MAGHMATIKO XYMITAHPQMA

XYXTHMATIKH OEQPIA
THX ITIOAYQNYMIKHE ME®OAOY™

1. T'ati vredpyer mpofinua

‘Onwg €ldope GTOV OPUOVIKO TOAAVTOTH KOl GTO GTOUO TOL LIPOYOVOL, AV
ATOUOVAOOEL KOVELG TOV [T TOAVMOVUULIKO OGLUTTMOTIKO TOPAYOVTO TOL OVTL-
TPOCMNEVEL TN GUUTEPLPOPA TNG AVGNC GTO ATELPO, TO LTLOAOLTO KOUUATL TNG
KUHOTOCLVAPTNONG £XEL TNV ®PAic KAELGTH HOPET €VOC TOoAv®@VOHOL. Ot -
VEPYELOKES LOLOTIHEG ElVaL OKPLP®MG EKEIVEC O1 TIUEG Y10, TIG OTMOIEG 1 GELPA-
AOon teppatiletal og Eva TEMEPACHEVO TOALMOVLLO. ALTOG O TPOTOG AVGTG
enavalapPavetal TaVOUOlOTUTOC 6€ OAO TO EMIAVCIHA dLVAULKG TG KPa-
vrounyovikng. Kot emeidn to kaipio o otn Adon gival n gvpectn ekeivov
TOV TIUAOV TNG EVEPYELOG Y0 TIC OTOlEC M GELpd TeppatileTal 6g éva TOAL-
®VLHO, YU auTo Kot 1 pEB0d0G gival yvooT g «1 ToAv®VLpLKT pEBodoc». (H
ovopacia opgidetar otov Sommerfeld, av 6ev kdvo Adbog.)

2NV Topadoclokn TNG LOPOT], ONAAOT AUTHYV TOL TAPOLCLACANE GTNV § 3
tov Keg. 7, n pébodog eivar gaipetika axopyn katr dvoypnotn. o va
VTOAOYICEL KAVELG TIG 1OLOTIHEG TPETEL va avorTOEEL TN {NTOOUEVT CLVEPTNON
o€ SLVOUOGELPA, VO BPEL TNV AVOSPOLKT GYEGT TOL 0PilEl TOVG GLVTEAEGTEG
™G, va eAEYEEL TNV ACLUTTMOTIKN GUUTEPLPOPA, Y10 Vo aro@aviel 6To TEAOG
OTL M CELPA TPEMEL VA, TEPUUTIOTEL Y10 VAL TAPOLLE TN PLGLKA ATOJEKTH AVOT.
AvTn givor pa gubeia pev oAAG Komiddng kat foapetn dtadikacia, YU avto Kot
dev MtV TOTE ONUOPIANG OvApESH oTtovg omovdactes. (Katr oyt povo o’
VTOVG.)

Extd¢ avtov, n pébodog eival kat Bewpntikd petéwmpmn, yiati dgv eival og
0éon va pog TEL GE TOLEG TEPITTMOELS EIVAL EQUPUOCIUN KOl G TOLES Oy L.
‘Etol, apnvetor xaveic pe tmv evidmoon Ot Oha 1o KPavtounyovika
TpoPANUATA PUTOPOLV VO, MALOOVY pHE aLTOV TOV TPOTO, TPAYUL TOL KAOE
aAlo mapd oAnBfvo eivat. Opwmg avtn dev elval pio advvapia g mToAv-
OVOUKNG peBodov e1dikd, aird oAOKANPMG TG Osmplog TOV «E1dIKOVY
dapopikmv eiomoemv g Madnpatikng @ucikng.

) TIpdkeitar yio 10 S0 kepdloio g maiide Kpavounyavikic I, pe eAdyloTEC QPUCTIKEG
arhayég. Xto {ntnua g axpifoic emAivoipdtntog Ba enavéABovue 6TO MAEKTPOVIKO
counAnpopa g Kpfavtounyavucyg 11 pe pio. cuotnpatikn d1epedlivnomn Kot «Kotoypuen» Tov
GLVOAOL TOV ETADCIU®V SLVAUIKOV.
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Ene1d6n avtn elval pio meployn TV KAUGIKOV HoONUATIKOV Yia TNV onolo
kavelg —an’ 6co yvopilo— dev Bewpel 0Tl vITapyel TPOPANUA, YU avTtd KoL
glvat avaykn vo eEnynom Tovg AOYOLG TOL HE KAVOLV va TMLoTEL® OTL M
vdpyovca Bewpio dev eivol KaBoOlov tkavomonTikn ovte amd BewpnTikn
oUte amd mpaktikn dmoyn. Kot o Adyog eival kuplwg tovtog: dev gival og
0éom va pog mEL TOlEG Amo TIG YPOUUMKES d1aPOPIKEG EE1CADGELS e UETAPAN-
T0VG oVVTELEGTEC sivar emlboipec™ kot moteg dxt. To poévo mov pobaivovpe
glval va «avayvopilovpe» pio cLAALOYN «ELOIKOV» dSaPoplk®dv eElo®ceEmY
OTMC, T.Y., TIG 0KOAOLOEC

22y +ay + (22 — 1)y =0 (eClowan Bessel)
(1—2?)y" — 22y + A y=0 (eClowan Legendre)
' —2xy +Ay=0 (eliowon Hermite)

x(1—z)y" + (ax+PB)yY + Ay=0  (kavovikij vrepyewuetpixn)
2y + (ax+ By + Ay=0 (Goufdilovaa vrepyemuetpirij)

LOPIG KOV Vo SEPOTMIOCTE TOLO EIVAL TO «ELSKO» YUPAKTNPLOTIKO QLTOV
TV e£lOMOEMY, TOL TOVG dlvel pio Tpovoutovya Oéomn HECH 6TO ayavEC GU-
VOAO TOV YPOUUKOV S10QOPIKOV EELOMGEMVY e HETAPANTOVG cuvteheates. 'H
UNTOG SEV €Y 0LV TITOTE TO TPOVOULOVY O, amd Kabopd padnpotikn droyn, Kot
evdlapepbnrape YU avtéc poévo Kol povo emewdn eppavifoviar cuyve ota
QLOIKA TpoPANUAT;

Avtn 1 acdeeia dev Bo dNULoLPYOVCE KAVEVE TPUKTIKO TPOPANLL, oV Ol
Sapoplkéc eElCMOELS TOL GLVOVTOLHE otV TPAtn ocvumeptlapfavovioy
TAvIo & aLTOV ToV Kataroyo. Kdrtt mov, guoikd, dev cuufaivel. Oswpnore,
Y., TNV eElomaon

y'—xy=0 (1)

7oL elval Yvootn o¢ eéiowan tov Airy Kol epeaviletal o€ pa ToAL peyain
moiKidio TpoPAnudtov. Exovue dpaye xavéva A0yo va miotevovus ot 1 (1)
0o avdayetol oe kdmolo amd TG Yvootég eflomoelg; Kot av vail, pe motov
petooynuaticpd; Arn’ éco yvopilo, n vrdpyovco Bempia dgv divel kopio
amAVINOoT G€ aLTO TO TOAD MPUKTIKO Kol eneiyov epatnua. Kot dpmg, to
Bipria pdc maAnpopopovv o0tL M (1) avdyetar otnv eficmon Bessel pe évav
HETUGYNHATIOHO TNG HOPPNG

y(z) = 2" F(xa’) (2)

