YYMIIAHPOQMA 3.1

H TAINIQTH AOMH TOY ENEPI'EIAKOY ®AXMATOX
XE ENA IIEPIOAIKO AYNAMIKO:
MIA AAAH I'ENIKH XYNEIIEIA
THE EEIZQIEQYX SCHRODINGER

Y& ToUT0 10 ovumAnpoua 0o arodsiEovpe plo GAAT YEVIKN) GUVERELD TNG &-
Elomoemg Schrodinger. ‘Ott ektd6g amd TO JLdkpito KOl TO GuVEYES (QAGHA,
VTAPYEL KOL €VO TPITO €100¢ PACUATOG TOV GLVICTATOL OO (VES EMITPETO-
Hevay gvepyelddy PeTalh TV onol®v TapeuParlovTal evepyetaxd ydouatd, OTOv
Kaptd Avon g eElo®cemg Schrodinger dev givat puotkd mopadektn. TEtolov
TOmoL Qacpo gpeaviletor 6tav to duvapkd U(z) oy géicwon Schrodinger

V' + (e~ Ulz))d =0 (1)
glval po meprodixyy oovdptnon —E0T® Pe tepiodo a— omdte Ba elvar
Uz +a) =U(z). (2)

Avtd mov TPEMEL VO MEPLUEVOLUE GE Hla TéTOola TepinTmon givar Ott Oa
VTAPYOLY AVGELS TOL TOPUUEVOLV GTOV E€ULTO TOLG LRMO TN UETATONMION
x — x+ a. Ot Ba glvar dnhadn

Pz +a) = pip(x), (3)

OOV p €vag aplOuNTIKOG GLVTEAESTNG Y10 Tov onoio Ba Tpémel va gpgvvnOel
TEPALTEP® AV EXEL TN HOopeN piag kabapnc edong (p = €¥) —omdte o1 Moelg
™¢ (3) Oa elval TovTov TETEPUOUEVES (Gpa PLOLKG TaPudekTEG)— N B0l elval
EVOG TOYOV Wyadikog apifuocg, omodte ol Aoelg o amokAivovy 610 dmelpo gite
TPOG TN pio gite Tpog TNV AAAN KatevBuven tov dEova x. Omov ot tedgvtaiot
oY LPIGHOT OTOPPEOLY APEC®G amd TG aVTOVONTEG emekTdoelg TS (3) Yo
UETOTOTIOELG KOUTA GKEPULOL TOAALATAGGLO TOV TAEYUATOG TPOG TN pic 1 TNV
aAAn xoatevbbouven. Anhadn Tig oyEoelg

U(z + Na) = p"P(x), Yz~ Na) = p V(). (4)

And QuOIKNG TAELPAC TEPLPEVOLUE, Pefoimg, OTL TEMEPACUEVEC AVGELG
—onradn Moeig pe |p| = 1— 0o vdpyovy LOVO Yia OPLOUEVEG (DVES TLLDY TOV



2 KBANTOMHXANIKH II — HAEKTPONIKA YYMITAHPQOMATA

€, EVD OTNV TEPLOYN TOV yacudtwy Ba gival |p| # 1 kol ot avtictolyeg MGELg
dev Bo gival Quoilkd mopadektéc, aeov Oo amsipilovtatr yia x — +oo M
T — —o0.

o ™ padnpotikn diepedvnon TovV Topondve, ¥ pelaldlocTe TPpMTA (i
Baon Aoewv g (1) Kor og tétoteg emAéyovus TG ¢y () Kot 1ho(x), TOL
Tpocdlopilovial TANPOG 0o TIG TPOTLTEG APYIKEG CLVONKEC

$i(0) =1, ¢(0)=0 (A)
¥2(0) =0, ¢h(0) =1 (B)

(5)

"Yotepa oo 0 TOPATAvVe EIHL0GTE TAEOV £TOLHOL VO, 0T0OEIEOVIE TO TTapa-
Kato Oeopnua (Yvootd wg beddpnua tov Floquet)

OEQPHMA TOY FLOQUET: H &liowon (1) —ue U(x +a) = U(x)— e Aboeig
TAVTOU TIEMEPACUEVES UOVO Y10, KEIVES TIG TIUEC TOV € YIG TIC OTOIES 1] TOVAPTHON

A(e) = ¢r(a, €) +1hy(a, ) (6)

glvatl pikpoTep” TOL 800 Kot amoivtn Tpn (|A] < 2). Av givar |A| > 2 1 (1)
oev O1adétel menepaoEveg AVaeES.

