x+ :
s A= ,;1 246+ -2n) 2n+1

49. Seipd tng tan ' x ypia |x | > 1 TIpokeyévov va deiete 0Tt

T 1 1 1

1, =7_1 _
tan ) x+3x3 5x5+ , x>1
- T 1 1 1
=T 4+ - 4. <-1
tan " x 5 X 30 50 , X
OLOKANPOGTE TN GELPA
1 1. 1 1 1.1 1,
== S-St ——+

T+ 2 1+1/tY) ¢

amd x £0G % GTNV TPAOTN TEPIMTOOT, KL OO —%® £MC X
otn devtepn.

50. H oipn tou Yo tan™! (2/n%)

(0) XpNOOTOINGTE TOV TOTO TNG EPATTOUEVNC d1aPO-
pag 000 YoOVIOV Yo vo del&ete 0Tl

tan(tan '(n+ 1) —tan"' (n — 1)) = =
n

2
2
KOl GLUVETAS OTL
tan"' 2 = tan" (1 + 1) — tan” (n — 1).
n
(B) Aci&te 6T
S 2 T
> tan' =S =tan”' W+ 1) +tan”' N~ 7.
n=1 n 4

() Yrnoloyiote 1o Do, tan~! (2/n?).

m Ig1pgg Fourier

Zuvteleotég ogipwv Fourier

XUuykAion ogipwv Fourier

® [lepiodikn enektaon

Meletdvtag TV aywyn 0eppuotnTog Kotd piKog vog Oepuikd Lovoué-
vou coAnvo peydiov unkovg, o I'dAlog pobnuatikdg Jean-Baptiste

CD-ROM Joseph Fourier avtipetonios 1o (TN TOL TOG UTOPEL 10 GLVAPTNON
AIKTU (')'IZOITOC f(x) va. exppoctel ¢ TpLyovopreTpikn oelpd. Ievikd, av n f(x) opiletor
F ) , 670 dtdotnua —L < x < L, {ntodue vo Bpodie TOUG GUVTEAEGTES ay, a,,,
@ Bovpagika otoxeia o p (4 = 1) Gote va toyDEL
Jean-Baptiste a, & e nax
Jo(sle7p6%_l;§§1(r)1)er fx) = 5 + nzl (a,, cos == + b, sin L>' (1)

IMpocégte 011 10 drdotnua —L < x < L €lvVOl GOUUETPIKO ®OC TPOC TNV
apyn tov atovov. H E&lcmon (1) xaAeital esipd Fourier tne f oto 610-
omua (=L, L). Ot ceipéc Fourier €yovv gupela xpnon o€ eNGTNUOVL-
KEG KOL TEYVOLOYIKEG EQUPUOYEG KOTA TN LEAETN TPOPANUATOV OY®YNG
0eprdTNTAC, KLHLATIK®OV QUIVOUEVOV, GUYKEVIPOGEMV YNUIKOV KOl PL-
TOYOVOV OVGLAOV, Kol aALO. XNy Ttapovoa evotnta Oo eetdoovue Tig
TPLYOVOUETPIKEG AVTEC GELPEC MG UVOUTUPACTACTELS LA OEGOUEVNC GL-

vaptneng f.



O 6pog ay/2 oty E&icwon (1)
xpnoedel 6to va dtatnpndet
GULULPOVIN LLE TOLG TOTOVS LTOAOYIGHLOD
TV cvuvteiestov Fourier.

8.9. Zeipgg Fourier 669

Luvtedeotég oeipwv Fourier

‘Ecto cuvaptnon f opiopévn oto aouuetpiko ddotnuo —L < x < L.
‘Ecto axdun 0t n fuUnopel vo EKQPACTEL MG TPLYOVOUETPLKT| GELPA Pa-
cel ¢ EElowonc (1). Zntobue évav 1pdTo LTOAOYIGUOD TOV GUVTEAE-
oTOV ay, a1, 4y, ..., by, by, . Koipla onpacio yio Toug bToAoy1GHovg
pag £xovv ta opiopuéva olokAnpopota tov Mivaka 8.3.

Mivakag 8.3 Tpiywvopetpikd oAokAnpmpata

Av m xal n 0etikol aképatot, T0TE

L

1. fﬁ cos nLﬂa’x =0

2. f sin @d =0

3. f cos M mwxd {0, m# n,
_ L m =

4. f sin —— mTrxd =0

5 f sin 27X gin TX gy = 0, m#n,
) L L m .

(Et1ig Aoknoelg 17 émg 21 cag {nrteital 0 LITOAOYIGUOG T®V OLOKAT PO~
TOV OUTOV.)

YrioAoyiopog tou a, OAokAnpadvovpe kotd wéan v E&icoon (1) and
—L ¢0¢ L ka1 Ogopolpe 6T1 o1 Tpa&elg oAoKAN pooNG Kot Opoteng pumo-
povv va aviipetatedovy, ondte Taipvovus

L a, (- < L narx
f f(x) dx = —f dx + Y anf cos % dx
-L 2 ) n=1 -L L

o L
+ E bnf sin 77X gx. (2)
n=1 —L L

Mo kdBe Oetikd aképato n, Ta dVO TEAELTAULN OAOKAN POUATO GTO 6EELO
uérog g E&lowong (2) undeviCovtal (Toror 1 xat 2 tov IMivaka 8.3).

‘Eto1,
L ay (- apx |
f fx)dx = 7] dx = >S5 = La,.
-L -L -L

Advovue og Tpog ay:
1 L
av="L]" pw dx. ©)
—L

Yrodoyiopog tou a,, IloAramiaocidlovpe kot péin v E&icwon (1)
ue to cos (mmx/L), m > 0, ka1 oAoKAN podVOLpE and —L émg L:
a, (* mmx

E_COS 2

J f(x) cos @dx = dx

mmx

g f cos nLﬂ cos Td (4)
J

To npdto 0AOKANpopa 6T0 6510 néAog g E&lomang (4) undeviletan
(TYmog 1 tov IMivaxa 8.3). EmmAéov, ot Tomot 3 kot 4 tov ITivaka 8.3
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ATAOTOLOVV TEPULTEP® TNV EE1CMGTN, OTOTE

L
marx m7Tx
——dx = La,,

ff(x)cos—dx—a I_Lcos 7

‘Eto1,
MY dx. (5)

T o o

Yrodoyiopog tou b, ITollomiacidlovue katd uéin v E&iocwon (1)
ue to sin (mmx/L), m > 0, kot oLokAnpmvovpe and —L €mg L:

f_LLf(x) sin @d = 2°fL
+ 2 f sin de

oo
. NTX . MTTX
+> b,,f sin —— sin —— dx.

Amd toug TOmoug 2, 4, kat 5 tov IMivaxa 8.3, Taipvoovpe

n 27 gy = Lb,, .

fif(x) sin mmcd —bf sin si 2

"Eto1,

m Lf f(x) sin 7(1)( (6)

H tpryovouetpikn oeipd (1), pe cuvterestés ay, a,, b, Tov divovtal and
t1g E€lonaoelg (3), (5), kat (6), avtictorya (Le To m ot 0€61M TOL 1), KO-
Aeital avantuypo o ogipd Fourier tng cuvdptnong f oto ddotnpa
—L<x<L.OtotabBepég ay, a,, kot b, elval ot suvterestég Fourier tng f.

Co-ROM Napadeiypa 1 Eupeon avamtuypatog o€ ogipd Fourier

AiktudTomog
Na Bpebet o avantuypo e celpd Fourier tng cuvaptnong
L, —m<x <0,
f(x)_{x 0<x<mr,

i

ZyMuo 8.22).

_TL T|t x  ZxHMA 8.22 H tunpotikd cuveync
cuvaptnon tov Iapadeiypartoc 1.

Auon  Amd to Tynua 8.22 mpokdmtetl OtL L = 7. Tvvenmg, N E&ico-
on (3) pog divet

a, =%fj f(x) dx

S U R N
—W_Wxﬂoxx

= w
1+ 5
Mo va Bpodue 1o a,, ypnowonotovpe v E&lcmon (5) Oétovtag

Omov m to n:



8~9~ ZE qu ourie 67'
T f( ) COS nx d
(ln X X

1 (° 1 (™
ZFJﬂTCOS nxdx+ﬁf X CoS nxdx
0 T
_1 N TR A U P
= 577 sin nx _T@|n sin nx i sin nx dx

m
_ 1
= —— COs nx

an 0

Z%(cos nr— 1)
™

-1y =1
’7Tl’l2 .

Ouoing, and v E&lcwon (6) maipvovue (B€tovpe 6oL m TO n):
_1 (7 :
b, = EJ:ﬁf(x) sin nx dx

1 (" (7.
—%j_w sin nxdx+%f0 X sin nx dx
_ = -m -1

nir

cosnm = (—1)

Yuvenmg, n {ntovuevn celpd Fourier givat

-1y -1
7TI’12

sin nx.

cos nx + 7

1,7, % o (=D'd-—m -1
fW=5+3+2 2 -
Y10 Xynua 8.23 mapotifetar €va Sldypoppa TV TPOCEYYICEMV
Fourier kxabmg to n maipver tinég 1, 5, kar 20. Ipocéfte mmg ot alde-
TAAANAEC TPOGEYYITELS TPOGEYYILOVY TO YPAPNUO TNG GLVAPTNGNG
o€ OA0. To. onuela cuvEy lag Kubmg to n avEavetat. Xto onueio x = 0,
omov M f elval acvveyng, ol Tpoceyyicelg Fourier telvouv atnyv Tiun
0,5 mov avtioTtoly el 6To HEGOV NG acvvEyelag NG f (LeTalhd Tov Ti-
uaov 1 kot 0). Ta anoteléopota avtd cLULEOVOLY PE To Dedpnuo cb-
yYkAlong celpmv Fourier Tov avo@EPETAL TAPAKATO.

Ixuma 8.23 Tlpoceyyicelg ue oeipd Fourier Tng cuvaptnong tov
MMopadeiypatog 1 yia n (tAn00g 0pav) ico pe 1, 5, kot 20. Kabog to
n avéavetal, ot tpooeyyioeig katd Fourier teivovv atny f(x).
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Katd tov vroroyioud tov ay, a,, Kal b,, Oeopnoope ot 1 f Nrav
oLOKAN pOGIUN 670 ddotnuo (—L, L). Oswpnoaue akoun ott 1060 N
TPLYOVOUETPIKN GELPa 6To 0610 pnérog ¢ E&iowanc (1), 660 kal M
GELPA TOL TPOKLTTEL OO VTNV LECH TOALATAAGIOGUOL Rl cos (mmx/
L) M sin (m7x/L), cuyKAivovv Katd TPOTO TOL VO, EXLTPETETUL 1| OLO-
KANP®GN 0po mpog 6po. Avtd ta {nThiuate cOYKAeNS, KobmOg Kol To
EpOTNUA TOL TOTE LoobTaL e TNV f(x) N oeipd Fourier 6to ditdotnua —L
< x < L, g€etalovtal otov mpoympnuévo Aoyiopd. I'a tig neplocote-
PEG GLVOPTNOELG TOL D0 GLVOVTGOVUE GE EPAPUOYES, | GELPE GLYKAL-
vel Kat teovtol pe v f. [potov avapepbovpe tepurtépm oto Oéua ov-
70O, 0C GLVOWYIGOVLE T OTOTELEGLLATA TTOV EXOVUE dEL MG TOPOL.

Opiopog  Zepa Fourier
H oepa Fourier tnc cuvaptnoeng f(x) mov opiletal 6To
dtaotnuo —L < x < L givat

fo) = % 2 |:a cos "X 1 b, sin”Lm‘], )
OOV
o % f i Fe) dx, ®)
a, = % f i fx) cos "7 i, 9)
by = % f i £ sin "7 gy, (10)

LuykAion oeipwv Fourier

O tapabécove TOPO YOPIC ATOIEIEN TO GUUTEPUCLA TEPT CUYKALONC
Tov oelp®dv Fourier yia pio peydin KAGGT GLUVOPTHCEDY TOL Y PN CLULO-
ToLoOVTOL CLYVE G& AmAG LOVTELD QPUGIK®Y GLGTNUATOV. Ovuilove
TpOTO OTL plo cvvaptnon f elval tunuaticd coveyng oto ddotnua I av
apeodTEp TO OPLO.

lim f(x) =f(c")  xm lim f(x) = f(c")

LTapy oLy o€ KGBe ecwTEPLKO oNEELo ¢ TOv I, v TO aVTIoTOLY O TAELPL-
K& OplaL LITAPYOLY GTO BKPALE, GNUELD TOV I, KOL OV 1 f €)X EL TEXEPACUE-
vo (M undeviko) mtAnboc acvveyelmv oto 1. [Ipocé€te OTL pia tunuott-
KGO GUVEYNG CLVAPTNON GE KAELGTO OLAGTNA OQEIAEL VO, ELVaL QpayuE-
v (Kot apo dev umopel va TelVEL GTO ATELPO).