) %10 NG, OMOL «EMAVGIIES) S1aPalete «akpiPdg eTADCIUEDD.
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Y10 {0 KOTAAANAN-ULGTPL®OT EKAOYT TOV TOUPAUETPOV «, F Kot A. Mmo-
POVUE GPOUYE VO TO ULPLOTOVUE» OVTO €K TMOV TPOTEP®V; AT OGO KOTAAM-
Baive, Oyxt. Aoy dev katoAaPaivovpe molo eivol gkelvo TO  €L01KO
yapaktnpiotikd g (1) mov v kdvel va avayetal otny Bessel, nog vo ka-
TaAdBovpe T AOYIKN TOL HETACYNUUTIGHOD TOV TPUYHOTOTOLEL QLT TNV O-
vaymnyn; Kat, edo mov ta Aéue, dev propovce va gival dtapopetikd. Tn otiyun
7oL dgv KaTaAafaivovpe TOLO €ival TO €01KO HOPPOAOYLIKO Y OPUKTNPLOTIKO
™™g dwag ¢ e€lomong Bessel mov v kabiotd padnpotikd gvolaeépovoa,
dev elval kabopn patalorovia va mpoonabobue va «meptypdyovue» tig g&i-
GMOELC TOL OVAYOVTUL GE QUTNV;

‘Onwg €xovv AomdV o, TPAYHAT, 08V EINACTE 6€ BECT va EeYMPICOVLE TIG
EMAVCLUEG Ao TIG U1 emAvolpeg e€lomosic. Kpitnplo emtlvoiuotntag Kot
ovotnpotiky pEBodog emiivong dev vmdpyet. Atabétovpe povo pia GLAAOYT
«YVOSTOWVY eEloMoEmV, KOOMG KL LEPIKEG AAAEC TOL AVAYOVTAL GE QVTEG YL
AOYovg mov dgv gival avTIANTTOl €K TOV TPOoTEP®V. MdAioTta, N KAOGLKN
fewpio TOV YPAPKOV d1aQOopIK®V EEICMOEMV e HETAPANTOVC GLVTEAEGTEC,
dEV KOATOTLAVETOL KAV HE TO EPAOTNUA TNG okpifovg emiivoipotntag. To
KEVTPLKO TNG TpoPAnua eivar dAro. H pehétn g avalvtikng doung tomv
AMboewv, M omola kxoBopiletar amd ta Aeyopeva «SLOPOPEC CMHElO» NG
drapopikng e&icwons. Opmg 1 vvola TOV WOLOHOPPOV CTHEI®V 0T0dEIKVD-
£T0L EVIEADG AKATAAANAT ®G KPLTHPLO LAY MPLGHOL TOV ETAVGIUOV AT TIG
un emivotpeg e€lomoetg. I'” avtod kot n kAaoikn taéivopnon tov eElodcemy,
7oL £yel ¢ Paomn Tng To TAN00G Katl ToV opuKTNPa TOV 1OLOHOPP®V GNUEI®V
TOVG, 0ev ALVEL TO 01k0 pag tpoPfinpe. (EEaAiov dev ftov avtn n mpobecn
™G.) [otl avtd ToL pHaG EVILOPEPEL EPAC MG PLUGTIKOVG 1| UNYAVIKOUS dgV elval
Hovo va ueletnoovue T1G eElomaelg oAl Kat vo Ti¢ Aboovue. To epdTNUHA TNG
EMAVCIUOTNTOC TPENEL VO PIEL AOITOV, guBig e€apyng, OTO EMIKEVIPO TNG
npoPAnpotikng poag. Ipémer dnradn vo mpoceyyicovpe t0 OO BEpo TV
dapoplkmv eElomoemV amo pa véa ymvia, Tov kabopiletal and to axoiovda
AQETNPLOKA EPMOTNLOTA:

a. Ilote wa eéiowan Qo Oewpeirar emiAvoiun; (Opiouog e enAVGIUOTHTAS.)

L. Mnopovue va avayvawpicovue ti¢ entlvotueg eCiowaoels, (Kprtipio emnilvaiuo-
™Tag.)

v. Munwg o1 emiAvoiues eCiodaelc avvodovtar uetalv tovg;, Mmopodv dpaye va
avayfovv oe uepikés faciéc eiowoelg yue Evay gOOTHUATIKG TPOTO,

2T1¢ Tapay papovg Tov akoAovbovv Bu anavINGovHE HOVO GTO. SV0 TPOTA
EPOTNUATO, YIOTL ALTO MG OPKEL Y10 VO X TIGOLUE PO CLGTNHATIKY Oempia
NG TOAVOVLUIKNG HeBddov ToL gival Kal 0 KEVTIPIKOG pog 6tdy 0. To kvplo
uepog ¢ Bewplog tov akpipdg emAVoIpOV £16MOCEOV TOPOLGLALETUL GTO
BiBrio, Z. Tpayavag, Zvvibeic Awapopikéc EEiodaelc, OMOL KOl TOPATEUTETAL
0 EVOLOPEPOUEVOS AVOYVAGTNG.
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2. Xaparxtypiouos kar tacvounen tov eniVGLUMY EE16MGEMY
2.1. To kprtijpro eriiveruotyrog: Aifobuies xar povofdbuies eéieamaels

Ag apyioovpe pe ™ damictoon 0Tt n Hovn yevikn pEBodog axpifoic Aveng
TOV YPOUUIKOV SLAPOPIK®V ££1CMOEMV UE PHETAPANTOVG GLVTEAEGTEG €lval M
uébodog tawv dvvauoaepddv. Onmg eidape otov appoviko taraviot (Kep. 7,
§3), n néBodog ouvvictatal 6To va ypdyovpe T AVom y(x) 6T HoPeN

y(a) =Yt (3)
k

VO TNV OVTIKATOGTNOOVUE otV €£i60M0N Kol Vo LTOAOYIGOLUE TOVG AYV®-
GTOVG GUVTEAECTES Q.

OPIEMOZ: Oa Aéue ot n eéiowon pag eival axpificig emIASGIUI AV 0l GUVTELETTES
aj; UTOPOLY VA DTLOAOYIGTOVY G€ KAELTTI] LOPPI] TOVAPTHOEL TOD OEIKTH kK.

AvTdg 0 «OPIGROG TNG EMAVGIUOTNTAG) Ogv gival kafdAov avbaipeTog N
VTOKELUEVIKOG. MOVO 0TOV Ta ap €1Vl EKTEQPACHEVE YVOGTA, TOTE HOVO
umopovpe va movpe OtL M ovvaptnon mov opiletar and v (3) &ival
padnpotikd Koboplopévn Kal ETOUEVOG «YVOGTNY. LTO KATM-KAT® CKEQTELTE
OTL KOl 01 AEYOUEVEC «OTOLYEIMOELS GLVOPTNGELSH €XP &, Sin I, COS T K.AT., TUAL
péow oamneipooeipdv opilovial. To o1t T1¢ Bewpoldue «yvOOTECH, ATAMG
OMUAiVEL OTL Ol ATELPOCELPES TOVS £YOVLV YVMOGTOVS GLVTEAEGTEC.

To endpevo epmtnpa gival Aoiwov 1o eENg: «I1oTte ot GLVTEAEGTEG ay TNG
(3) pmopodv va LTOAOYLIGTOVV GE KAELGTN HOPOT;»

Onwg eldape and v e&icowon Hermite,  aviikatdotacn g (3) otnv
eElomaon odnyel o€ pia avadpopLKn GYEGT, TETOLN MCTE TA ap VO UTOPOLV
TPAYUOTL VO, VTOAOYIGTOVV.

AveTuydc, Yo pa Tuyovod daPoptkn eElomon N AvadPOUIKT GYEGT TOL
TPOKONTEL £YEL TN YEVIKT] HOPOT

Ao(k)ar, + A (k)ag + - - + Ay(k)agn =0, (4)

mepLEYeL dSNAadn Tovg {NTOVUEVOVG GUVTEAEGTEG ay, LE TOALOVG SLOQOPETIKOVS
deikteg. Av 0 aplBpoc TmV SLaPOPETIKOV SEIKTOV TOoL gpeavilfovtatl gival n,
TOTE AEPE OTL TPOKELTAL Y10, L0, AVAOPOUIKY Tyéoh ue n 0povs. Ag TpocBécovple
aKOpo 0Tl 01 HEIKTEC OV EIVOL LTOYPEMTIKO VO, SLAPEPOLY KOTA LOVEADT, OTMOC
otV 101KN mepinT®on (4).