Arodeién:

IMaipvovtog g mpoTunn Pdomn AOGE®V EKEIVEG TOL 1KOVOTOLOVV TIG GLUVOTKEC
(5), m yevikn Aon g (1) Ba ypdoetat mg

Y(x) = c1hi(z) + crtha(), (7)

Kol amd aUTH TN YEVIKT AVGT ATOLTOVUE TMPO Vo 1Kovorotel T cuvOnkn (3).
'Etot, maipvovpus

iy (z + a) + coha(z + a) = p(erhr (z) + o (x)). (8)

‘Opmg apov ot P (x 4 a) kot e (x + a) glvar eniong Aoelg ™ (1) —Adyo® g
GLUUETPLOG HETATOTIONG KATG a— 00 yYpaQovTol KOl OLTEG OC YPOUUULKOL
ouvdvacpol Tev P (x) Kat e(x), INAadN OC

Yi(z + a) = cuhi(x) + cratpa(x) 9)
Po(x + a) = corhr (x) + ca2tpa (). (10)

®¢tovtag z = 0 otV (9) Kol 6TV TAPAY®YO TNG, TUIPVOLUE OUECHG
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cn =1i(a), ez =1(a)
evh 1] iB10, Sradixacio yia tnv (10) Siver
co1 = Po(a), o = Yh(a),
omdte ot (9) kar (10) 0a yphooviar o
iz + a) = pi(a)(2) + ¢ (a)a(2) (11)
Ua(z + a) = Ya(a)i (z) + v (a)iha(z). (12)
Eisayovrac topa tic (11) kot (12) oty (8), 00 &xovpe
c1(¥1(a)r (@) + ¥ (a)ia (@) + c2 (¥a(a)thr (@) + ¥y (a)ihe(w))
= p(cry(x) + cappa(x)),

arn’ Omov —e€l1oMVOVTOG TOVG OMKOVG GUVTEAEGTEG T®V 11 (x) Kol s (x) ota
V0 PEAN— TalpVoLUE

Yi(a)er + Pa(a)ey = pey

Y (a)er + ¢h(a)er = pey

(%(a) -p Po(a) )(Q) —0
Yi(a)  Yh(a)—p )\

OV €lvat Eva Ypaputko Kot OpoyeVEC cLOTNO TO 0moio Ba £yel Aban diapopn
TOL UNdevog povov otav

<w1 (a)—p  tn(a) )
det =0
Yi(a)  Yh(a) —p

N, 1G0dLVALLD,

= (¢1(a) — p) (¢h(a) — p) — va(a)¥(a) =0

= p* = (¢1(a) + ¥5(a))p + W(a) = 0, (13)
omov W(a) n napdctacn
W(a) = t1(a)¥s(a) — ¥2(a)dy(a), (14)

dnAadn n Bpovakiavii T@v dVo aveEdptntov Aboemv 1 (x) katl s (z) vrolo-
YIGUEVT 6T0 onpelo z = a. Opwg yio pa e&lcwon g popoeng (1) n Bpov-
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oktavy W(z) 8vo ypappikd aveéaptntav Acedv ¢ Oa sivat pio otadepd ™)
oL M TN NG O €lval VIOYPEOTIKA HOVADdX, AOY® TOV 0PYIK®V cLVOINK®OV
(%)

O¢tovtag thpa A = 1(a) + Yh(a), dnwg vrodeiytnke oty (6), n (13)
YPAPETUL MG

pP—Ap+1=0, (15)

an’ OTov —KOTO TO YVOGCTH and TN Bewplo TOL TPIOVOUOL— TPOKVLITTOLV U-
péowc ta eENG:
i)  Aveivar A? —4 < 0, ot pileg g (15) Ba givor ovlvyeig pryadikoi aprbpoi

Kat eneldn Oa eivol emiong pipe = 1 Oa £yovv VIOYPEMTIKA (ETPO povdda

Kot ETOUEVMS ot Avoelg s (1) Ba eival Tavtod nenepacpéves.

i)  Aveivar A2 —4 = 0, o pileg g (15) Oa eivar mpayuatixés, ondte —AOy®

KAl g p1p2 = 1— Ba 0dnyovv og Aoeig g (1) mov Ba ansipilovtal Tpog

™ pio | v aAAn koatevbovon tov agova .