Oewpnpa 18  IuykAion ceipdag Fourier

Av 1 cuvdptnon fxrol N Topaymyos TG f ' elval TUNUATIKA
ouveyeig oto dtotnue —L < x < L, 101€ 6€ OA TaL GNUELD
GLVEYELAGC TNG M f ooVt e TN oElpd Fourier mov tng
ovVTIoTOLY EL. XT0 O€ GMUEld ¢ OTOL 1 f TAPOLGLALEL AGLVEY ELNL
dApatoc, n oeipd Fourier uykAivel otn péom tiun

e +fle)
2 b
omov ot f(c™) kot f(c”) ovuPorilovv ta Se€1d kKot apioTepd OpLo
™G foTo ¢, avtioTolyd.
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Napadeiypa 2 Tipég olykAiong

H cvvaptnon tov [Mopadeiynotog 1 tkavorotel tig cuvOnkeg tov O¢-
opnuotog 18. T kdbe x # 0 oto dbotmuo —7 < x < 7, 1 GELPa
Fourier cuykAiivel oty f(x). o x = 0, 1 cuvaptnon napovcidlel
acLVEYELD dAlpatog kot 1 oelpd Fourier cuykAivel otn péon Tiun

JOOH+fO0) _o0+1_1
2 2 2

(e 8.23).

Neprodikn enéktaon

Ot tpryovopetpikoi 0pot sin (nmx/L) kot cos (nmx/L) otn ceipd Fourier
glval meprodikoti, pe mepiodo 2L:

nm(x +2L) . pax nwx .
— 7 - sin A cos 2nar + cos A sin 2nar

= gin 27X
L

Kot

nw(x + 2L) nx nir

cos 27X cos 2nm — sin 27 sin 2nar
L L L

= cos X
I

Amd ta mapandveo TpokvTTeL 0Tt Kot 1 oglpd Fourier eival meplodikn,
pne mepiodo 2L. 'Etot, n oeipd Fourier 0yt povo moplotdvel tn covap-
o foto ddotnuo —L < x < L, aArd Kol Tapdyel TNV TEPLOOIKT] EME-
Ktao1) NG fog 6Lo Tov AEova TV TpayLaTik®v aplfpuov. Bacet tov Og-
opnpatog 18, n oepd cvykhiver otn péon Ty [AL7) + f(—LH]/2 ota
GKpa Tov SlacTNHOTOG, KaOmg Kol 6ta onueia £3L, £5L, £7L, k.0.X.

Napadeiypa 3 ZUykAion ka1 epiodikn eméktaon

H oe1pd Fourier tng f(x) = x 610 didotnuo —7 < x < 7 gival

o 2 _1 n+l1
fx) = 2 % sin nx.
n=1
(Ztnv Acoknon 3 kaAielote va to anodeifere.) H cepd ovykhiivet
oTNV TEPLOdIKT EMEKTAOT TG f(x) = x € OL0 ToV dEova x. O1 Kovk-
kideg 6To TyNua 8.24 TapIGTAVOLY TNV TIUN

fa)+fm) _mt (-m)

> > 0.

H oeipd cuykiivel oto 0 6Ta dKpa TOL apy1KOD SLOGTAUATOG KOl TMOV
TEPLOOIKMV EMEKTACTEDV TOL, ONA. ota onuelo *a, £37, *57, .

A
TR R

IxHMA 8.24 H oeipd Fourier tng f(x) = x cuykiivel Ny f 610
dtdotnuo —7 < x < 7. £T0 LTOAOLTO TUNUA TOL AEova TV
TPAYUATIKDOV, 1] GELPH GLYKAVEL GTNV TEPLOSIKT EXEKTACT TNG f.
(Oempnua 18).
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AXKHZEIZX 8.9

Eupeon ceipwv Fourier

Y11g Aoknoelg 1-14, avantdéte oe oepd Fourier kdbe ov-
VAPTNON GTO SLAGTNLLO TOL diVETOL.

L fx)=1 —-7<x<m
- —m<x<0
2 f(X)_{ I, o<x<m
f)=x, —m<x<m
4 fy=1—-—x, —7<x<m
2
CD-ARIﬂruo'tonog 5. f(x) :xz, —rm<x<m
_ 10 T<x<O0
6 f(X)_{27 0<x<m
7. fx)=¢€", —m<x<m
_1]0, T<x<O0
8. J = {ex, o<x<mw
_]0, T<x<O0
> f(X)_{COSX, o<x<m
_ )X 2<x<0
10 f(x)_{ 2,  0<x<2
— _m
0, T<x< 3
= _m ™
1. f(x) =<1, > <x<3
0, g<x<77
12. f(x) = x|, —1<x<1
13 fx) = [2x— 1], —1<x<1
14.f(x)=x\x|, —m<x<

Oewpia ka1 mapadeiypata
15. Xpnowonowmote ) oeipd Fourier Tng Acknong 5 yia
CD-ROM va deiete OTL

AiKtudTomog

1,1, 1,1 _m?
etoT6 st e
16. Xpnowonowmorte ) oeipd Fourier tng Acknong 6 yio
va del&ete 011
L,.._m
12°

Amnodei&te T1g 160N TEG TV Acknoewv 17-21, 6mov m kat n
Oetucol axépatot.

L
17.f cos X
-L

L

dx =0 vy Kka0em.

18.

19.

20.

21.

22.

23.

24.

+

mmx
L

sin dx =0 vy Kki0em.

J‘L
—L
fL cos X cos X gy = 0,

. L L L,

(Yrdoeién: cos A cos B = (1/2) [cos (A + B) + cos (A —
B)].)

I\

(Yrdoeién: sin A sin B = (1/2) [cos (A — B) — cos (A +

B)].)
fL sin 27X cog X
L L L

(Yrodeitn: sin A cos B = (1/2) [sin (A + B) + sin (A —B)].)

m+n
m=n

. nmx . mmx , _ |0,
sin —— sin —— dx =
L m=n

L L,

nmwx

dx =0 vy xaBe m xat n.

Mabete ypagovtag: Seipég Fourier aBpoioudtwv ouvaptnocwy
Av ot f(x) kat g(x) TAnpovv Tig Tpovmobécelg tov Oew-
pnuatog 18, tote Ba toovtar 1 oetpd Fourier g f(x) +
g(x) oto (—L, L) pe to dBpoioua tov celpdv Fourier
TV f(x) kot g(x) oto dtdotnuo avtod; ALTIOAOYNOTE TIG
ATOVINGELG GOG.

lapaywyion 0po mpog 0po

(0) Xpnowonomote 1o Oedpnua 18 yio va emifePat-
woete 6t 1 ogpd Fourier tng f(x) = x v Ackn-
on 3 cuykAiivel oty f(x) yio —7 < x < 7.

(B) Tap’ 6ho mov f'(x) = 1, d&i&te OTL N GELPA TOL TTPO-
KOMTEL TApOy®YILovTog Opo TPOG OPO TN GELPA TOV
epOTAHOTOG (0) OTOKALVEL.

(y) Mdbete ypapoviag Tt cuumepaivete amd T0 epOTNLLO
(B); Attioloynote TV ATAVINGT GOC.

OAokAnpwon 6po mpog 6po ATOSEKVOETAL GTOV TPOYMOPT-
pévo hoyioud 6t n oelpd Fourier piog tunpatikd co-
veEYovg cuvaptnong oto [—L, L] uropel va 0AokANpo-
0el 6po mpog H6po. XPNOIUOTOLNGTE TO YEYOVOG AVTO
yia va deifete 0Tt av M f(x) €lval TUNHOTIKG CLVEYNG
ot0 —m < x < m, T10T¢

fﬁ f)ds = 1 agtx + m

8

1 .
lﬁ(a,1 sin nx —b,(cos nx — cos nw) MO —7T =X = 7,

n

omnov ay, a,, Kat b, elvat ot cuvtedeatég Fourier tng f.
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Zeipég Fourier npitovwy Kai guvnpitovwy

CD-ROM
Aiktudtomog

OAokAnpwpata ApTwV Kal TEPITIWV OUVAPTNOEWY © ApTid
eméktaon: ZeipEg Fourier ouvnuitovwy  ©  [epittn eméktaon: ZeIpeg
Fourier npitovwv  ©  ®aivopevo Gibbs

‘Eocto 611 0éhovue va meprypdyovpe pabnuatikd tnv ayoyn 0epud-
TNTOC KATE UNKOG VOGS LOKPOGTEVOL BEPULKA LOVOUEVOL COANVA T
kolwdiov. 'Eoto akoun 01t o coinvag unkovg L evbuypapuiletal pe
tov a&ova x 610 dtdotnua 0 < x < L. H ocvvaptnon Beppokpaciog
u(x, 1) petaPaAretatl cuvapTNGeel TG BE0NC X KATA UKOG TOL GOAN-
va Kot Tov xpovov t. (Zto Kepdiato 12, Ba peretnoovue T€T01€C GL-
VaptNoelg 000 1N mepltocdHTEpOV petafintov.) To npdPinua mwov
&yovpe Ao1mdV va AOGOLLE ELVal 0 TPOTOLOPLGUOC TOL u(x, 1) Y10 de-
dopévn apykn Beppokpacia u(x, 0) = f(x). I'a Tapddetypa, To Eva
GKpo Tov COANVO umopel va eival Beppotepo Tov dALov, OTOTE M
Oepudtnta Ba dradobel and To Bepud aTo Yoy pd AKpPO, KoL UTOPEL VA
LOG EVOLAQEPEL M KATAVOUN TNG OEpUoKpaciog GTOV COANVO LETH
and pio opa. Mia and tig pebddovg AOoNg Tov TPOPANUATOG CLTOL
YPNOLOTOLEL TO AVATTTLUYLLO

f0) = 3 b, sin
n=1

eni Tov un avupetpixod dractiuatog 0 < x < L. Ildg Aowwdv Ba vro-
royioovpe to avantuyuo oe aelpd Fourier tng f; I'ta tov okomod av-
TOV EMEKTELVOLILE T GLVAPTNOT, OGTE Vo, 0pileTUL GTO CLUUETPLKO
dtdotnuo —L < x < L. To gpdtnua givat, tdg opilovue TNV enéKta-
on ¢ foto dtotnua —L < x < 0; H andvinon eivatl 6T1 pnopovue
Vo 0OplOOLUE TNV EMEKTUCT MG 0TOLUONTOTE cLVApTHGH BEAOVLUE GTO
—L <x <0, apxein idt0 Kot 1 Tapdy®yos TG vo. lval TUNUOTIKE GL-
veyeilc (OOTE v 1KOVOTOLovVTal ot TPoUToBEGELC Tov OemPNUATOC
18). AveLuptT®g TOL Tolo TUNUATIKA CLVEYT CLVAPTNOT opilovue
og TNV enéktaon e foto —L < x < 0, n mpokbntovco oelpd Fourier
opeilel va toovtal e TV f(x) oe kGO onueio cuvéyeLlag Tov apyt-
KoV dtaothuotog 0 < x < L. Acpurmg, n oetpd Fourier Oa cuykAiivel
EMIONG G€ OMOLOONTOTE GLVAPTNGN EMEKTACNG EMAEEOVUE GTO O14-
omua —L < x < 0. Yrdapyovv 000 €L01KEC TEPIMTMOOELS EMEKTACEDV
oL €Y 0LV 1910iTEPTN CNUACLN, KAl TOL O VTOAOYICUOG TOV AVTIGTOL-
y®V cvvteleot®v Fourier yivetal eVKOAN TPOKELTUL YO TNV GPTLL
KOl TNV TEPLTTN EMEKTACN TNG f.