To mpoPAnpa thOpa HE TIC OVAIPOMKEG GYECELG TOL E£YOLV TPELG N
TEPLGTOTEPOLG OPOVG Elval OTL OV PTopobV va eXALOOLY aKkPLBOG KAl VO oG
dMOOLY TOV YEVIKO GULVIEAECTN ap ©TN (MTOLUEVT KAELGTH HOPON. AvTd
UTOPEL VO YIVEL LOVO Y10 TIC AVAOPOUIKES TYETEIS HE OUO Opovs, Ol OTOLEG
UTOPOVV va. Ypapoby TAVTH GTNV TPOTLTT HOPON|
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apre = f(k)ag. (5)

O axéparog aptBpdg £ ovopdletal €6m «PrApa» NG ovadpoptkng oyEong,
yiati pog Aéet 01t 1 oelpd (3) dev TePLEYEL OAEC TIG SLVANELG TOL & TaPd LOVO
QUTEG TOL MPOKVLATOLV ATO TNV EVOUPKTNPLO HE GARATO «UNKOLG) £. ZTnV
nepintoon ¢ e&icwong tov Hermite, mapadelypotog xapiv, N avadpoutkn
oyéon eiye Ppa £ = 2 onwg Bupdote. To 6t N (5) propel vo Avbet Kot vo. pag
dMCEL TO aj G0 KAELOTH HOPON QaiveTdl OUECWHS, OV OKEPTELTE OTL GLVOEEL
povo d1udoyikovg cvvtehesTtéc TG os1pdc,™) omoTe av TNV EQUPUOGOLUE
ETAVEIANUUEVO, LTOPOVUE VO, BPOVLE GUECHC TOV YEVIKO GUVTEAECTN QPKEL VO
yvopilovpe ToV TPOTO, 0 0OTOL0G OPMG UTOPEL TAVTO Va. ELomOEL pe TN povada
apov N e&locwon pog vrotifetar opoyevig. INa ¢ =1, m.y., 1 Aon g (5) ba
glvat

ar = fO)f(1)... f(k—1) = Hf

Eniloowueg pe ™ péBodo tov dvvapocelpdv givoar Aotmov pdvo ot
dapopikéc €E16MOELG TOL 0ONYOVV GE AVASIPOULKEC OYECELS HE dVO OPOULC.
IMotec eivar opmc avtég ov eElomoelg; AltabéTovv Apaye KOVEVO «OpaTO»
HOPPOAOYIKO YOPUKTNPLOTIKO TOL VO LAG ENLTPETEL VA TIG avoyvopilovpe pe
anAn emomnteia; Nat, evtuyde, dtabétovv. I'o vo dlaTuLTO®COLUE TO GYETIKO
«OVOYVOPLOTIKO KpLThplo» Ba ypelactel va €160YAYOLHE M0 TOAL OmAN
évvola kot €va gicov anio Oeopnua. Mio ¥ pICIUN TPOKATAPKTIKY TOP-
mpnon eivar n €€Nc: Mio tuyxovoo ypapplkn Swaeopikn eélcwon pe
nokowvoumof)g ovvteleotéc Ba anmoteheital amd OPovg TNG YEVIKNG HOPONG
z"y™. Otav o Swt(popucog TEAECTNG EVOG TETOLOL OPOL dPACEL TAV® GE WL
tuyovoa SHvaun xF Oa dmoer ¢, dmov d =m —n. Oa v petatonicet
dnAadn katd d. Avtin 1 TOPUTHPNON LTOKIVEL TOV aKOAovBo oplopd, mov 1
onpacia tov Ba eavel kabapd og Alyo.

OPIEMOZE: Babudc evéc tomirxo épov xy"™ wag diapopiriic eficwanc Oa ovo-
udletar n dapopa

d=m —n.
H eliowan Oa anoxaleitar n-fabuia, av nepiéyer opovg e n O1apopeTiKovs fabd-

HOUG.

Av Beopnoete 1 ocvvéptnon y(x) ©F adlGOTAT TOGOTNTO KOl TN
peto ANt & g pnKog, t0Te 0 Pabuog d dev gival mapd M ELOIKN didoTAoN
0V 6pov "y 1 1608Vvapa Tov SlaPopLKol TEAEGTN

) H oe1pd mpoympdet pe pripata £, 6mong sinape.
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dTI,
dz”

0 omotog gpeavifetal otov VKO dpo ¢ eElowonc. [Tapadeiypatoc yaptv,
eElomwomn Tov Hermite

L:I,'I’IL

Y =22y +Ay=0

glval mpopavag difdbuia. O tpdtog 6pog ™ (v') €xel Pabud di = —2 eveo ot
aAlot dvo (—2zy xar \y) Pabuo d; = 0. AvtiBeta, n e&icmon

xy//+x2y/+y:0

elvar pifdbua. O TpmTog Opog TG £xel Pabuod peiov €va, o dedTEPOG GLV Eva
KOL O TPITOG UNOEV. ZNUEIDGTE OTL Y10 TOV YOPUKTINPLOUO plog eEICMONC MG
dipddutag, tpipddutag k.Am., dev €xel onupocio to molot gival ot Paduol
dy,ds, ... mov meplEyet, alld povo to tAnbog tovg. Kat evvoeital Befaimg ot
o1 6pot tov 1d61ov Pabpov petpdve g évag. Iapadeiypatog yapiv, n eicoon
Tov Bessel

2y +ay + (27— 1) y=0

glvatl gmiong o1faduia, maporo mov ot 6vo Pabuoi Tng (UNdEv KoL Guv dVo)
glvatl dtopopetikol amod ekeivovg ¢ Hermite. Me dAda Aoyia, pia e&icoon
glvatl o1fadua av ot dpot TG UToPOvV v YOPLETOVV Ge dVO opadeg Kubo-
piopévoL Babpov n kabepia. To mdcol Opot mepiEyovial otny Kabe opudda Kat
TO TMOL0G €1VOL 0 KOLVOG TOovg Pabpdg dev €xetl kaptd onpacia. To 1610 1oyvEL
kot yo pio n-paduie egicwon, povo mov €dm Oo £yxovpe M SLOPOPETIKEG
opadeg. Ymapyovv Quotkd kot puovofdluies eiooelc OTMC, T.Y., M

2’y +ay +y=0,

™G omolug OAoL o1 Opol gxovv Tov 1dto Pabud. Avtég ot e€lomoelg eival
yvootéc ot Biproypaeia wg eéiodaeic Tov Euler.

H orovdatdtnto g €vvolag tov Pabuod kot g tagivopunong tov
eEloMOEMY TOL LTOYOPEVETAL ATO AVTNV, TPOKVTTEL GUECHOG ATd TO KOALoLOO
Oedpnpo:

OEQPHMA: M1a n-fd0uia otapopixn eElomwan oonyel ae pia avaopouiy oyecn ue
n 0pouvg.