Agdopévov tdpa 6Tt N mocotnta A =1 (a) +y(a) Bo elvar g ov-
vVapTNGMN, Kol TNG 1610TIUNG € mov eppaviletat oty (1) —0a givar dniadn
A = A(e)— m mapandve cuvOnkn, A2 — 4 < 0, Y10 TV Onapén TEnEPUCHEVOV
Aboemv Oa ypapetal wg

[A(e)] = 2, (17)
OTOTE Ol QLOIKA TOPUSEKTES TIHEG TOL € Oa eival gkelveg Yo TIg omoieg M
YPAPIKN TapAoTacn TG cuvaptNoe®s A(e) Ba keital peta&d —1 kal +1, 0T
cto Zynuo 1.

[Mepartépw diepedvnon g cvvdptnong A(e) pmopel va yiver povo yia
oAb peydra (Oetikd M apvntikd) e. Mapadeiypotog yapiy, yio € = —y> pe v
oA peydro n (1) kotadnyet oty ¢ — %Y = 0 ka1 o1 wpdTuneg Aol Py
Kot 1y Ba €x0vv TOTE TN HOPON

1
Y1(x) = coshyz,  s(x) = —sinhya,
v

ondte yua T ovvaptnon A = ¢ (a) + ¢ (a) Oa Eyxovpe
A = 2cosh~a

) Ta pio toyoboo ypappikn dtapopikt e&icoon g popeng
y' + P(2)y +Qz)y=0
Loy VEL OTL
W(l’) _ e—fP(.L‘) (l.L"

onote yuo P(z) = 0 onog €8 (€€. (2)), Oa eivar W (z) =otabepa.



ZYMIIAHPQMA 3.1. H TAINIQTH AOMH TOY ENEPI'EIAKOY ®AXMATOZ 5

A(E) En,n:psnépsvsg gvepyelokég (Dveg
Xdopoto

YXHMA 1: H taiviot dopun tov evepyelakoy PAGHOTOG EIVOL 110 AVOYKOGTIKT] GUVETELD
MG aVIoOTNTAG }A(e)| =2, n omolo opilel TG EMTPEMOUEVEG EVEPYELEG GE €V
povodidotato meptodikd duvaptko U(x).

kat Oa eivar BePaiowg A > 2. Apa yio peydro apvntikd € 6o ioydel 6Tt A > 2
KOl 1 EVEPYELOKN avTN Teployn Oa ival oiyovpa arayopevuévy. Avtibeta, yia
noA) peydla Oetikd € —omdte € = k2— o1 mpdtuneg Aoelg g eicmong
Schrédinger og avth v meproyn —dniaudn g ekicoong ¥ + k*p = 0— Oa
glvat ot

Y1(z) = coskz, Po(x) = %sin kx

KOl ETOUEVMG
A = 2coska,

omote amd Kamola evépyela Kot petd Ba givar oiyovpa |A| = 2 kot Okeg ot
Aboeilg Ba elval QuOIKE TaPAdEKTEG OO KEL KOl TEPU TANV, EVOEYOUEVOC,
exelvov yia 11g onoieg eival A(e) = +2. v TpaypaTikdTnTo, Hio Lot po-
TEPN HEAETN TOV AVGE®V GTNV TEPLOYT TOV PEYAA®V OeTiK®V € dgiyvel OTL
YOP® amO TIG EVEPYELES EKELVES Y10 TIG Omoles elvat A(e) = £2 dnpiovpyodvtal
oA GTEVE YACUATA TOVL YIVOVTOL OAOEVE Kl GTEVOTEPA KOOMG avePaivouple
o610 Qdopo. Me e€aipeon pio TOAD €101KT KOTNYOPLld SLVOULK®Y, TO TUYOV
neplodikd duvapkd V(z) €xer éva dneipo mANnBog evepyslokov {ovov Kot
yaopudTov.*)

) Agite oyetikd to khaoikd Piprio, W. Magnus-S. Winkler, Hills Equation, Dover Publica-
tions, 1966.
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BAémovpe Aowmov Ot OvTmg vIdpyel Kal éva Tpito €160g PAoUATOG —TO
TAWVIOTO— Kol 0Tt N Omapén tov yio éva TuxdvV HOVOodLUcTAUTO TEPLOIKO
SUVOpIKO glval emioMG O OVAYKACTIKY YEVIKT] GULVENELD TNG 130G TNG
e&iomong Schrodinger.