OAokAnpwHATA APTIWV KAl TEPITTWV GUVAPTNCEWY

®uuilovue (BA. ITpokatapktikd, Evotnta 2) 6Tt pia cuvdptnon g(x) &i-
vatl dptio. cuvdptnon tov x av g(—x) = g(x) yia kdbe x oto TEdio opt-
oUHov TG g. Av Oumg elvatl g(—x) = —g(x), T6TE N g €lval TEPLTTN OL-
vaptnomn tov x. H cuvdptnon cos x elvat dptio, evd 1 sin x givot meptt-
™. H ypaikn mopdctaon piag dpTiog cuvaptnong vl COUULETPLKN
™G TPOC TOV A&ova y, eV UL0G TEPLTTNG ELVOL CUUUETPLIKT OC TPOS TNV
apyn Tov agdvav (Zynua 8.25).

y y

y=g) y=2gw)
\ \ \
(—x,g(—X))l 1 (x,g(x) N 1 (r.g(x)
IxHMA 8.25 (a) H ypagik1| mopdotacn piog dpTiag —x x * \ x *
GLVAPTNONG ELIVOL GUUILETPLKN O TPOG TOV GEOVa y. (=xg(=2)]
(B) H ypopikn mopdotaon plog TepLTTng

GLVAPTNONG ELVOL GUUUETPLKN O TPOS TNV APy M-

(a) ®
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H napatipnon autn 51€UKOAOVEL TOV LTOLOYIGUO OLOKAN POUATOV
GPTIOV KOL TEPLTTAOV GLUVOPTNGEDV GE OLOGTILATO OAOKANPOCTG GLU-
UETPIKA ®C Ttpog TNV apyn. [opadelypatog xapLy, Yo Tig GLVAPTNOELS
Tov Xy Muartog 8.25, maipvovpe ta akdOAovba amotelEGOTA!

ITeprrtn cuvaptnon:

fL gx)dx = 0. (1)
L

Aptia cuvaptnon:

fLL gx)dx =2 f: g(x) dx. (2)

Adyo tov kavovav (1) kot (2), ot APTLEC Kol Ol TEPLTTEG ENEKTACELG
Hag cuvapTNoNG Tapovclalovy evkoiia yelpiopuol. Ioyvovy eniong ot
axolovleg TpoTdcELS.

1. To ywvopevo dVo GPTI®V GLVOPTNGEMV ELVAL GPTLO. GLVAPTNON.

2. To yivéuevo piag GpTiag Le |Uio TEPLTTH GLVAPTNON ELVAL
TEPLTTN GLVAPTNOT).

3. To yivépevo 300 TEPITTOV CLVAPTNCEMY ELVaL APTLOL

GLVAPTNOT.
CD-ROM Aptia enektaon: Zgipeg Fourier ouvnntovev
" AthU(')Tonog ‘Ecto 611 1 cuvdptnomn y = f(x) opiletat oto dtdotnua 0 < x < L. Opi-
Covue TNV aptia enéktact G f analTOVTAC OTL

o Bioypa@ika otoixeia

John William f(—=x) = f(x), —L<x<L.

Strutt Rayleigh

(1842-1909) Mmnopobue va 6y ed1dGoVUE TO YPAPNUO TNE APTLOG EMEKTACNG OV KO-

TOTTPLOOLUE TNV KAUTOAT y = f(x) ®g Tpog Tov dEova y. Mio. Té€toto Te-
pintm®on Qaivetal 6To ynuo 8.26. XNV TepinToomn Lotmdv ApTiag ené-
KTOoMG, ot ovvtereotég Fourier givat

_1(f _2 ("
a =7 fﬁLf(x) dx L—fo f(x) dx,

nmwx

a =lfL fx) cosn—mdeQILf(x) cos —— dx
" LJ_, L LJ, L ’

D Loy
b, = Lf_L f(x) sin i3 dx = 0.
H oeipd Fourier tng f eivatl tote

ao
o) ==+

4.
:
<

(o) ®

IxHMA 8.26 (o) H apyikn tunpatikd cuveyng cuvaptnen fopiletat
6710 un ovuuetpikd dtdotnue 0 < x < L. (B) H dptia enéxtaon g f
oto dotnua —L <x < L.
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[
\
\
[
0 72 7

ZxHmMA 8.27 H ovvaptnon tov
MMopadeiypatog 1.

| [
\ \
1 |
- —7nt/2 0 7/2 T

IxHMA 8.28 H dptio eméktaom g
cvvaptnong tov Iopadeiypotog 1.

8.10. Zeipég Fourier npITOVWY Kal ouvnpiTovwY 677

Enedn o1 cuvtedeotéc Fourier b, elval 0Aot undév, dev LGP OLY KO-
06Aov Opol NUITOVEOV GTO TAPUTAV® OVATTLYHO G€ oelpd Fourier, to
omol0 Katd cuveénela Kareital osipd Fourier cuvnuitovev (1 suvnuito-
viki] ogipd Fourier) tng cuvaptnongf. H ceipd avtm 0o cuykiivel otnv
apyikn cvvaptnon foto didotnuo 0 < x < L, Kol 6TV TEPLOSIKN EME-
Kktaon g foto —L < x < 0 (e£umakoveTal N TUNUOTIKT GUVEY ELL TOV
fxatf"). Zvvoyilovpue T0 0mOTELEGU ALTO OG 0KOAOVO®G.

Ze1pég Fourier guvnpitovov
H ce1pd Fourier piag aptiog cuvaptnong oto StdoTnia
—L < x < L glvol 1 6€1pd suvnITOVOYV (1] GOVI|LTOVIKT] GELPQ)

0=+ a, cos "X, @)
OTov
A
w=2] was, @
- % f: fx) cos "7 g (5)

Napadeiypa 1 Eupeon osipdg Fourier cuvnpitovwy

Na Bpebet n oepd Fourier cuvnuitovmy Tng cuvaptnong

1, O<x<§,
fx) =
0, g<x<77,

mov mapatifetal oto Xynua 8.27.

Auon  TIpokewévov va Bpovue tn oelpd Fourier cuvnuitovov, ent-
PEPOLILE APTLO EXLEKTACT TNES GLVAPTNONG 6T0 — 7 < x < 77, OTMOG d&l-
yvel to Tynuo 8.28. Ot cuvtedeatég Fourier givatl tote

ao:%fo £ dx EE. (4) YL =
_2 (™ f@) =0y
_Ffo dx ml2<x<m
2 /2
_2x _
i
0

2 (7 nx ..
a,= Ffo Sx) cos ——=dx  ES.(Sral=m

2 /2
= Ff cos nx dx
0

2 nir
—sm—

2

"‘Eyovpe Aowndv ™ oeipd Fourier cuvnuitdvov

fx) = 7+ E— sin n— COS nx.
H cvvnuitovikn oegipd Fourier maipvel akpifoc tig Tég Tg cuvap-
mong f(x) ywa x # /2 oto onueio x = /2, n ogpd Fourier icobton
pe 1/2. Zto Exnua 8.29 Toplotdvovtal Ypaglkd Ol GUVNULTOVIKEG TTPO-



678

KepahAaio 8. Ameipeg oe1pég

oeyyloelg Fourier tng f(x) kabmg To mANn00g Opwv 1 Tov HeETEYXOLY BTNV
€KAGTOTE TPOcEYYIomn petofdrietal and 1 oe S kai, télog, ag 20.

y

1,06

0,66

0,26

0

|
0 2 .

ZxHmMA 8.29 Tlpooceyyloelg pe oelpd Fourier cuvnuitovmy g
ovvaptnong tov Iopadeiypoartog 1 yia n (tAnbog 6pwv) ico pe 1, 5,
kot 20. Kabog 1o n avéavetal, ol tpoceyyicelg Fourier teivouy oTig
TIéEG TG f(x). to onuelo acvvéyelag x = /2, dOAeg o1
ovvNUITOVIKEG Tpooeyyloelg Fourier 61€pyovtal 0md T0 HEGOV TNG
aGLVEY ELNC, TalpvovTag TNV Tiun y = 0,5.

Neprttn enéktaon: Zeipég Fourier npitovov
OempovULE Kal TAAL pta cuvaptnon y = f(x) optopévn oto ddotnuo 0
< x < L. Opilovue v meprtth entktoon g f anoitoviog 0Tl

f(—=x) = —f(x), —L<x<L.

ATO YPOUPIKNG OMOYEMG, 1| TEPLTTY ENEKTACT TPOKOMTEL KATONTPiLo-
vtog v y = f(x) ©og Tpog TV apyn Ttov aEoévov. Eva tapddetyna yia
pia Tuyovoa cuvaptnon eaivetal oto Lynua 8.30. o tmv mepitn ené-
KToom ™G f, TalpVOLULE TOVG GLVTEAEGTEG Fourier

_1 (" _
aO—LfiLf(x)dx 0

_1 L nax _
an =7 f_L f(x) cos I dx=0
Tlepr
1 (* nwx 2 (* nrx
b, = fJ f(x) sin —— dx = fJ- f(x) sin —=dx.
L), L L), L

Aptia
‘Etot, n oepd Fourier tng f givat

nmwx

f(x) = g bn sin T

Epbdcov ot cuvtereatég Fourier a kot a, undevifovrat, dev vIapyovy
Opol GUVNUITOVOV 6TN GElpd Fourier, n omoia eTOpEVMG KOAEITAL GEL-
pa Fourier nuutovov ( nuitovikn ospd Fourier) tng cuvaptnong f. H
GeLPE OVTN GLYKAIVEL OTNV apylKn ovvaptnomn f oto ddoTtnua
0<x <L, evd cLyKAVEL OTNV 7TEPITTH EMEKTOGT TNG f GTO SLACTNUA
— L <x <0 (dedopévng tng TUNUHOTIKNG cLvEYELag ToV fKatl f'). uvo-
yilovpe 10 amoTELEGUO OG aKOAOVOMC.
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A a4
AV B VA

(o)

®

ZxHMA 8.30 () H apyikn tunuatikd cuveyxng covaptnon f eival
OPLOULEVT] GTO U1 GLUUETPLKO dtdotnpua 0 < x < L. (B) H meprrtn
enéktaon TG foto didotnue —L <x < L.

CD-ROM
Aiktudtomog i . '
— 2e1peg Fourier npitovav
H oeipd Fourier piag meptttng cuvaptnong oto 010G TN
—L < x < L gilval 1 6e1pd uitovev (1] NUITOVIKY] 6E1pa)

19 = 3 b, sin "7, (©

OOV

= %j:f(x) sin X )

Napadeiypa 2 Eupeon oeipdg Fourier npitovov

Noa Bpebel n nuitovikn cepd Fourier yio th cuvaptnon

tov [Mapadeiyuatog 1.

Auon  Emidéyovue v mepitts enéktoot T ocvvaptnong f(x). Ot
ovvtereatég Fourier givat

b, =%f0 £ sin ™ dx e (s

Q.

/2 '
= ;f sin nx dx f(x) =07
7T 0

ml2<x<m

__l 7r/2_i l_ M
= Tuw COS nx . = COS A

H oe1pd Fourier nuitéveov, Aotndv, eival

- 2 nr\ .
fx) = n; m-r(l — cos 2) sin nx.

210 Zynua 8.31 vdpy el pia Ypaplkn TaPAGTOGT) TOV TPOCEYYICEMV
™G f(x) pe nuitovikn cepd Fourier, yio tAin00og dpov mov petéyovv
OTNV €KACTOTE TPOGEYYIoN ioo uen = 1, 5, kar 20.
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1,04

0,64

ZxHmMA 8.31 Tlpooeyyiceig ue oelpd Fourier nuitdvov tng
ouvaptnong tov [Mapadeiypatoc 2, yia n (rAnbog 6pwv) ico pe 1, 5,
kot 20. Kabog to n avéavetal, ot nuitovikég mpoceyyioelg Fourier
Telvouy 6TIg TIUEG TNG f(X). TO onpeio acvvéyelog x = /2, ot
npooeyyioelg Fourier cuykAivouv 6To HEGOV TNG AGLVEY ELAG.