H Loywn g anddeiéng avtod tov Bewpnuatog eival teleimg amin, yu
aUTO KAl €lVOL TPOTIHOTEPO VA TNV TOVUE HE AOYLA avTi va TN Bdyovpe KAT®
and Eva copo meptttég Tpdtels. H 16éa eivar 1 €£1¢: AV 0VTIKOTOGTIIOOVE GE
ua tuyovsa n-Baduia eEicwon ™ Suvaposeipd-Aoon y(z) = 3 a2, tote 1
vevikfy T¢ Svvapn zF Bo vrootel n Srapopetikéc petatoniosic di, ds, . .., dy,
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0col dniadn eivor ot dtagopetikol Pabupol tov opwv g eficmonc.
Tuykekpipuéva, ot duvapelc mov Oa mpokvyovy amd T zF B elvor 2T,
ghtd:  aktd By cuveyelo, TpEmEl va KAVOLHE TIC AVTIGTPOQES PETUTOMI-
cELg OelkTn

k—k—d, k—k—dy, ....,k—k—d,

OOTE VO EMAVAPEPOLIE PLO. KOV YEVIKT SOvaun ¥ oTig empépoug oelpéc Kot
va pndevicovpe to ocvviedeotn ™. H g€icwon mov o mpoxvyer Ba £yt
AOLTOV TN HOPON

Al (k')a“k‘—dl + -+ An(k>ak_dn = 0’

00 elval dOnAadn pio avadpoptkn oyéon pe n dpovg, OTmg BEAape va deifovyle.
EminpocOeta, Pprkape o0t ot deikteg pe tovg omoiovg gueavifoviar ot
(YV®GOTOl GUVTEALEGTEG ay GTNV UVOOPOULKN oyéaT, Tpokabopilovtatl amd Toug
Babupovg dy, .. ., d, e eElomong. Ot AERTOUEPELEG TNG LOPONC TNE LTOPOVV VO
EMMPEACOLY HOVO TG €KPpaoels tov ovviereotov Ai(k)...A, (k) g
avoadpoptkng oyéong aArd Oyt to nAnbog twv o6pwv t™¢. Eidikdtepa, yia
no S1Badua eéicmon pe Pabpovs di, ds,™) n avadpopiky oyéon Oa £xst dHo
OpPOVC LE GUYKEKPLUEVT LOPOT] TNV

A (k)ag—q, + As(k)ag—_q, =0,
N omolo YPAPETAL TAVTO GTNV LGOSVVAUT TUTLKT HOPOT|
apre = f(k)ag,
omov
L=dy —d.

KataoAn&ape Aomov 610 MOAL OMUOVTIIKO GCLUTEPACHO OTL: Hovo o1
opabuec eéiowaoerg eivar axpifas emtlbolues pue ™ pébodo twv SLVAUOCEIPDY,
VIATL UOVO AUTES 00NYOVY GE ULO, AVAOPOUIKY TYEGH UE OVO OPOVS, UEGH THG OTOIAS
0 VEVIKOS GUVTEAECGTHE THG TELPAC-ADONG UTOPEL VO, DTLOAOYIOTEL O& KAEITTH UOPPH].
EminAéov Bpnkape 6Tt T0 Prpo g avadpoplkng oyEong LoovTal HE TN
dtapopd tev dVo Pabudv g eEiocmong Kol emopEvag umopel va Ppebel pe
amAn ¢ emomteio. XTi¢ emAvoiueg Elomoelg TPENEL va TPooTedsl Kal 1
TETPIUUEVT] KATNYOpla TOV povofabuiwy ol OToleG, CUUPMOVO HE TO YEVIKO
Oedpnuo, odnyodv oe avadpoplkn oxéomn He évav puovo Opo, TO 0molio
onpaivel 0Tt dev LIAPYEL MO UNYOVICHOS TOL VO GLVOEEL SLAPOPETIKOVGS
GLVTEAEGTEG TNG OELpdg, omoTe M teAevtaia Oa ex@uAiletar og pio povo
duvaun. e avtn TNV TEPItTOon Aowmodv, n Abemn Oa elval tng popeng y = z°,
o0mov 10 s vroAoyiletal pe Katevbeiav aviikatdotaon oty eélcmon.

) Z10 g&N¢ Bo voBéToLpE TAVTO OTL di < da.



8 YYXTHMATIKH OEQPIA THX ITIOAYQNYMIKHX ME®GOAOY

IMapadeiypotog xapiv, yia v e&icmon
2%y +ay —y =0,

N omoia givol eueovmg povoPaduta, n aviikatdotaon y = z° divel

?s(s — ) 2 asa® ™t —2f =0

= (s(s=1)4+s—1)z"=0
= §2—-1=0 = s=+1.

Ot 60 Avoelg g e&icwong Ba eivat Aotmdv ot

w(@) =z, wlo)=_.

Eivar gokolo va deite O0TL ot povoPabuieg e£lomoelg 0Omol0GONTOTE TAENC
avayovtol otig eélomoelg pe otabepovc GULVTEAESTEG, HE TNV aAlayn
petapintic = = e'. Enopévog dev ival Tapd pio S1apopeTtikn Lopen avtdv
tov eéloncenv. 'Etol ptdoaus og pio evorotnuévn Bempnon Tov ETIAVCIHL®V
eElowcemv M omola mepltlapPavel toc0 Tig «eldikég» (Bessel, Legendre,
Hermite k.Am.), mov eival dAec tovg difdbuieg, 660 Kat ekeiveg pe otabepoi
GLVTEAEGTEG Ol OTOLEG UIOopovV Tavta va avaybobv oe povofabutec. (Mo
avoymyn mov dgv gival BERaia TPuKTIKG avayKaid.)

2.2. Amo mowa ovveun apyiCer n ovvauoceipd-iven; H aovOnxny évapéng

Yrdpyer éva televtaio {Ntnpa mov amopéver vo eEetactel. Méypt thpa
ypagape ™ duvapocepd-rion otn popen y(z) = >, ap ¥ yopic va npoc-
dropilovpe T dOvaun and v onolo apyilel. Avth N acAPEld (oM HOALGTO
Kot vo evOappuve TNV EVILTOGCT OTL UTOPOVUE VO, apyiLOVUE TN GELPE AT’ OTOV
gueic Oedovpe. 'H, éotm, and tov otabepd 6po, dnAadn Tn UndevIKn dSOVOUT.
To omoio eivar tedeiwg AdBog. Tig evapktnpleg SLVANELS TNG CELPAS TIC KO-
Oopiler n 1010 n e€icmwon, kol pdAlota pe Evav TOAL amAd pnyaviopo. H
oy eTIKN avaivon Ba vrofondndel av avalboovue tov dapopikd terectn L
™™g diPabuiac pog eéicwong otig 0o povoPaduiec cuvictd®osg Tov Ly (Babd-
pot dp) kot Lo (BaBuod do). Av dnAadn ToV YpUWYOLHE GTN HOPOTN

L =1L+ Ls.

INo vo kataldfete T1 onpaivouv OAa 0vTH, TAPTE MG TOPASELYHA TNV
eEiomon tov Hermite

' —2zy + Ay =0

¢ omoiag N ocvpPoiikn ypaer Ly = 0 sivar
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d? d
L L)y =
(das2 T >y 0

omoTE 0 dLaPopikde G TeAecTtNG L o eivar o

d? d
L=——-22—+AX=L;+L
da? xdx+ 1+ L
Omov
d? d
- Lo = —2x — 4+ ).
Ll dl‘2’ 2 de+

Me dAla Aoy, o L1 mepiéyet OA0LG Toug 0povs Tov L mov £xovv Babuod di kat
0 Lo gkeivouvg mov &xovv Babud do. Kat emedn €yovue deybel ot1 Ba gival
navta dy < do YU’ avtd kat o Ly 0o ovopdletal oto €€Ng «ehaylotoPaduia»
oLVVIOTAOGO Tov L, Kat o Lo «peyiotofdduio». Eved avdioyn oporoyia Ba t-
GYVEL KAl Y10, TIG OVTIOTOLYEC OMAdEG OpV TNG dloeopikng e&icwone. Ag
npocBécovue akopa otL 1 dpdomn evog povoPadutov telestn —OT®G ivat ot
L xou Ly— mévo o pa dvvapn ¥ petatonilel tov ek0étn g xatd d, dmov d
0 PBabuog tov tereotn. Yrobéote topa OTL M EVOPKTAPLO SOVAUN TNG duva-
poceLpdc-Avaong eivat z°. Oa gival dniadn

y(z) = 2 + avartepeg ovvduers.