CD'AROM ) ®aivopevo Gibbs

1IKTUOTOTIO

F A , ¢ , Trta Zynuota 8.29 kot 8.31, mapatnpovie OTL 1| GELPE VAEPAKOVTICEL TN

= Broypagika otoixeia  ,y40tmon oto x = /27, evd vmepakovtiletar and GLTAY GTO X =
Josiah Willard Gibbs ~ 7/2". Tétota cupneptpopd givat yopakInploTikn 0Tay avanTOGGOVUE

(1839-1903) uia cuvaptnomn o€ oelpd Fourier kovtd oe onueio aovvEyELOg, aKOUN
KOl OTaV CLUUTEPIAGBOLILE LEYALO aplOUO OPOV TN GELPAG, KOl KOAEL-
tor arvopevo Gibbs, Tpoc TV Tov Apepikavov nobnuoTikod LGTKOD
Josiah Willard Gibbs. ZvvoAikd, oto onueio acuvEyElng 1 oelpd «Ee-
@ebYEY amo TN GLVAPTNOT Kotd Tepinov 18% tng dtapopdg TindV ka-
tépmbev Tn¢ acvvéyelag (X.1.M. Anhadn 1 cELpd VTEPAKOVTILEL TN GL-
vaptnon kotd 9% oto /2" kot vrepakovtifetal and aVTAV TAAL KOT

9% oto x = 7/2*%.). To Ty 8.32 Siyvel 1o PuIVOUEVO Y10 TN GLVEP-

mon
y y y y J J
0,5, (075,
1,09958) 1,00211) (0,875, (0,9375, (0,96875,
’ 1,09014) 1,08965) 1.08953)
\ /\ maaaaNN
! ! J ! 1 %%Atﬂw 1 YL mwﬂ
| | |
| | |
| | |
| | |
| | |
| | |
| | |
| |
| |
I |
0 0 10 1 0 0 0
(Wn=2 PByn=4 (yyn=38 @)n=16 (e)n=32 (o1) n =64

ZxHMA 8.32 To @aivopevo Gibbs yian = 2, 4, 8, 16, 32, ka1 64 6povg. H
KOpLEN NG KOUTOANG petatoniletal and to 0,5 oto 0,75, éneita ot0
0,875, x.0.x, TAncidlovtog cuveydg 6To onueio acvvéyeagx = 1. To
UEYLIGTO TNG KOUTOANG tloovTal Tavto pe 1,09 mepinov, dniadn pe to 9%
¢ andcstoong petaty tovy = 0 katy = 1 oto onueio acvvéyetog x=1.
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8.10. Zeipég Fourier npITOVWY Kal ouvnpiTovwY 681

0=x<1
x=1

f = {(1)

kot = 2,4, 8,16, 32, ko1 64 6povg. Av TAPOLUE UKOUN TEPLGCOTE-
POV OPOVE, TOTE 1| KOPLPT TNE TPOGEYYIGTIKNG KAUTOANC TANGLAlEl
UEV GTO ONUELO aovvEYELlOg x = 1, aAld dtatnpel To LYOC TNG, TEPL-

mov 1,09.

AXKHZEIZX 8.10

Eupeon cuvnpitovikng og1pdg Fourier

16. fx) = |2x— 7|, 0<x<m

Ye kaBepio and tig Acknoelg 1-8 divetal pio cuvéptnomn C0-ROM

f(x) mov opiletar oto ddotnua (0, L). Xyedidote TV f KoL
mv aptio enéktacn g oto (—L, L). Katomv Bpeite
celpd Fourier cuvnuitdévev g f.

1. fxy=x, 0<x<m

2. f(x) =sinx, 0<x<m

.f)=¢, 0<x<1

4. f(x) =cosx, O0<x<m
_ 1, 0<x<1

> f(x)_{—x, 1<x<2
-1, 0<x<05

6. f(x)_{l, 05<x<1

7. f)=[2x—1], 0<x<1

8. fx)=|2x— =

, 0<x<m

Eupeon npitovikng ogipag Fourier

e kabepia and tig Acknoelg 9-16 divetal pa cuvéptnon
f(x) mov opiletar oto ddotnua (0, L). Xyedidote TV f KoL
v meptttn enéktaocn g oto (=L, L). Katdémy Bpeite
celpd Fourier npuitévov g f.

9. fx) = —x, 0<x<1
10. f(x) =x%, 0<x<m
11. f(x) =cosx, 0<x<m
12. fx) =¢', 0<x<1

13. f(x) =sinx, 0<x<m

x, 0<x<1
14. f(x):{l l<x<2

1—x, 0<x<1
15. f(x):{o l<x<2

Aiktudromog

Oewpia ka1 mapadeiypata
17. Xprion ogipdg yia tov umodoyiouo tou /4
(0) No Bpebei 1 nuitovikn ceipd Fourier tng

1, 0<x<m
0, x=0xarx= 1.

fx) = {
(B) Eopoppocte 1o anotéheoua (o) yia va dgiete Ot
LIS

1
4+ S — = 4 ..
5

~
[SSAEE
|-

18. Zuvdptnon ue tpiywviko ypdpnua

() ZyedldoTe TNV «TPLYOVIKT» GLUVAPTNON

[1-x o0<x<1
f(x)_{x— I, 1<x<2
(B) Bpeite éva avantuypa o oeipd Fourier tng f(x).
(y) Bpeite éva avantuyuno oe oeipd Fourier cuvnuitod-
vov g f(x).
19. Yrnodoyiouog oeipdc EQapuodcte 10 amoTELECUA TNG
Acknong 2 TpoKEEVOL VO, LTOLOYIGETE TO GOpotoua
-1y
{4n® — 1

Ms

n

20. Jeipa Fourier nurtovwy AoBgicag Tng cuvaptnong

f)=2-x,

0ploTE U0 GLVAPTNON TNG OTOLNG 1) OVATUPAGTUCT CE
nuttovikn oelpd Fourier va cuykiivel oty f(x) yio ké-
0e Tiun tov x. (Znueiwon: Aev vmépyetl pio povov amd-
vinon.)

0<x<2,
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EnavaAnnuikéG EpwTNOEIG

1.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

Tt elvor pa drerpn axorovdio; Tt evvoovue dtav Aéue
o1t pa akoiovBia cuykiivetl; Tt otav anokiivel, Ao-
oTE TAPAdELYHOTAL.

[Mowa Bewpnpata £yovpe otn d1dbecN PG Yo TOV LTTO-
royopd opimv akorlovbimdv; Adcte mapadeiypnota.

[Toto Oedpnpa pog ENTITPETEL EVIOTE VA Y PNGLULOTOLOV-
pe tov kavova tov 'Hopital yia va vroloyilovpe to
opto akohlovbiog; Adcte £va ToPAdELYLL.

[Towa eivar ta €1 €idn oplov akorovdidv Tov Thavov
VO TPOKOYOLV OTaV LEAETAWE T GOYKALGT aKOAoLOL®DY
KOl GELPDV;

Tt elvar pa vroakoiovdia; [Mowa n onpocia tg; [ow
APNORLOTNTA €YXOVLV Ol vToakoiovbieg; A®cTe TapO-
delypata.

Tt givar puo un ebivovoo akorovdia; Tt pia pun avgov-
oo okorovdia; Tt pia povotovn akorovbio; Yno moteg
cuvvOnkeg €rovv Opta ot akoiovbieg avtég; Avote mo-
padelyuata.

ITowa eivar n pébodog tov Picard yia tnv eniiven g
eEiowong f(x) = 0; Adote éva mapdadetyua.

Tt etvar i aneipn oepd; Tt evvoodue dtav Aéue 6Tt
Hta Tétota oelpd cvykAivet, Ot anokiivel; Adote mo-
padeiyuato.

Tt elvat pa yeopetpikn oetpd; [1ote cuykiiver pa té-
tola oepd; [1ote anokiiver; Otav cuykAivel, TOTE TOLO0
elvat To aBpotopd te; Adote Tapadeiypata.

IToteg cuyKAIVOLGEG KOl TOLEC ANOKAIVOLGEG GELPEG
YVOPILETE, TANV TOV YEOUETPIKAOV GELPAOV;

[Toto &ivatl To KPLTNPLO TOL 1n-0GTOL OPOL GYETIKA UE
v anokiion celpav; [lowa n KevIpikn 1d€a mov Kpv-
Betat miocw and avtod;

Tt yvopilete yia to dOpotopa 1 T d1apopd GLYKALVOL-
ooV oelpodv 6po mpog 6po; Tt yio ta ctabepd mTorAo-
TAGGCL0 GLYKAVOLG®V KOl OTOKAIVOUG®V CELPDV;

Tt 6o cvufel av nmpocBécovue nenepacuévo mAn0og
OpPOV GE [110. GLYKALVOLGU GELPA; L€ UL OTOKALVOLGO
oepd; Tt Oa cvuPel av oQUIPECOVUE TETEPACUEVO
nAnbog dpwv amd pio cvykAiivovsa celpd; Amd pio
anokAivovoo GeLpd;

Yo moteg cuvOnkeg Oo GuyKAIveL plo Amelpn Gepd un
apVNTIKOV Opwv; YTo moiteg cuvOnkeg Oo amokiivet,
Totl €gouvv evOlOPEPOV Ol GELPEG LE UM OPVITIKOVG
6povg;

Tt elvot To KpiTnplo Tov oAokANpopotog; [Tota n Loyt-
KN mov 10 di€nel; AdoTte éva TAPASELYIO TS XPNONG
TOVL.

T16te ouykiiver pa p-oeipd; [Mote anokiivet; Ilog to
Eépoupe; Adote Tapadelylato GLYKALVOUG®Y KOl 0TTO-
KALVOUG®OV p-GELPOV.

IToto &ival to kprTNpro aueong cOyKpPLoNG Kol TOLO TO
Kprtnplo optakng cvykpiong; Ioto m Aoyikn mov ta
diénel; Adote mapadeiypota g xpNong Toug.

[Towx givatl To kprThpla Tov Adyov Kot tng pifac; Mag

EMTPETOVY TAVTOTE VA ATOPUSi{ovpe TePl cOYKALONG
1 awoKAoNG; AdcTe TopadEiypata.

Tt eivar pla evalhaocooduevn oeipd; Iloto Oedpnuo pog

20.

21.

22.

23.

24.

25.

26.
27.

28.

29.

30.

31.

32.

33.

3s.

36.

emITpénel va Tpocadtopilovpe T cOYKALON Ulag TETOL-
ag oEpac;

[Mog pmopovpe vo eKTILCOVIE TO GPAALD OTAV TPO-
ceyyilovpe pio EVOALOGGOUEVN GELPG LE KATOLO Ao
ta pepikd g abpoiouata; Ilowe Aoyikn diémer v
gKTIUNON 0VTN;

Tt gival n andivtn cvykAiion; Tt 1 vrd cuvOnkn cb-
vkAton; [Iog cuvdéovtatl avtég petald toug;

Tt yvopilete mept avadidtaing Tov 0pov [Log amoild-
TG cLYKAIvovsag oelpdg; To 1810 epdTnua yia pio ved
cuvONKN cuykivovoa celpd. AdcTE TAPUSELYUUTO.

Tt eivar pa dvvapocetpd; [og e&etalovpe ™ oOYKAL-
on ™g; Tt unopel va tpokbyel 6TV TEPITTOON CLTN;
Ti mpénet va yvopilel KoVel oy ETIKA L

(@) ™V Topay@YIoN OPO TPOG OPO LLAG SLVALOCELPAS;
(B) ™V orokAnpmcon 6po TPog OPo UiaG SLVULOCELPAS;
(y) tovV TOALATAGGLOGHO HLOG SVVOUOCELPAS;

Ancte mopadeiypota.

Tt eivar 1 cepa Taylor Tnv omola mapdyet n cuvaptn-
on f(x) oto onueio x = a; IMoteg TANpoPopieg oy eTIKA
e v f xpelaloNacTe Yo TNV KATOOKELT TETOLNG GEL-
pac; Amote va TopAdELYLLaL.

Tt elvar  oelpd Maclaurin;

Yuykhivel Tavtote pia oelpd Taylor otn yevvitplo cv-
vapton mg; Egnynorte.

Tt eivar ta moivovopo Taylor; TTowa n ypnowdtd
TOVG;

Tt eivat 1o Oedpnpa Taylor; Tt pog Aéel oy eTikd Le Ta
GOAAUATO TPOGEYYIGNG GUVOPTNCEMV [LE TOAVMVLLLO
Taylor; Ewdikotepa, Tt pog Aéet 10 Oedpnua exktiunong
VTOAOITOV GYETIKG [LE TO GOUAWO YPOUUULIKOTOINGNG;
Yy ETIKA e TO GOAAL piog devtepofaduiag TpocEyyt-
ong;

Tt gival n StovVpKn Gelpd; L& TO10 SIAGTNHO GUYKAL-
vet; [log ypnoponoteitat;

IToteg ot oepéc Maclaurin tov 1/(1 — x), 1/(1 + x), €,
sin x, cos x, In (1 + x), xou tan™"! x;

Tu eivar n oepd Fourier; Tldg vroloyilovpe tovg cu-
vteheatég Fourier piog cuvaptnong f(x) optopévng oto
Stbomuo —L < x < L; Yno moieg mpodmobecelg ov-
yxAivel pa oelpd Fourier 6tn cuvéptnon mov v mo-
payet; Tt ovpPoaivel og onueio acvvEyELNg;

Tt elvatl | TEPLOdIKT ENEKTAGT G€ OLOV TOV GEOoVa TV
TPAYULOTIK®OV 0plOU®dV tiag cuviptnong f(x) mov opi-
{etaroto —L <x<L;

. Tv eivar n dptia enéktaon oto —L < x < 0 piag cuvap-

mong f(x) optopévng oto 0 < x < L; Tt givor | ogpd
Fourier cuvnuitovov; Tlog vroioyiloviar ot cuvteie-
oTég NG,

Tt eivor ) meprtn eméktoon oto —L < x < 0 pog ov-
vaptnong f(x) optopévng oto 0 < x < L; Tt glvar 1 o€t~
pa Fourier nuitovov; Iog vroloyilovtatl ot GuvteAecsTEG
mge;

Tt eivar To @awvopevo Gibbs; Tog ennpedletor o0tav
ovuneptlafoupe O6ho KAl TEPLGTOTEPOLG OPOLG TNG
celpag Fourier;
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Aoknoeig kepaAaiou

Aoknoeig kepaAaiou

ZuykAIVOUGEG Kal amokAivouoeg akoAouBieg

TToteg amd tic axorovbieg TV omolwv ot n-6tol 6pot divo-
vtal otig Acknoelg 1-18 cuykhivouy, Kot moleg amokAiivouy;
Bpeite 1o 6pro kabe cuykiivovsog akorovbiog.