Av dpaoovpe néve oty y(z) pe tov dtapopikd tehect L = Ly + Ly ™g
gEicmonc pog, N xapniotepn duvaun mov Oa mpokvyet Oo eivar  2°+ ko Oa
npoéLBetl povo and T dpdon g ehayiotoPdduiag cvvictocag L Tdve otnv
EVOPKTNPLO duvapun z° TN oelpdc. Oo £xovpe dNAOT

Ly = Lix*+ avadtepeg dvvduelg
= (gtalepd) *+ + avartepeg Svvduer.
IN'a va wavomoteitar 1 e§lcwon Ly =0 mpémer mpiv an’ Oha vo

undeviletar o cuvtelestnc g YapnAdtepng dvvapung =54 . Mpénet dniadn
va toybel n akodlovdn «ouvinkn EvapEnc»

S __
Ll.’L' = 0,
N omoio dloTVTMVETAL AEKTIKA ®C EENG:

H evaprrtipia ovvaun s OvVAUOGELPAS AVOHC TPETEL VA IKAVOTOIEL TN
novofdOua eEicwan mov aynuatiCovy o1 elayiatofidfuior opor ThS apyikys.

e avtifeon pe ™ yaunidtepn, ot diieg duvduelg tng oepdg Ly Eyovv
«mAn xotayoyny. Kabepid toug mpoépyetat and tn dpdon 1660 Tov L 660
Kol TOL Lo TAV® 6€ dVO SLapoPETIKEG SVVANELS TNG Oelpdc y. 'Etol ) amaloiepn
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ToV¢ e€acpariletal PHe KATAAANAT EKAOYT TOV GLVTEAEGTMV TNG GELPUC y. To
0Tl o, TETOL0. EKAOYN €lval duvatn pog To gyyvator 1 Omoapén piog
AVOOPOULIKNG GYESNG HE OVO OpPOLS, HECH TNG OTOL0G OLTOL Ol GLVTEAEGTEC
umopobv Vo, LTOAOYLGTOVV €101, OCTE Vo, 1kavomoteital 1 eEicwon Ly = 0.
(Na anaieipovtat dnradn 6Aesg ot dvvapels g oelpds Ly.) Mo va mépet Opmg
UTTPOC M UNYOVA TNG AVOadPOUIKNG oxEONG TPETEL va 1KavorolnBel Tpmta M
«ouvOnkn évapéney m omoia kat 0o pog TPoodlopiceEl TIC KATUAAMAEC
evopktnpleg duvapels. 'Eva oyetikd mapddeiypo eivol to €ENg:

ITAPAAEITMA 1: (H e&icwon Bessel)

.Z‘Zy” ery/ + (1,2 _ VQ)y =0.

Edd ehayrotofdduior 6pot eivat ov 22y, 1/, —%y. H evapktipra SOvaun x* npénet va
KOVOTOolEL Aotmov ) povoPaduia eEicwon

2 (x%)" 4 2(x®) — 1A(2*) =0

= (s(s—1)+s—1v)a*=0

= $2—12=0=s=+v.
KaBepid and tig 800 evapktpieg duvapels s = + v opiletl pa aveEdptnTn oepd-Adon
€ CUUE®VIA pE TO YEYOVOG OTL N e€lomon pag eival devtepotaéia. Kat emedn n Bessel
éyel Pripa £ = 2 o1 cepéc Ou mepiéyovy pdvo Tig duvapelg =5, 2°+2, ... 25t . Oa
glval oniadn

o0 o0
y(x) _ 2 :akxs+2k — 18 § ag 1‘%,
k=0 k=0

omov s = +v.

Tekewdvovtag, Oo Oéhape va onueidoovpe Eava O0TL ta Oca eimape
TPONYOVUEVAOS OTOTEAOVY HOVO £va [UKpO PEPOG TNG Bempiag tv difdbuimv
eElomoemv. AT TO «TOPUAEITOUEVA» OVAPEPOVIE EVOEIKTIKA TO YEYOVOG OTL
oleg ot difabuteg e€omoelg propovv vo avayBodv oTic AEYOUEVES vmepye-
ouetpixés eCiomaelg (mov gival kot avtég d1fdaduiec) omodte o1 AVCEL TOVG
UTOPOVV VO EKQPPACTOVV HEGM TOV LIEPYEDMUETPIKOV GLUVUPTNGEMY KAl LOVO.
O1 d1fabuiec eE10MTEIC AMOTEAOVY [Ia. OLKOYEVELA UE GAN TH GHUAGTIA TOV OpPOD.

2.3. IIépa ano tig oifabuics eicamoers: O porog TS «aPaIpecns» Tov
AGVUTTOTIKOV TOPIYOVTA

Tt yivetor dpmg, 6tav N e&lowon pag eival tapanavo and d1paduia; Zopeonva

UE TO, TPOMNYOVUEVA, pta tétota e&lomon dev puropel va Avbel katevbeiav pe

pébodo twv dvvapocelpdv ylati Bo 0dNYNCEL GE O AVASPOUKT oYéon ME
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TPELC M TEPLOGOTEPOVS OPOLE, ATO TNV OMold €lval €v YEVEL adLVATOV Va
VTOAOYIOEL KAVELG TOVG GUVTEAEGTEG TNG GELPAG GE KAELGTT| LOPOT.

Yrdpyel eviouTolg U0 OPLGHEVT] KATNYOPlo —EMOMTIKG AVAYVOPIGIUN
paiioto— tpifdbutov e£lcmoemy o1 0moieg ivul aKplpmg emAvoINEg YioTl
umopolv va avaybobv oe 61fa0eg pe Evav cuatnratikd tpdémo. Mia tétota
TEPITTOOT TN CLVAVTINOCUUE NON, AV Kal dev SLabETANE AKOUO TO EVVOLOAOYIKA
gpyaieio yo va v aviiAnebovue og¢ tétota. IIpokeital yia v eéicoon
Schrédinger Tov appOVIKOL TAAAVTOTY

'+ (2E — 2% =0

N omoia givor tpogavag tpipaduia. O dpog " éxel Pabud peiov 6vo, o 2EY
Babuod undév xar o —x?1) cuv dvo. Oum OTAV CEALPEGOVUE OTO TV P TNV
ACLUTTOTIKT] TNG CLUTEPLPOPE GTO ATELPO, KAVOVTAG TO LETUCYNIATICHO

W(x) =" PH(z) (6)
10T€ Katainyovpue ot véa e&icmon (e&icoon tov Hermite)
H" —2zH' + (2E — 1)H = 0,

N omoia givol wio ofdfua. And xobopd pobnuatikn dmoymn Aowmdv, To
ATOTEAECUA TOL HETOCYMUATIGHOV (6) —T0 omoio &&nyel kol ™ Pabitepn
AVOYKOLOTNTAE TOL— €ivol OTL UETUTPENEL TNV apylkn TpiPdduia eicmon oe
d1fdbuta. Onwg Bo dovpe kar oe GAAO oyeTikd mpoPAnuata o Alyo, 1
AQOIPEST] TOL COVLUTTMTIKOD TAPAYOVIO KOAVEL TAVTA TNV idta akpifag
dovdeld. Metatpéner tny eélowarn pag ae difabuia. 'ETol, T0 LOVO TOL €Y OVUE VO
KaGvoupe amd Kel Kat TEpa gival vo, avalnTnoovpe Ti¢ TEPUATILONEVES AVGELG
mge.

2NV Tapdypago mtov akorlovbel Ba deiovpe 0TL aLTO umopel va yivel pe
Evav eEalPeTIKG amAO TPOTO.

3. To faciko Ocopnuo tns moivovoukns usbooov: H covOikny
vraping TepuatiLopusvmyv AVeEmy

Yrobéote thpa 011 1 duvapocelpd teppatifetal o pio dvvaun z’. 'Eoto
dniadn otL

y = ¥ + KatdTEPES OLVAUELS.

Av dpdoovpe TAvo otV ¥y pe Tov dtagoptkd telesth L = Ly + Lo g dto-
QopKNG pog e&locwong, tote Bo mapovpe mAAL pia TEPUATILONEVT] GELPU, TNG
onoiag n péytotn dOvoun Oo eivar n 2V % ko Oa TPoépyeTul UTOKAEIGTIKG,
amd ™ dpaomn ¢ peytotofaduiag cvviotwoag Ly (Babuot dy) mave ot 60-
vapn teppotiopod V. Oa gival dniadn
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Ly = Lox¥ + ratdtepeg ovvduelg
= (otabepd) % + Katdtepes dvvduerg.

INo va ikavoroteitol n e€icwon Ly = 0 0o mpénetl oiyovpa va pundeviletat
0 GUVTEAEGTNG NG HEYIOTNC dVuvaung =¥ %, @a mpénel, pe dAla Adya, vo
Loy bel N aKOAoLON «GLVONKN TEPUOTIGHODY

Loz’ =0 (7)
NG OTMOLUG TO TEPLEYOUEVO SLATLTMVETOL UTAG G eENG:

H ovvaun tepuatiouot mpémer va ikavomolel ) povofabuie eEicwan mov
oynuatiCovv ot ueyiatofdluior 6por TS apyIKHC.

Apkel Opwg vt n ocuvOnkn yio va eacearicst Ty vmapén teppotilo-
pevov Aveemv; Oy, dev apkel. Kat o Adyog givat aniog.

H Mon apyiler and kamolo evapktnplo SVVApN s Kol TPOYmpel KaTtd
Brpata £. Etol urmopet vo TepRoTIoTEL HOVO GE [id SOVOUN v, TOL ATEYEL OO
MV evapkTNpLe Kotd aképato aptbud Pnpdtov. Ipénet dnradn vo toydel N
oyéom

v=s+nt, n=20,1,2,... (8)

Av avto copPaivet, Tote OAa Ba doviéyouv poArdt. H cuvOnkn évapéng Oa pag
npocdlopicel TNV evopkTNplo dOvoun s, dnAadn to omueio gKKivnomng.
Apéomg petd Oa mhpel UIpog n UNYavn TS avVadPOULKNG GYEGNG

At = f(k?)ak

n omoio Ba Pyalel tov €va petd Tov GALO TOVC GULVIEAEGTEC TOV EMOUEVOV
duvdapemv. Av 1 dOVOUN TEPHOATIOHOL €lval Pio omd avTeG, TOTE HOALG M
UMY OV TNG AVOOPOULIKNG GYECNG PTAcEL ekel Oa GTOHOTNGEL Y0 TO KOAG.
Ioati; Aot oe avtd 10 onueito o mopdyovtag f(k) mov cuvdéel Tov €vav
GLVTEAECTN pE TOV EMOUEVO TOL Ba undeviatel, onote dAot Oa Pyaivovy undév
and kel mEPO. Avtd umopovpe vo 1o deiovpe apketd gvkoia dev Oo To
KGVOULUE OUMG, YLOTL O UNYAVICHOS TG OANG LTObeoNC elval dtateOnTikd TG0
TPOPAVNG OGTE Ol GoPapopaveic amodeifelg POVO va TOV GLGKOTIGOLV
umopovv. Aenvovtag AOmOV KoTd HEPOS TO HOOMUATIKO TPMTOKOALO, O
SLOTUTAOGOLE TIG TPOTYOVUEVES OLATIGTOCELS HaG ©G Bemprpa.

OEQPHMA: Mia drapopixy eiowan orabéter tepuatilouevee Avoeis av: a) Eivar
opdbuia. f) H ovvaun teppationod ameEyel amo THY EVAPKTHPIOL KATA GKEPALO
aptOuo Prudrwv.

Aev pével Tapd vo TPOYWOPNCOLUE GTNV KTELPAUATIKNY emifefainon
aVTOL TOL BE®PNUATOC, KAVOVTAG d1APOPI TOPUOELIYLOTO GTO OTOL0 TO KOLVO
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{ntoduevo eival va dodpe av ot elo®aelg pog xovv teppatiiopeveg AMGELS
KOl Y10 TOLEG TIUEG TMV TUPUAUETPOV TOVG.
MAPAAEIMA 2: (H e&icwon tov Legendre)

(1—a%)y" —2zy + \y=0.

IMopatnpnote kat’ apydg 6t n e&iowon givar d1faduta. ErayiotoBadutog dpog eivar
povo o 3" (Badpod peiov 800) xar peyrotofdduior or —x?y”, —2xy xar Ay Baduov
undéév. To Ppa elvar Aowmdv £ = 2.

a. 2vvlnkn évapéng
(z*)" =s(s — 1)z 2 =0
= s=0,1.
B. ZovOikn tepuatiopov
—2%(z")" = 2z(2") + Az") =0
= (—vv—1)—-2v+X)z"=0
= A=v(r+1).

TN tig Aoelg mov Egkivovy pe s = 0, dnAadn anod tov otabepd 6po, To v Oa givar Evag
GPTIOG OKEPALOG, OOV MPETEL VO ATEYEL OO TNV EVOPKTNPLE SOVOUN KOTE TOAAM-
nhdolo tov PApatog wov givor £ =2. T'o s =1 Ba givar v =s+nl =1+ 2n =ne-
pLTTog 0KEPaLoG. Telikd Aotmov 10 v pmopel vo glvat Evag Tuyx®v BeTikog aKEPALOG M
Unoéév.

Zvurépaoua: H e€iowon tov Legendre diabétel teppotilopeveg A0oelg povo 6tav 1
TAPAUETPOC A TOLPVEL i OO TIG TIHEG

A=n(n+1), n=0,1,2,...
O1 Aoelg gival aptio | TEPLTTA TOAVOVLUO, avAAoYo pe To av o Babuog tovg v =n
elval aptiog N meptttog apbuds. H exkneppacpévn popen tovg prnopel va Ppedel pe
Katevbeiav avtikatdoToon oty e&iomon.
IMMAPAAEIMA 3: (H e€icwon tov Laguerre)
2"+ (1 —2)y + My =0.

H e€icwon givar mail dipabuia pe elayiotofdduiovg 6povg touvg xy”, v pe dp = —1
kat peytotoPaduiovg tovg —zy, Ay pe de = 0. To Prpa eivar topa £ = dy — d; = 1.

a. ZovOijkn évapéne
2(2")" + (2°) =0 = (s(s = 1) + )" =0

= s=0. (dqwniyj pila)
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B. Zovbiikn tepuatiopov
—2(z") + A2") = (—v+N)2" =0 = A=

H ouovOnkn v =s+nl divetedo v =0+n=n (n=0,1,2,...).
H e&iowon tov Laguerre 5100£te1 Ao1mov teppoti{Opeves TOAOVLULKES AOGELG LOVO
otav

A=n, n=20,1,2,...

To yeyovog 6tL  cuvOnkm évapéng £dmae Povo pio Tiun yio to s (SumAn pila) on-
patver 0tt poévo 1 pia Avon g e€locmong puropel vo Bpebel pe ™ pébodo tov duva-
pooelpdv. Yrapyel Opmg Tponog, otav yvmpilovpe tn pio Abon vo fpodue kot tnv
AL, av Kol ovto to {NTnua dev Ba pog amtacyoANcEL €0M.

IIAPAAEIMA 4:
zy + (1 — %)y + 6%y = 0. (1)

Ed® ot dVo opddec dpov kabopiopévon Babuod eivar o 2", o pe dy = —1 kar —z3y/,
6%y pe dy = 2. To Brpo eivar £ = 3. Or cuvONKeC Evaping Kl TEPHUTIGHOD Sivovy
s =0 ka1 v = 6. Autég ol TIHEG JLOPEPOLY TPOPAVAS KoTd dVo Pnpata, ondte Oa
vrapyetl teppatiiopevn Adon kat Oa £xel ™ popen

y(z) =1+ az® 4 B, (2)

Oa mepLéyel dNAEON HOVO TIG SUVAUELG TOL TPOKLTTOLV ATO TNV EVAPKTNPLL, HE OA-
pato pikovg tpia. Mpaypatt, eiedyovtag v (2) otnv (1) BAénete 6TL emainOevetar av
10 @, 8 ekheyovv og a = —2/3 ko B = 1/18.