1y 1= (=1y
1.a—1+( ) Z.a"=#
Vn
3. an=1;n2" 4. a, =1+ (09)
5. a"=sin% 6. a, = sin nm
In (n? In 2n+ 1
7. a,= 2 ) 8. a,— 022D
In 2n®+1
9. q, ="t 1nn 10. ":W
11. an—(”f) 12 a =<1+%>7
n 1/n
13. a,= 2> 14. a,,=(2>
15. a, = n(2'" — 1) 16. a,=V2n+1
GRS (4
17. a, = P 18. a, = P

ZuyKAIVOUGEG OEIPEG

Bpeite ta abpoicpata tov oelpodv otig Acknoeig 19-24.

S 1 & -2
192 G == 1 20 2 e+

2 9 2 -8
2 Y G = D+ ) 2 X At D
23. 3 e u. S -1y

n=0 n=1 4

ZuyKAIVOUGEG KA1 amTOKAIVOUGEG GEIPEG

IToteg amd t1g oepég Tov Acknoewv 25-40 cuykiivovy
amToAVT®G, TOLEG LG GLVON KT, KOl TOLEG ATOKAIVOLY; Atl-
TIOAOYNOTE TIC UMOVINGEL GUG.

2. iin 26. 2‘75
27. 2 (:/1; 28. 2%
® S 30- gn(lnl o7
3l. 2 1’;3” 32. Slnl?lin”n)
o1y - —1y3
33."2:%(”211 34. ":l%
35. ;”;1 36. 2%”:1)
37. "2;(_’3)" 38. 2 n3
S 1 5
39.2—\/’m 40.n2=2n ——

Auvapooegipgg

¥11g Aoknoelg 41-50, (o) Bpeite TV aktiva Kol T d146TN-
ua ovykAiong kabe cepdc. Encita evtoniote Tig TInég x
Yo TIG OTOiEg M GElpd cuykAivel (B) amoldtmg kat (y) ved
cuvOn K.

(.X“F 4)n =) ( _ 1)2n—2

a3 A T

(=1 '3x = 1) 2 (n+ D2x + 1)
43. ,;1 pe 44. 20 (Zn T
4.3 fT 4. 3

% (}’l + 1)x2n*1 0 )n(x 1)2n+l
72T BT
49. 2 (csch n) x" 50. 2 (coth n) "

Zeipg Maclaurin

Ye kobepio and tig Aoknoelg 51-56 divetat ) Tiun pog oet-
pdc Maclaurin g cvvdptnong f(x) ce kdmoto onueio.
ITowa elvat n cuvdptnomn kot moto to onpeio; Me Tt toobtat
10 GOpolGue TG OELPAG;

1,1
—_ = P + ”7
SL1— g+ e (-1 + -
2_4,8 a1 2"
525 qgtgr - DT St
53 3 7T5 R 2n+1
. ’IT_y"r‘? +( 1) m‘f‘
’772 7T4 . 2n
S TR TRV TR )32n(2)|+
2 n
551+ln2+(ln2) g U2t
2! n!
56.
1 1 1 - 1
————t——— e () +
V3 9V3 45V3 Qn — HV3)!

Bpeite oceipéc Maclaurin yia t1g cuvoptnoelg Tov AGKNoE-
ov 57-64.

1 1
57. - 58. T+ 0
59. sin mx 60. sin %
61. cos (x'?) 62. cos V5x
63. ™ 64. ¢
Zeipég Taylor

Y11 Acknoelg 65-68, fpeite TOVG TPMOTOVG TECTEPLG UM U1)-
devikobg 6povg ¢ oelpdg Taylor tmv omola mapdyel n f
6T0 X = a.

65. f(x) =V3+x

oto x=—1

£



684 KepdAaio 8. Ameipec 0g1pég

66. f(x) =1/(1 —x) oto x=2
67. fx)=1/(x+1) oo x=3
68. f(x) =1/x o0 x=a>0

MpoBAnpata apxik@v TIHOV

Xpnoiononote SLVALOGELPES Y10 VO, AVGETE Ta TPOPAT-
HOTA OPYIKOV TILOV TOV AcKNoE®V 69-76.

69.y+y=0, y0)=-1 70.y' —y=0, y0)=-3

71. y' +2y =0, y0)=3 T72.y +y=1, y0)=0
73.y  —y=3x, y0O=-1 74.y  +y=x, y0)=0
75. ' —y=x, y0)=1 76.y —y=—x, y0)=2

Anpood10p10TEG HOPPEG
2t Aoknoelg 77-82:
(a) Yrnoloyiote kGOe Oplo pe ypNOT SLVOUOCELPDV.

(B) Kotomv oyedidote pe vroroyiot kabe cuvaptn-
G1 Y10 VO VTOGTNPLEETE TOV LTOLOYIOUO GOG.

H 6 _ -0 __
77. lim S0 X 78. lim & —¢ 20
=0 2 — ] 6—0 6 — sin 6
. 1 1 . (sin h)/h — cos h
7. ltg{)l (2 — 2 cos t t2> 80. %.IL% W
2
81, lim L = cos’z 82. lim Y

=0 In (1 —z) + sin z y—0 cos y — coshy

83. Avanapactiote G GELPA TN GLVAPTNON sin 3x Tpo-
KEWEVOL va BPeiTe TIG TIEG TV 7 KOL § Y10 TIG OTOLEG

oyvet Ot
. sin 3x | r
lim | ——+ = +s|=0.
x—0 X3 x2

84. (a) Aci&te 011 M Tpocéyylon csc x = 1/x + x/6 oty
Evotta 8.8, Tlapaderypa 6, odnyet otny npocéy-
yiom sin x = 6x/(6 + x?).

(B) Mdbete ypapovrac Tvykpivete v akpifela TtV
TpoceyYiGE®Y sin x = x ka1 sin x =~ 6x/(6 + x?) ov-
YKPIVOVTOG TO YPOENLOTE TV f(x) = sin x — x KOl
g(x) = sin x — (6x/(6 + x?)). Heprypayte T Préne-
€.

Zeaipéc Fourier

Y1ig Acknoeig 85-90, Bpeite ™ oepd Fourier tng f oto do-
0év dtdotnuo.

sow=7) T2
O [
87. fW)=x+m, —wm<x<m
O R S
O [ S

0, —2<x<0
0<x<l1
1, 1<x<2

Hpitovikég ka1 ouvnpitovikéG agipég Fourier
¥11g Acknoeig 91-96, Bpeite
(0) ™ cvvnuitovikn oelpd Fourier

(B) ™v nurtovikn cepd Fourier tng f 6to d00&v 516~

GTNUA.
(1, o<x<1/2
M. )= {o, 12<x<1
0, 0<x<1
92'f(x)_{x, 1<x<2
93. f(x) =sinmx, 0<x<1
94. f(x) =cosx, 0<x<m/2
95. fx) =2x + x%, 0<x<3
9. f(x) =e, 0<x<2

Oswpia ka1 mapadeiypata

97. JuykAivouoa oeipd

(a) Aei&te 611 M cepd

& 1
2 <sm — — sin P 1)

GLYKMVEL

(B) Mdbete ypapoviac Extiumote to péyebog tov codh-
patog av afpoicovpe péypt 20 Gpovg TG GELPAC.
H mpoceyylotikn T Tov TaipvovrE eivol peya-
AOTEPN M KpOTEPN GO TNV TPAYUATIKT; AlTlo-
AOYNOTE TNV ATAVINGT| COG.

98. () Zuykiivouoa oeipd Agi&te 6TL M GELpd

S 1 1
,,21 <tan 2n tan 2n + 1)

GLYKAVEL

(B) Mdbete ypapoviac Extiumote to péyebog tov cQdh-
potog av afpoicovpe péypt kot tov 6po —tan (1/
41) g oepdg. H mpoceyylotikn tiun mov maip-
voupe elvar peyoAdbtepn N pkpotepn omd v
TPAYUOTIKT]; ALTIOLOYNOTE TNV ATAVINGT GOC.

99. Aktiva ouykiiong Bpelte tnv aktive cOykKAlong g

GELPUG
& 2-5: (3n -1,
2 “any
100. Axtiva ouykdiong Bpeite tnv oktive GOYKALGNG NG
GeLpag
& 3-5- (2n - 1) R
2 4-9- - (5n ( ol

101. n-o010 pepiko dbporopa Bpeite pio KAELGTN EKQPOGCT] Y10
10 n-0616 peptkd GOPoIGUa TG GEPAS ey In (1 —
(1/n*)) Kol ¢PNOILONOIAGTE T Y10 Vo TPOGOIOpicETE
av M GeLpd CLYKALVEL 1] amoKALVEL.

102. n-0076 pepikd dbpoiopa Ymoroyicte 10 Dy (1/(K* — 1))



103.

104.

105.

106.

107.

108.

109.

110.

Bpiokovtog 10 Oplo kabmg n — % ToL n-0GTOD LEPTKOL
afpoicpatoc.

(o) Aidotnpa ouykdiong Bpeite to dtdotnuo oOYKALONG
™G GELPAG

=1+lx3+i

1.4-7-....(3n_2) "
6" " 720 X

64 ...
et (3n)!

(B) Aiapopikn efiowon Agi&te OGTL | GLVAPTNGT TOL OPi-
Cetar amd ™ oelpd 1kavomotel pa dtapopikn &&i-
CMGN TG HOPPTS

d?y
—=x"y+b
dx? Y
Kat Bpeite Tig TIREG TV otablepdv a Kal b.

(o) Zeipa Maclaurin Bpeite ) celpd Maclaurin tng ov-
vaptong x2/(1 + x).

(B) Zuykhiver n oepd oto x = 1; E&nynorte.

Mdbete ypdgoviac Av o1 Dy a, Kol Dy b, €lvol ov-

YKALVOUGEG GELPES UM 0PVNTIKOV 0ptOudV, TOTE TL G-

UTEPAIVETE Y100 TNV Doy @b, AlTlOhOYGTE TNV 0TG-

VING1N G0C.

Mdbete ypdpoviac Av ot D2y a, Kot Dy b, ival amo-
KAVOLoES GELPEG UN ApVNTIKOV 0ptOudVv, TOTE TL OL-
UTEPOIVETE Y10 TV Dy @,b,; A1TIOAOYNOTE TNV OG-
Vinon c6og.

AxodouBia kar ceipd Agi&te 611 M okolovBio {x,} Kot n
oElpl Dy (X1 — X) CUYKAIVOLV TAVTOYPOVE 1 OTTO-
KAlvouv Tavtdy pova.

Suykhion Agi&te 6L M oELpd it (a,/(1 + a,)) cvykAi-
vel epocov a, > 0 yia ke n kot m pon a, GUYKALVEL.

(a) Arokdion ‘Eoto a, a,, as, ..., a, 0etikol aptBpoi
OV 1KOVOTTO100V T1g akolovbeg cuvOnkec:

i. aIZa22a3Z
ii. noepda, +a, + ag + a;e + ... amokAivel.

Agi&te 0TL M oELPa

OTOKALVEL.

(B) Xpnoponotote 10 anotéhecud cog oto (o) Yio
vo. deiéete OTL M GELPd

S 1
1+,§‘2nlnn

OTOKALVEL.

Extipnon olokAnpwuatos 'Eocto ot1 0éhete va Ppeite pa
£0KOAN Kal YPHYOpPN TPOGEYYLOTIKY TIUY Y10, TO [ x%e*
dx. Yrapyovv d14popot duvatol TpOTOL Yo Ve TO TPd-
Eete.

(a) Xpnowonomote Tov kavove Tov tpameliov pe
n =2y va eKTIUNGETE T0 [ X% dx.

(B) Tpayte TOULG TPEG TPMOTOLG OPOVLG TNG GELPAG
Maclaurin tov x%* yia va €aydyete 161 10 TETUP-
10 molvdvopo Maclaurin P(x) tov x%¢'. 'Emcita
LPNGIOTOINGTE TO [§ P(x) dx ®C TPOGEYYIGT TOL
I3 x%e dx.

Aoknogic kepahaiou 685

(y) Mdbete ypapoviac H dedtepn mapdywyog g f(x) =
x2%e" elvan Oetieq 1o kde x > 0. EEnynote yati
QUTN 1 TOPUTNPNOT GLVETAYETAL OTL 1| EKTIUNON
OV KAvaTE 0TO (@) elval LEYOAVTEPN TNG TPAYLLO-
TIKNG TIUNG.

(8) Mdbete ypdgovac Kéabe mapdymyog tne f(x) = x2e
elvat Oetikn yio x > 0. EEnynote yroti avty n mo-
paTHPNO”N CLVEMAYETAL OTL KAOE TOALOVLUIKN
npocéyyion Maclaurin tng f(x) yio x 6to dtdoTN-
pa [0, 1] Ba 6ivel Tiun pikpdTEPM TG TPAYLOTIKNAG
Tung. (Yrddeiln: f(x) = P,(x) + R,(x).)

(¢) XpNoWonoMoTe TOPAYOVIIKY] OLOKANPOCT Yid
vo, vroloyicete 1o [ x%e" dx.

111. Szipd tng tan™* x

(0) OhoxAnpmote kotd pEAN and t = 0 éog ¢t = x TNV
ekiocwon

(_1)n+lt2n+2

1

1O (=D +
1+ ¢ =D

=1—1"+1" =

1+1¢2

OToV 0 TeAELTALOC TPOCHETEDS ElVaL TO LTOAOLTO

peTd (n + 1) 6povg, Kot Tpoékvye g Gfpolcua ye-
OUETPIKNAG GEIPUS [LE UPYIKO Opo a = (— 1) 1?2
Kat Moyo r = —r%

(B) Aci&te 6T1 0 6POG LTOAOITOL TOL EPMTNUATOC (at)
1o0UTOL [LE

B X (_1)n+1t2n+2
e

kot Bpeite to lim, o R,(x) Y10 |x| = 1.

(y) Bdoet tov anotehéopatdg cag oto (B), Ppeite pio
dvvaposelpd Tg cuvaptong tan ! x.

(8) Oécte x = 1 61N Ge1pd ¢ tan ™!

vete Tov tOmo tov Leibniz

x ®oTE va eayd-

="
2n + 1

J’_ _...J’_ J’_....

=13

—q1-1
1 3+

O | —

_1
7

n|—

112. Ynodoyiouog un otoixeiwbéwv odokinpwudtwy ‘Onwg €yovpe
d¢etl, ot oepég Maclaurin umopodv va ypnoiLonoin-
000V Y10 VO EKQPAGOVULE U1 GTOLYELDIT OAOKAT POLLOL-
TO GE LLOPPT) CELPDV.

(o) Exgpéote to [§sin 2 df 6e popen Suvapocelpéc.

(B) Zopeova e to Oedpnua KTIUNONG EVOALACOOLLE-
VNG GELPAG, TOGOVG OPOVG TG ELPAs (a) xpetalo-
LLOGTE Y10 VO EKTIHHGOVNE TO [§ sin x2 dx pe cQa-
po pikpotepo tov 0,001;

113. H uébodog tou Picard yia kAioeig peyalutepes tou 1 Xto Ila-
paderypa 9 tng Evotntag 8.2 ldope 6t dgv unopovue
va gpappdcovpe ) pébodo tov Picard yia va Bpodue
éva otabepd onueto g g(x) = 4x — 12, aAié propov-
ue va Bpodue éva otadepd onueio e g~ (x) = (1/4)x
+ 3 81611 N mapdymyog e ¢! eival mhvta pikpodTEpN
™¢ povadag (kot’ amdivtn Tun) yo v akpifeta,
oobtan pe 1/4. Tto Tapdaderypa 7 tng Evotntog 8.2,
Bprxape 6t T0 6Tadepd onueio e g~ elvat to x = 4.
TTapatnpnote topo 6Tt 10 4 givar eniong ctabepd on-
peto g g, dedopévou Ot

g4) =44 — 12=4.

%
¢ %
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Anrady, Bpickovtag to otadepd onueio e gL, Bpn-
KOUE KOl TNG g-

Miua cuvaptnon éxel mavrote ta 161 otabepd on-
peta pe v avtiotpoen ™. Ta ypopnuate Tov cv-
VOPTNCED®Y OVTMOV EIVOL GUUUETPIKE O TPOG TNV €L-
Oela y = x v omoia Kot TEUVOLY GTA 1310 GTULELd.

Bhénovpe Aowmdv todpa 6t1 ) pnéBodog Tov Picard £y et
evpeia epappoyn. Eotm 6t 1 g eival apu@ipuovocsnpa-
vin (1-1), pe cvveyn TPOTN TOPAYDYO LEYAADTEPT] TNG
povadag (Kot amdlvtn Tiun) o€ KAELGTO dtdotnua 1,

070 E0WTEPICG TOL OTOLOL KelTul éva otabepd onueio
¢ g. TV mepinTtmon auth 1M TApdy®YoS TS g L,
OvTag 1om Pe TV avTioTtpoen g g', elval pKpdtepn
tov 1 oto I. Epappdlovtag m pnébodo tov Picard otnv
¢ 1610100 pac ddoet to 6tadepd onueio e g. MNa va
efaoknbeite oy 6éa avtn, Ppeite ta otabdepd on-
peta Tov akolovbnv GUVEPTHCEWMY.

(@) g(x) =2x + 3
B gx)=1-4dx

EmnpooOeteq aoknoeig: Oewpia, mapadeiypata, eQappoyEg

ZoykAion ka1 amokAion

Ioteg and T1¢ GElpEC Doy @, TIC omoieg opilovy ot thmot
tov Acknoeov 1-4 cuykiivovy, Kol mToleg anrokAivouv; At-
TIOAOYNOTE TIG ATUVINGELS GOC.

) 1 o tan ln)Z
1 - -

Z (Bn — 2y 21 n?+1

d N = log, (n!)
3. ; (—1)" tanh n 4. 2 —5

[Moteg amd Tig Gelpés Dey @, Tov 0pilovy ot TOTOL TV
Acknoemv 5-8 cuyKAivoLv, Kol TOLEG UmOKAIVOLV; AtlTio-
AOYNOTE TIG OMAVINOELG GUG.

_ nn+1) 4

n+2)n+3) "
UEPLKOVG OPOLGE, OEITE TOLOL TOPAYOVTEG d1ay pAPOVTUL,

5.a =1, (Yrooeiln: Tpayte

Ayt

KOl KATOTLY YEVIKEVOTE.)

n

DWW =2

6. a,=ay=7, a4 =

7.0, =a,=1, an+l=ﬁavn22

n

8. a,= 1/3"av n nepittog, a, = n/3" av n 4pTI0G

EmAoyn kévtpou tng aeipag Taylor

O 1tOmog tov Taylor

f"( )

fx) = fla) + f(@)x — a) + =7 (x — a)’
A @) ARG t
+ ...t P (x—a)+(n+1)!(x—a) !

eKPPAlel TNV TIUN TNG f GTO X GLVAPTNCEL TOV TILAOV NG f
KOl TOV Tepoy®dyov ™ 6to x = a. Katd v ektéheon Aot-
OV 0PlOUNTIKOV UTOLOYICU®DV, TO a TPETEL VA ELval GNUELD
0oV TOGO 1 f 60 Kal Ol TOPAY®YOl TNG VO HaG ElvaL Yvm-
otéc. [Ipénel emiong va Bpioketal apkeTd KOVTIG GTIG TILES
e £ mov pac evdlagépovy, dote N tocoHTnTa (x — a)'t! va
elval HiKp1| Kol Vo LTOPOVULE VO 00YVOTGOVILE TOV OPO TOL
voAoinov.

X115 Aoknoelg 9-14, mowa ceipd Taylor Ba emdéyate yo
VO, VOO POGTHCETE TN GLVAPTNGT KOVTA G611 dobelca TIun
tov x; (Evdéyetatl va umdpyovv meplocOTEPEG TNG PidG 0mo-
dextéc anavinoels.) Mo ) celpd mov emhé€ate, ypayte
TOLG TPATOVG TECTEPLS LT UNIEVIKOVG OPOUG.

9. cosxkovta oto x = 1 10. sin x kovtd oto x = 6,3

11. ¢ xovtd otox = 0.4 12. In x kovtd oto x = 1,3

13. cosxkovtd otox =69  14. tan ! x kovid 6To x = 2
Oswpia ka1 mapadeiypata

15. n-oti pida tov a" + b" 'Eotw a kat b otabepégue 0 <a <
b. ZvykAivel n akolovBia {(a" + b")'""}; Av var, o€ Tolo
oplo;

16. EmavadapBavoueva dekadika ynpia No Bpebel to aBpoiopa
™G AmeLpns GELPAG

+243 47,23 7,2, 3,7

L+ S+ = e
10 107 10° 10* 10° 10° 107 10° 10°

17. ABpoion olokAnpwudtwy YTOLOYIGTE TO

o n+l1 1
> J 5 dx.
n=0n 1+x

18. Anodvtn ouykiion Na BpeBodv Oleg ot TIHEG X Yo TIG
OTo1lEC M CELPA

,,21 (n+ 1)(2x + 1)
GLYKAIVEL OTOAVTOG.

19. Jtabepa tou Euler T pagikég TOPUGTAGELS OTWG CLVTH GTO
Tynua 8.13, pag deiyvouv 0Tt KabmE 10 n avéaveral, oro-
£va kat pkpaivel n dtapopd petatd Tov afpoicpotog

S|

1
o+t
! 2



20.

EmmpooBeteg aoknoeig: Bewpia, mapadeiypata, pappoyEg

K01 TOL OAOKAT pOUOTOG

In n=£ %dx.

Alepeuvnote TV TOPATave TPOTUGT], EKTEADVTUG TO.
akolovba Pruota.

(a) Oéote f(x) = 1/x oto ZyNua 8.13, kot deifte 611

In (n+1)S1+%+--'+%Sl+lnn

dnradn ot

1

0<In (n+1)—1nns1+§+---+%—lnnsl.

YuVEnMS, 1 akoAovbio

a,=1+-+-+_-—Inn

1
n 2 n
glval Avo Kot KAToO @poyuev.
(B) Aci&re o611

1
n+1

n+ll
<f ;dx=ln(n+1)—lnn

KOl XPNOIULOTOLNOTE TO AMOTEAEGUO AVTO Yl VO
del&ete Ot M akohovbia {a,} oL gpwTUOTOS (0)
glvat pun avgovoa.

E@dcov pa katom epaypévn un advéovoa akoiovbia cu-
YKALVEL Ta g, OTmg opifovtal 6to (o) o cuykAivouv:

1 1
1+§+ oty Inn—y.
O apBudc vy, mov woovtar pue 0,5772 . . ., KaAegital gza-

Oepd tov Euler. Ev avtiBéoel pe aAlovg 1d1kobg aptd-
pHolG OTMG TO 7T KUL TO ¢, OV €Y el Ppebel kamola aniov-
oTEPN HOOMUATIKY EKQPACT TOV Y.

levikevon tng otabepdc tou Euler To axkolovBo oynua d&i-
AVEL TN YPOUPIKN Tapdotacn pog 0eTikng dtnhd diapo-
piowng edivovcag cvvaptnong f n orola £xel OeTikn
devtepn napdymyo oto (0, ). INa kébe n, o aptBudg A,
glvat 1o guPadov tov ympiov petafd ™ KounOANG Kot
Tov guBOYPOUILOL TUNUATOS TOL GLVIEEL TO OMUELD

(n,f(n)) kar (n + 1, f(n + 1)).

(a) Xpnowonoidvrag to oynpa, deite 0Tt

=1 Ay < (L2)(A(1) — £(2)).

(B) Koatémv anodei&re 611 vdpy el To Opto
igg [;n‘,]f(k) - %(f(l) + /) — flnf(x) dx].
(7) Aci&re, té€hog, 011 VTAPYEL KO TO OpLo
Tim LEI s~ | e dx].

T f(x) = 1/x, to 6po (y) eivar n ctabepd tov
Euler. (ITyyn: “Convergence with Pictures” ap0Opo tov P.
J. Rippon, American Mathematical Monthly, Vol. 93, No.
6 (1986), pp. 476-478.)

21. «Anokomtovragy tpiywva Oe®PNOTE TO IGOTAELPO TPLY®-

vo TAevpdg 2b Tov GYNUATOG. ATO GVTO UMOKOTTOVIE
oomAevpa Tpiyova OTmg delyvel n akolovbio Tov To-
pokdte oynudtov. To dOpoicupo tov eufadov mov
aeULPOVLVTOL £TG1 0O TO gUPAdOV TOL APy LKOD TPLYM-
vovu oynuatilel o arelpn cepd.