Av 0 apiBunTtikog cuvielestng Tov TEAEvTaiov dpov otnv (1) Nrav €vag Tvymv
aplBpog A, tote n ovvOnkn teppaticpod Oa £dve v = A, ondTE M amoitnon vo gival
v=s+nl 0a épyale v =0+ 3n = 3n Kol ETOPEVHS

A =3n, n,1,2,....
BAénete €161 OG0 K0OOPLOoTIKO pOAO TTailEL TO friua GTOV TPOGOHLOPIGHO EKEIVOV TOV
TIHOV PG TapapéTpov NG e€lomong Yo Tig omoieg vTdpy oLy TepUATILONEVEG ADGELG.
MMAPAAEIMA 5: (H e€iocwon Schrodinger Tov appovikod tolaviotn)

'+ (2E — 2*)y = 0. (1)

H (1) eivor yvootn otn padnpatikn Biprioypagio og «eEiocwon Weber» 1 «e&icwon
0V TAPABOALKOD KUAIVOPOLY», KOl 1 «ETIGNUN» YpaON TNG €Yl TO GOUPOAO A o1N
0éom tov 2E. Onwg einape kot mtponyovpevms, 1 (1) etvar pia tpipdduia eEicoon kot
emopEVms glvat kabapn patatonovia vo Tpoctadncovpe va T Abcovpe katevdeiav pe
™ péEB0d0 TV SUVOUOCELPOV. AV OUOS APALPEGOLIE OO TNV P TNV ACLUTTMOTIKT TNG
GLUTEPLPOPE GTO ATELPO, KAVOVTAG TNV OVTIKOTAGTOOM

U(z) = e *H()

10T€ maipvovpe ™ véa eEicwon
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H" —2zH' + (2E - 1)H =0, (2)

n omoia eivor mo S1BaOULIo Kol ETOUEVOS Y10 KOTAAANAES TIUEG TNG TapapETpov E
pmopel va €xel teppoti{opeveg AoeLg. Ag Tig avalnTNGOLNE:

a. ZovOikn évapéng
EloyiotoBaduiog 6poc oty (2) eival poévo o H”, ondte N evapknplo dovaun z°* 0o
wovornotel Tnv e&icmon

()" =s(s—1)2"?=0 = s=0, 1.

B. ZovOikn tepuatiopov
Meyiotofabuior 6pot tng (2) eivar ov —2xH' xar (2F — 1)H. 'Etotr 1 dbvaun teppa-
Tiopov z¥ Oo 1kavorolel Tnv

—2z(x") 4+ (2E — 1)2” = (—2v + 2E — 1)2”

1

Ene1dn ot evapktnpieg duvapels eival undév N éva kat o Pnua g e&lcmong £ = 2, 1o
v pmopel va glval €vag tuyov 0etikdg aképolog M pndév. OEtoviag v =n
(n=0,1,2,...) otV (3) TOipVOLLE Y10 TIG EVEPYELOKESG LOLOTIHEG TN YVOGTN HOG EK-
ppacn

1
E,=ntg, =012

Onwg PAénete and 10 TOPATAVO TOPOOElYHOTA, T EQPAPUOYN TNG TOAL-
®OVOUIKNG peBddov glval mAEOV TETPLUUEVT KAl ATOAAAYHEVN amd OAEC TIG
AVIOPES KOl KOTLMOELS AENTOUEPELES TNG TaPpAd0oclaknNG dtadikaciog. Topa
dev ypetdletal mo oVTE v ovTIKaO1GTOVUE pHio anelpocelpd oty eéicmon
obte vo Ppiokovpe TNV avadpopikn oyéon, ovte va egetalovpe TV a-
CUUTTOTIKT CUUTEPLPOPA TNG CLVAPTNONG oL avth opilet, ovte ... tirota!
‘Ola avtd eivol TeEAel®g TEPLTTA.

Av n g€lomon TOL WPOKLNTEL UETA TNV APAIPEST TOL CCLUTTOTIKO
napdyovta gival o1pabuia, tote teleidoape. To kpithplo vVTapENg TeppoTL-
C{opevov Moewv pog divet Tig {NTOVUEVEC LOLOTIUEG HECH GE £VO AETTO. AV dgv
glvar difabuia, tote maA tereidoope. To TpoPANUG pag dev gival akpipac
EMAVGCIH0. MdALloTa, OTTOC PTopel va dgt kKavelg (av kat avto to {ntnuo dev Oa
HOG OTOGYOANGEL £30), LTAPYEL £VO, ATAOVGTUTO KPLTNPLo, fACEL TOL 0TTOi0L
umopovue vo dovue apEcmc av 1 apylkn pag eéicoomn eival akpifog
EMAVCIUN 1 Oyl. Ag mpocBiécovpe akopo 0Tl ot teppati{opeveg AOoELg dgv
glval avaykooTikd oképata molvdvoua. Avtd eaptdtol amd To av 1
evapKTNpLo dvvaun s eival oképata 1 Oyl. LTNV TPAOTN TEPITTMOGCT Kol OAES
ol GAAeg duvauelg Oa sival axépateg, ondte M Avon OBa sivol éva aképulo
TOALMOVLUO. Xt devTEPM, M Teppatiiopevn Avomn Ba mepiéyel Tig SLVAUELS
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eré7 xs+2€, . s+nl

x5, x ., = z¥ omov £ 1o Ppa g e&icwong. Tote propovye, av
0chovpe, va Bydrovue €£m TOv KOWVO mapdyovia x°, ondte TO LILOAOLTO
KOUPATL TG Aong Ba elval Eava €va akEpalo TOALOVLHO. Avth Op®G ival
U0 TEPLTTN KIVNGN TNV O0Tola 88V LTAPYEL KAVEVAS AOYOS VO KAVOLLLE.

A&ilel emiong tov KOMO va avTIAN@Bovpe ©TN YEVIKOTNTA TOL TO
unyaviopd Pacetr tov omoiov M cvvOnkM VmapENg TeEppatiiopevev AOGEMV
dpo g «ouvONk”M KPAVTOOoNG», TOL EMAEYEL pia SLAKPLTN oKoAovbia TIH®V
prog erebfepng mapapETpov A tng e€iomong pog. H 16éa eivat moAd anin. And
T1g oLVONKEG EvapENG Kal TEPUATIGHOY, T s KOl v B0 eKPPaoTOOY GLVOPTHGEL
0V A. Oa glvar dnAadn s = s(A) kot v = v(N). (Zovnbog to A gppaviletar
povo otn pila opddo opov ¢ eélocwong —otnv elaylotofdbuia 1 ™
peytotofabuia— omdte Eva amd ta s kot v Pyaiver ave&aptnto tov A.) ‘Etot,
otav emParovpe TNV teAkn cuvOnkn v(A) = s(A) + nf ka1 AbGovpe ®g TPog A
Ba mapovpe po didkprTn akorovbic TpHAV A, = A(n).