(a) No Bpebei n oepd avtn.

(B) Na Bpebel 1o dOpoioua Tng Ameipng cePAg Kot
aKkoLovmg TO0 OAlKO eUPaddv mOL APAlPEITUL UTO
QUTO TOL APYLKOL TPLYMDVOU.

(y) Kabog n dwadikacio amokonng ocvveyiletar en’
anelpov, 0o omopneivel TEAKA KAVEVO GMUELO TOV
aPYLKOD TPLY®VIKOL ympiov; EEnynote yiati var 1
yatt Oyt

2b 2b 2b 2b 2b 2b eee

2b 2b 2b

22. Mia ypnyopn extiunon tou /2 Onog Oa eldoate otnv

Aocknon 10 tng Evétnrag 8.2, n akoiovbio mov ma-
payetal and Tov avadpoutkd THTO X, = X, + COS X,
e Tiun exkivnong x, = 1 ovyxAivel tayvTato 6To 7/
2. Ilpokepuévou vo eENynNoete TNV TayOLTNTO TNG GO~
yKAong, éot® €, = (m/2) — x,. (Agite 10 oyNua.)
2NV TEPINTOOT VTN

T
€01 =~ — X, — COS X,

2
=€, —cos [T —¢
n 2 n
=€, — sin €,

D SN N S S
_ﬁ(en) §(En) + .
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23.

24.

25.

26.

27.

KepahAaio 8. Ameipeg oe1pég
XPNOIUOTOINGTE TNV LOOTNTO AUTH Yo Vo, del§ete OTL

0< € <4

Ymodoyiotikni 61epguvnon

() Mabete ypapovrag daivetal va e&aptdtot and o0 a N
TIUN TOL Opiov
cos (aln
lim <1 _ Los (aln)

n—o

n
o ) , Omov aoctubepd;

Av vai, Towa glvatl ) €dptnon avtn;
(B) Mdbete ypapovrag Daivetor va e&aptdtol and o b n
TIUN TOL 0piov

lim (l _ cos (aln)
n—co bn

Av vai, Towa glval | £dptnon avtn;

) ,0mov a kat b otafepég, ko b # 0;

(7) Epapuolovtag pebddovg Tov amelpoctikod Aoytl-
ouov, erainbevote 6,11 Bpnkate ota (o) kot (B).

Asi&Te 6TL v M OELPA Do a, GUYKALVEL, TOTE Kat 1
i 1 + sin (a,)\"
n=1 2

0o cuykAiivet.

Axtiva ouykiiong Na Bpebet m tiun g otabepac b yio
Vv omoia M 0KTive GOYKALGNG TG SLVOUOGELPAG

@ bnxn
,,22 In n

toobTal 1e S.

Mdbete ypapovtag: YnepBatikés ouvaptroeic Tlog yvopilov-
HE OTL Ol GLVOPTNOELS Sin x, In x, Kot ¢ dev givat mo-
Avdvopo; ATloloYNGTE TV ONAVINGT GUC.

Kprtipio tou Raabe (11 tou Gauss) To axdiovBo kpitnpto,
mov mapabéTovpe dvev anodeifems, anotehel ENEKTO-
o1 TOL KptTnpiov Tov Adyov.

Kprtiipio tov Raabe: Av m D, u, sival 6e1pd, OeTikdv
aptfuov kat vrapyovv otabepég C, K, kat N TETOLEG
whote

u, _ ., C _ f)
—1+ﬁ+7,

Upt1

6mov |f(n) | < Kytan = N, 16T 1 Doy 1, GUYKALVEL YOl
C > 1 xot amokAivel yio C = 1.
Agi€te 011 0 omoTELECUATA TOL KPLTNPLOL TOL
Raabe cupemvovy pe 6ca 110 yvopilete Y10 T1g 0e1pEg
< (e ko Dy (1/n).

28. Xprion tou kprtnpiou tou Raabe 'Eotm 6Tl o1 Opotl Mg

29.

30.

31.

32.

33.

34.

35.

E;‘,‘;l u, opifovtal avadpouKa LEGH TV TOTMOV

@n— 1)

up =1, Uit = Gpyan + 1) M

E@oppocte 1o kpitnplo tov Raabe yia va mpocdiopi-

GETE AV 1 GELPA GLYKAIVEL.

Ynoféote 6Tin oE1pd D | a, GUYKALVEL, 0Tt a, # 1, ko1

0Tt a, > 0 yio kabe n.

(@) Yywon oto tetpdywvo Agifte 611 M Dy a,> GUYKAL-
VEL.

(B) Mdbete ypapoviag XvykAiver n E;‘,‘;l a,/(1 —a,); EEn-
YNOTE.

(Zvvéyeta g Acrnans 29) Av 1 GEPA Dy a, GUYKAL-

verkatav 1 > a, > 0 yia k0 n, Seifte 611m Dy In (1

— a,) ocvykAiivet. (Yrddeln: Aeiére npdra 6t |In (1 —

a)|=a,/(1-a,).)

Bewpnpa g Nicole Oresme Amodei&te to Oedpnua g

Nicole Oresme, 011

1 1 e n
T4y 2ty 3+t 4.

(Ynodeiln: mapayoyiote katd péAn v eélocwon
A —x)=1+2,x")

(@) [Tapaywyion opo mpog opo Agi&te OTL

_ 2x?
(x—1

o> hn+1)

2=

n=1 X

1w x| > 1, mapayoyiloviag 6o popég TV TavTO-
™o

molamAactafovtag autd Tov PBpnkate HE x, Kot
avTikadioTtovTag, TéA0G, To X e to 1/x.

(B) Xpnoworowmote to (o) Yo va Bpeite Ty Tpaypo-
TIKT KO LEYOADTEPT TNG HOVAdag Avan g elom-
ong

S nln+ 1)

=2

n=1 X

ABpoion ekbetikwy duvdpswy EQapudote 10 KPLTHPLO TOL
OLOKAN POUATOG Yo Va dei&eTe OTL M OELPA

GLYKMVEL

Md6ete ypdapovtag Avm E;‘,‘;l a, €lval GuYKAvVovsa oelpd
Oetikdv oplOudV, TOTE TL UTOPEITE VO GUUTEPAVETE Y10
™ ohykMon e Doy In (1 + a,); Artioroyiote T
aTavVINGM GOC.

Moiotikog EAeyxog

(o) MMopayoyicte ™ cepd

R IR

1—x
MOCTE VO TPOKLYEL 1 GELPE TNG CLVAPTNONG
1/(1 — x) 2.



36.

37.

Emmpoobetec aoknoeig: Bewpia, mapadeiypata, papuoyéc 689

(B) Zdpia Piyvovrtag 600 Lapro pia @opd, n mbavotnta
va Byet aBpotopa 7 gival p = 1/6. Piyvovtag ta {a-
pla kot eEakorobnon, n mbavotnto guedviong
oV 7 Yo TP®OTN QOPE GTN n-0TN Piyn 1oodTal 1E
q" 'p,o6movg =1—p=5/6.0 avapevouevoc apid-
noéc piveov péypt va supavictsi 1o 7 elvor D
ng" 'p. Na Bpebei o GOporoua g Gelpdc.

(y) Eiote unyovikog kot epaprolete oToTioTIKO EAEY-
%0 ot ddikacia PLoUnyoviKNG Tapay®YNS TNG
etaipeiog coc. Amd ToV UAvVTE GLVAPULOAOYNONG
Sadéyete Tuyxoia kKamola mpoiovta. Xapaktnpile-
Te KGOe TPoidV mov e€eTdleTE MG KKAAO» M| «EAOT-
tonatikoy. Eoto p n mbavotnrta va eivatl kadd Eva
Tpoioyv, onote ¢ = 1 — p M mMBAVOTNTO EAATTOUATL-
KoV mpoidvroc. H mibavotnta va Bpeite to mpdTo
eLUTTOUATIKO TPOIOV KOTA TN 7-06TH Ol0AOYN
1oobton pe p"lg. O pécog aplbpdc TPoidoviey mov
eléyyOnoav péyxpt Kol T0 TPOTO EAUTTOUATIKO
npoidv, eivar Do, np" 'q. Ynoloyicte 10 dOpot-
oua autd, vrobétoviag 6T 0 < p < 1.

Avapevopevn tipn "Eotm 6Tt pio toyaio petofint X pmo-
pel vo mapet Tig tnég 1, 2, 3, .. ., pe avtictolyeg miba-
VOTNTES pi, Pas P3s - - - » OTOV Py €LVOL 1 TOAVOTNTA VO
woobtart to X pe k (k= 1,2, 3,...). Ecto axéun ot p,
=0 ka1 611 D7, pe = 1. H avopevopeyn tyai tov X, mov
ovuPoriletar wg E(X), sivar X kp,, Sedopévov OtL 1
oelpd cvykhivel. Te kabepio and tig akdiovdeg mept-
TTOGELS, deilte 0Tl Dy pr = 1 kot Bpeite v E(X) av
vrapy et tétota. (Ynodeiln: Agite tnv Acknon 35.)

B Sk*l
(G)szzk (ﬁ)l’k:?
1 1 1

R T T A

Anotedeopatiki 6oon kar acpalng 6oon Mid QOPUAKEVLTIKY
ovcia yopnyeitar gvéoprePing oe achevi. H ocvyké-
VIP®OON NG OLGLOG GTO CiUE LELMVETOL LLE TOV Y POVO
kabog avtn eoleipetal ond T0 coUa ToL 0ebevoug.
‘Etot o1 800¢€1g mpénet va enavaropuPdvoviot ava TakTd
SLCTAHOTA, OCTE AVE TACH GTLYIT 1] GUYKEVTPOCT TNG
ovGiag 6To aipa vo dtatnpeltotl Tave and KATolo gAd-
K1OTO OPLO. ZOUPOVE [LE EVO LOVTELO TEPLYPUPNG TOL
OTOTEAEGLATOG TOV X OPTNYOLUEVOV dOCEMV, 1| CLYKE-
VIP®GT TNG 0LGiag 6To aipa poAg tpwv ™ (n + 1)-otn
do6o1 ool pE

R, = Coe M + Coe 20 + -+ + Che ",

n

omov Cy = 1 petaforn g ovYKEVTPOGNS avd 66on (o€
milligram ava milliliter), & = n gtabepd eldleryng Tov
QopUaKOL 0o TO cmua (vl Gpa), Kat fy = 0 XPOVOG
1oL pecorafel petald dvo docemy (o€ Mdpeg). Agite To
GYMUO TOL aKOAOLOEL.

c

= _ —kt
'—E] C,=Cy+ Cye™
?ﬂ Cn—l
E \\\ G
&
3 R,
£c
é 0 5
_ —kt,
= R1 = COe 0
W | | | ¢
o t

Xpovog (h)

(@) I'payte t0 R, 6€ KAELGTN HOPON ®C KAGCUO Kol
Bpeite to R = lim,_,,, R,.

(B) Ymoloyiote ta R, kot Ry, yio Cy = 1 mg/mL, k =
0,1 h™', kat 1, = 10 h. [Téco keAy extipnon Tov R
anotelel T0 Ryy;

(y) Avk=0,01 h"'xarz, = 10 h, Bpeite to erdyicTO N
éto1 oote R, > (1/2)R.

(IInyn: Prescribing Safe and Effective Dosage tov B.
Horelick kot S. Koont (Lexington, MA: COMAP,
Inc., 1979).)

38. Xpovog petalu xopnyroswv (ouvéxeia tng Aoknong 37) 'Ectm

OTL KATOL0 QAPUOKO EIVOL OVOTOTELECUATIKO GE GUL-
YKEVIPDOGELS Y oUNA0TEPEG TG C;, EVAD KabloTaTUL ETL-
BrafPéc oe ovykevipooels peyalvtepes g Cy. Mog
evilapépet va Bpodue Tinég tov Cy Kot £y TETOLEG MOTE
1 CLYKEVTPMGT TOL POPUAKOL GTO GO VO TOPOUEVEL
acQoAng (Lkpodtepn and Cy) 0ALG Kol OTOTELECUATL-
KN (ueyorbtepn and C,). Agite To oYMUA TOL AKOAOL-
Oet.

Méyiotn 0GQUANG
_ _ovykévipoon

TuyKEVIPOOT GTO aipa
9}
<«

L || Edgpom
[«—t,—| omoteleopatikn
| | GLYKEVTPOGT

0 Xpdvog

Zntodue dnradn Tipég tov C) Kat £y TETOLEC MOTE

R=C, Kot Cy+ R=Cy.

Anradn, Cy = Cy — C.. Otav avtikataotadody ot TiéG
avtég oty eicwon Yo To R oto gpdtTHa (0) NG
Acxknong 37, n elomon maipvel TNV oTAOTOINUEVN
Hopon

Cu

1

tO = % In a

IIpokeévou va KataoTel TayVTEPO ATOTELEGUOTIKO TO
QOPLOKO, YOPNYEITOL Hia HEYAAN TPp®OTN O60CT GTOV
achevr], ®GTE 1 CLYKEVIPOGT TOL QOPLAKOL Vo PBAcEL
ta Cy mg ava mL. KéOe enopevn doon yopnyeitar avd
fo ®peg Kot avgavetl kabe popd ™ cvykévipmon Kotd Cy
= Cy — C, mg ava mL.

(0) EnaAnbedote TV napondve e£icmo Yo TO 4.

B) Avk=0,05h"" ko n péylom uoQarnc cvYKEVTPO-
G1 1o0VTOL [LE TO YLVOUEVO TOL e €Nl TNV EAGYLOTN
OTOTELECUOTIKT CLYKEVTP®OT, Vo, Bpebel To ypovi-
KO Stdotnuo netald SOGEMV TOL HOG EYYLATOL OTL 1
GLYKEVTIPOOT TOL QAPULAKOL GTO aipla Tov a.chevoidg
0o elvatl TavTo 0GPUANG Kot TOVTOY POV OTOTEAE-
GUOTIKY].

(y) Mabete ypapovrag Agdopévov 6t Cy = 2mg/mL, C, =
0,5 mg/mL, ka1 k = 0,02 h™!, mpoteivere éva ypovo-
Sy papLa Y OPNYNGEDY TOV PUPUAKOV.

(®) Eotw 6t1 k = 0,2 h™! ka1 611 1 ehdylot anotehe-
cuotikn ovykévipoon eivar 0,03 mg/mL. Xtov
acOevn yopnyeital pio 366m TOL PAPULAKOL TOL dN-
povpyet ocvykévipmon 0,1 mg/mL. Ta w6c0 did-
otnuo Tepinov o dpaoel To PAPHOKO;
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39. Eva aneipo yivouevo To Gmelpo yivOpEVo

[Ta+a)=0+apd+a)ia+ay -
n=1

0o cuykAivel, av cuykAivel n oelpd

> In (1 +a,),
n=1

TOL TPOKVATEL TALPVOVTAG TOV PLUGIKO A0YAPLOLO TOL
yivopévov. Agifte O0TL TO YLVOUEVO GUYKALVEL OV @, >
—1 y1a k6Be n kar av M oe1pd 2o, |a, | cuykiivet. (Yro-
oeiln: Aei&te 6T

la,|

[ —
[In 1 +a,)|= = la,]

=2a,|

v |a,] < 1/2.)

40. Enektetapgvn AoyapiBuikn p-oeipa Av p elval otabepd,

det&te 6t M oepa

1+,§3n'ln n-[lln (In n)?
(o) ovykAiver yiap > 1
(B) amoxAiver ywop = 1.
Ev yéver, av fi(x) = x, f,11(x) = In (f,(x)) kot T0 n maip-
vettigtuéc 1, 2, 3, .. ., Bpiokovpe 011 fo(x) = In x, f3(x)

= In (In x), x.0.k. AV f,(a) > 1, T0T€ TO OLOKAN pOUL

Jw dx
a Ji) ) - f,(0) (frr1(0))”

ouykMvet yuo p > 1 kot anokiivel yuap = 1.



KE®AAAIO 8
Evotnta 8.1, oeA. 596-598 27.
| 3 31.
1. a,=0,a, = BT Tt T e
1 1
Joa=lLa= BTy dT Ty
5. a,=(-D)"n=1 7.a,=n—1,n=1
1+(—1 n+l
9. a,=4n—3,n=1 11. a,,—(i),
=1 2 L
13. Zvyxiivet, 2 15. Zvykiivet, —1
17. Amoxhivet 19. AmokMivet
o1 ; S.
21. EU'}’K?\.IVSI,E 23. Xvuykivet, V2
25. ZuykMvet, 0 27. Zvuykiivet, 0 9
29. Anoxhivel 31. Suykiiver, e’ :
33. Xvuykiivet, 1 35. Xvuykiivet, 1
37. XvykAivel, 4 39. Xvuykiivet, 0 11.
41. Anoxhivel 43. Tvykhiver, e}
45. Tuykiiver, ¥? 47. Zvykhivet, x (x > 0) 13.
49. Yvykiivet, 0 51. EUYK)\iVSL,g 17.
53. XvykAivet, 0 55. Xvykiivet, 0 2L
57. N=692,a0,=V05,L=1  59. N=654a,=(09),
_ 25.
L=0
61. () V2 63. (B) 1 29.
33.
Evotnta 8.2, ogl. 505-607
L 13715 31 63 127 255 511 1023 3.
274 8716732 6471287 256” 512
P (N U0 T T U T U
T2 48160 32 647128256 37.
5.1,1,2,3,5,8,13,21, 34,55
7. B)V3 41.
9. (0) f(x) = x> — 2, 1,414213562 =~ V2
(B) f(x) = tan (1) ~1,0,7853981635 ~ 7 45.
(y) f(x) = €*, anoxAivel 4.
11. Mn ebivovca, gpaypévn 51
13. H axolovBia dev givar un ebivovoa, gival dumg epoy-
pévn
15. XvykAivet, Oedpnua Lovotovav akoiovdiov
17. ZuykAiivet, Oedpnua Lovotovav aKoAovdidv
19. AmoxAivel, 0ploLOGC ATOKALONG
21. XvykAivet, Oedpnpa LovoTovev aKkolovbidv
23. AmokAiivet, optopds andkiiong akolovdiog

Amavtnoeic

1 29. —0,73908513
0,85375017

Evotnta 8.3, oeA. 616-618

_ ln _ _ln
2[1 <3>] : <2> 2
WE T 3 o5, =—— %
(L Lo (1) 3
3 2
_1_ 1 1 _1.1 1 L4
T T u¥ 22 [ T TR
5,1 5,1 5 1 23
(5+1)+<2+3>+<4+9>+<8+27>+ .3
1_1 1.1 1_1\,... 7
(1+1)+<2 6>+<4+25>+<8 125)+ "6
1 15. 5
1 19. ZvykAiivel, 2 + V2
2
Tuykhivet, 1 23. ZuyKMvsL,%
o2 —

Yuykhivet, < f 1 27. AmoxAlvel
AmokAivel 31. AmoxAivet
, 1
= = —x* <
a=1,r = —x ovykiivel 610 1 +xyta|x| 1
a =3 r= —1 GLYKALVEL GTO 6 Y. X GTO
’ 27 3—x
Stdotnpa (—1, 3)
1 1 2
<= . < —
| x| >1= 2 39. 1 x<5’x—1
23 7
) 43. )
41.333
33300 47. 28 m
8 m>
4 n—1
@3(3)
1 1(4 {4\, .
= + = + = = B e =
B A =Aa+34 3(9>A 3(9) A, lim 4,
2V3
5

A-45




A-46

53.

55.

Anavtnoeig

@) n_E,z n + 4)(n +5)
® 2 m
@) 2 7,1 =)

o

61. AmoxAivet.

Evotnta 8.4, ogl. 628-630

1.
5.

9.

11.

13.

15.

17.

19.

21.
25.
29.
33.

35.
37.

39.

41.

43.
45.
47.
49.

51.

53.

55.

57.

59.
61.
63.

65.

AmoxAivel 3. AmoxAivel
YuykAivel 7. ZvuykAiivel
B D R
AmoxAiivel \f N a3

YuykAiver Sl;lni’l 21n

, n n n n 1 n
. < — = —
Tuykhivel <3n T 1) <3n> <3>

ATOKMVEL GUYKPION LLE TOV 7-GTO 6PO TG D, %

TuyKAVEL GOYKPLGT [LE TOV 1-GTO OPO TG Y, %
n

ToykAIVEL GOYKPLON LE TOV 1-GTO OPO TS D, %
n

Yuykhivel, p = 1/2
Yuykhiivet, p = 1/10
Yuykhivet, p =0
AmokAivel, p = »
TUYKAVEL YEOUETPIKT GELPA, I = é <1
Anoxhiver p-celpd, p < 1

Amok)hiver chyKplon pe Tov 1-6T6 6po TG D, %

ToykAIVEL GOYKPLON LE TOV 1-GTO OPO TS D, %/2
n

ZUYKAIVEL KPLTNPLO TOL AOYOL
ZUYKALVEL KPLTNPLO TOL AOYOL
ZUYKALVEL KPLTNPLO TOL OAOKAN POULATOS
TUYKAIVEL KPLTNPLO TOL OAOKAN POUATOS

Zyihiver obyrpion e m oepd X gs)"

ToykAivEr GOYKPLON LE TN GELE D, Lz
n

ToykAVEL GOYKPLON LE TN GELpE D, iz
n

T
tan" ' n - <2>

RN N
AmokAivel kprtnplo n-06Tod 6POL
FUYKALVEL KPLTNPLO TOL AOYOL
AmokAver KpLTnplo Tov AOyov

Yuykhiver

(1/nt)
Amoxhiiver a, = <3> -1 7l.a=1

Evotnta 8.5, ogA. 637-639

1.
3.

5.
7.

YuykAiivel Loym tov ®empnpotog 8
AmoxMver a, == 0

Tuykhivel LOym tov @empnpatog 8

Amokiiver a, — % +0

23. AmoxkMivel, p =
27. Xvykiivel, p =0
31. Xvykiivel, p =10

13.

15.

17.

19.

21.

23.
25.

27.
29.

31.

33.

cos nir| _

. Zuykhivel Loym tov Oempnpotog 8
. Zuykiivel arolvtmg. H cetpd andivtov Tipmv givat pio

GLYKAVOLG O YEMUETPLKT CELPA.

3

S —
+

1 .
— 0 aArd
Vn+1 Z’l

YuykAivel vd cuvOnK.

OTOKALVEL.

YuykAivel anordTog. ZOYKPLON LE TN GELPE E

M8 |~
I\)

YuykAivel vtd cuvOnK. n]T3 — 0 aArd M p l 3
n=1

amokAivel. TOYKpLon Ue T GElpd Y, %
n=1

, . 3+n
Amokiivel ST

—1

Yuykhivel vd cuvOnK” (12 + ;11> — 0 al)ra I +2n > %

n n
YuyKAIVEL amOADTOG KPLTPLO TOL AOYOL
YuykAivel anolbTmg BAGEL TOL KPLTNPLOL TOL OAOKAN-
POLLOTOG
AmoxAivel a, = 0
YuykAivel anrolitmg BAcel Tov KpLtnpiov Tov AdYoL

1 1

TuyKALVEL OTOAVTOC ———————— < —
! > n>+2n+1 n?

ZUYKAMVEL ATOADTOG EQOGOV

(71)n+1 1

35.

37.
39.

41.

43.

45.
49.
51.

T (ovykAivovoa p-celpad).

n 3/2

YuykAivel amolvtmg Baoel Tov Kplrtnpilov n-0oGTthg pi-
Cag
AmoxAivel a, — ©

YuykAivel vmod covGﬁKn'

Vi+1-—Vn= \[-‘r\/nT —0,

aALG 1 CELPA UTOAVTOV TILAOV ATOKALIVEL. ZOYKPLOT UE

™moepd = L
Vn

AmoxAivel a, %% #0

ZUYKAMVEL ATOADTMG"

27: 2e" <2e":;’
e"te” 41 e e
oL €ivatl 6Pog GLYKAIVOLGUG YEMUETPLKNG GELPAG.
| Zpdipa | < 0,2 47. | Zedhua | <2 x 107
0,54030
(a) Agv minpovtot 1 tpoimdbeon 0tl a, = a,4,

® -5

sechn =

Evotnta 8.6, osA. 646-648

1.

Jd
W= e W;m

@1, -1<x<l1

1 _1
@ 4~ <x<0

B —1<x<1 (y)Toxopio Tiun
()] —% <x<0 (y)Tw xopio tiun

(@ 10, -8 <x <12 (P) —8<x<12 (y) T xapia Tiun

(@, —-1<x<1l @ —-1<x<1 (y)Tokopioipn

- (0) 3,[-3, 3] ® [-3.3] (v) N kopio tipn
. (@) o, yiokdbex (P) TNoaxabex (y) Mo xopio Tiun
. () o, yiokabex  (P) Twkabex (y) Mo xopio Tipn



15.
17.
19.
21.
23.
25.
27.

29.
31.

33.

35.

37.

39.
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(@) 2, —4<x=0
@1, -1=x=1
3

(a)* 1<)C<§
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p(x):L_L - I _Ezp(x)
v v ) Tl
-3l a3
V2 V2 4) 22 6V2 4
3] (_x)n 2 3 4
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