Y10 KBavrtopunyavikd tpofAnpata To poOro NG eAEVBEPNC TUPUUETPOL A
tov mailel n evépyela E, omdte givarl tedeimg kabBapd mio oG yivetal 1 KPA-
vioon ¢ BAémete dniadn 6Tt OAN vt M TEYVIKN €ivol TOAD KATAAANAN
Y10 £VOV YPNYOPO LTOAOYIGHO T®V LOLOTIU®Y, Ol OTOIEG ElvAl GLYVE KOl TO
UOVO OV HOG EVOLOQEPEL: 1] YVAOOT TOVG LG OLVEL OUECHS TO OLAKPITO AL
EKTOUTNG N amoppdencng tov TpofAanuatoc. Oyt BERata 6Tl 0 LTOAOYIGUOG
TOV 10106LVAPTNCEDV E1VOL 1010iTEPA SVOKOAOG. ‘OTMC E16UE GTOV APLOVIKO
TAAAVTOTN 1 TO GTOHO TOL VOPOYOVOUL, TO LOVO TOL £YOVUE VO KAVOLUE E1VUL
va avTikotaothoovpe otn véa (Sifaduia) eEicwon to KotdAAnio, aKEPLO 1
OY1l, TOAVMVULUO KOl VO LTOAOYICOVUE TOVG GLVIEAECTEG TOL. XNV TPaln,
HOVO 01 BVO-TPELG TPDTEG LOLOGLVUPTNCELS HAG Y PeELGiOVTaL, OTOTE T GYETLKA
TOALOVLUA E1VOL HIKPOL PBabpol Kal 0 LTOAOYIGUOG TOVG E1VHL, OLCLACTIK,
TETPIUUEVOG. A TOViGovE TELOG, 0V KOl ELVAL TPOPUVES, OTL 1 EPAPLOYN TNG
ToAVOVLUUIKNG HeBOdoL oe €va omolodnToTE KPavtounyavikd (n oyl) mpo-
BAnua dev amoltel KOULA GTOAVTOG EOIKT YVAOOT Y10 OTOLUONTOTE «ELOLKN»
drapopikn e€icmon. Mo poag «e181Kéy dlapopikéc eEICMGELG dEV LITAPYOLV.
Yrdapyovv povo o1paduieg e€lomoelg, Tig omoieg yvopilovpe mTOG Vo YEL-
PLOTOVUE €0TM KL aV TG PAETOLUE Yo TpDOTN Qopd. To av Tuyov TIg £xovue
Eavadel dev mpelrel oe timote. [TaAl Tnv 1d1a dovdeld Ba KGvoLpe.

4. Avo peaioTiKd «uoproKd OvVaUIKd»

Me ta gpyoreio mov £yovpe TOPA oTN O1dBECT| HOG UTOPOVUE VO, ADGOLUE
0TO100NTTOTE KPUVTOUNXOVIKO SLVOUIKO BEAOVLLE, apKel VO glvol ETIADGLHO
BéPata. Edd draréEape va mapovsidoovpe 800 and avtd, Tov cuvdvdiovy To
TEPTVOV PETA ToL mPeripov. To «tepnvovy avaeépetal oto kabapd padnua-
TIKO PHEPOG TNG AVONG, TO 0Tolo Bu Gag dMGEL TNV gukaLpia Vo acKnbgite otn
LPNON TNG TOALOVUHIKNG neBodov Kal va dlamioT®oete TOG0 gVKOAN glval.
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To «ow@éhipov» gival 6Tt Kat To 000 SLVOULKAE, 1010iTEPA LAALGTO TO dEVTEPO,
Slvouv plo TOAD TLO PEAALGTIKY TEPLYPAPN TOL SOVNTIKOD QACUATOS TOV
SATOHIKAOV popiev am’ 0,TL 0 OPUOVIKOG TOAUVTOTNG. ETol cupminpovouy
oAb mpaia T0 QLUOIKO PEPOC TV oyeTikov keporainv (Keop. 7 kot Keo.
12, §3).

Onwc S10mIoTOVETUL TELPUUATIKA, O Boctkoc vOHoC Tov dovnTiKov
QAGLATOC TOV OLUTOMKAV LOPI®V ELVAL OTL: # ATOTTACH AVALUETH TTA O1AOOYIKA
evepyelard enineda uelddvetal Katd éva atabepd mooo kabwg avefaivovue 6to
pdoua. Avtd GUVETAYETOL OTL O GLVOALKOG aplBuog otabudv Oo sival meme-
PAGLEVOC KOL OTL 1] EKQPOOT TOV EVEPYELLK®OV LOLOTILAV B €)1 TN LOPPT EVOG
devtepofaluiov Tpiwvipov wg Tpog Tov KPavtiro apifud n. Avtd Aowmdv Oa ival
TO gUTELPLKO KPLTNpLo, BAGEL TOL 0TO10V B0, ATOPAGIGOVE Y10 TO TOLO ATO TA.
Suvapikd pog eivor peaioTikotepo. Apyilovpe pe To AEYOUEVO SLVOULKO
Kritzer kot pe tmv avtovont entonpoven 0t  petaPint x 0o aviictoryel
TOpA 6TV andcToon 7 HETUED TOV UTOUMY TOL Hoplov.

4.1. To poproxo ovvouiro Krdtzer

G , oy
Vo=2-1 Eficmon tov Schrodinger:

2 @
w”+h—?<E—P+%>¢:0

fffffff Ve — €/4G

min

XXHMA 1. To poproko dvvapikd Kritzer

Avoy:

Bijua 1: (Awaotatikn aniloroincmn)

Ed® to mpoPiAnua pag €xer téooepig mopapétpovsg (h,m,g xor G) and Tig
oTolec UTOPOLvUE VO €EICMOOLUE PE HOVAda POVO TIC TPELG. G TETOLES O
StaréEovpe T1c i, m kat g. 'Eoto Aowmov 6t
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h:m:g:l,

omote M e&icmon tov Schrodinger Oa ypdpetal wg
G 1
¢”+2<E—2+>¢—0. (9)
2z

[Mopatnphote Ot avth sivar po tpifduia eCicwan. Ot 6pot ¢ kar —2Gp/x?
Eyxouvv Pabuod peiov 6vo, o 2E) Babuo undév kail o 2¢/x peiov €va. Eanilovpe
OUMC OTL e TNV AQOIPEST] TOL UGVLUTTMOTIKOV TAPAYOVTH GTO AneLpo, 1 (9) Oa
uetatpanst og difdduta. Ag to mpoonadncovpE.

Bijua 2: (A@aipeot TOL ACLUTTOTIKOL TAPAYOVTQ)

TNV AGUUTTOTIKN TEPLoYN  — +oo ot dpot G/z? xar 1/z @edyovv, ondte
Taipvovpe

Vo + 2B =Y~ Ve =0 (4P =2E) (10)

Ene1dn €dd evolapepopacte pOVO Yo TIG OEGUIEC KOTAGTACELS, O gival
E <0, ondte dikaroloyovpooste va Oécovpe 72 = —2E. H aocvpntotiky e&i-
cwon (10) Avvetol apéons (kat akpipdg) pe anoTéAecua

o = €477,

Epdg pag yperdletor n Abomn mov ofnvel 6To +00, 0TOTE SLOAEYOVUE TO EK-
BeTikd exp(—yx) ka1 ypapovpe

P(x) = e " F(x) (11)
= ¢ = e (F" - 29F ++*F). (12)
Ewaydyovtag tic (11) kot (12) otnv (9) naipvovpe
2 2G
F" —2yF + (— — —2>F =0. (13)
X X

‘Onwg PAERETE, 1 GLVTAYN TNG APATPECTC TOL AGCVUTTMOTIKOV TOPAYOVTO EKOVE
10 Bavpa t™g. H véa e&icoon (13) sivar ma S1fdOuta, onoTe UTopovpE va
aval{ntnoovue Tig TEPUATILONEVES AVGELS TNG.

Birjua 3: (Avalnnon teppoatilopevev Aoemv)
a) XZovbikn évapéng

Erayiotopdduior 6potr otn (13) eivar ov F” ka1 —2GF/2?, ondte M &-
vopkthple dvvapun z° Ba tkavorotel v e&icmon
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2G

(xs)"——QxS: (s(s—1)—2G)z* =0
x

= £ -5-2G=0 = s:w.

Edod kpatape pévo t pila pe to Oetikd mpoonpo yiati 1 dAAN divel Avon mov
aneipiletar oto z = 0. Oa eival Aotmov

,_L1+VI+3G

> (14

B) Zvvlnkn tepuatiouot
Meyiotofaduior dpot g (13) givar ot —2vF” kol 2F /x, ondte o £xovpe

2
2@ + 2 (@) = (2w + 22 =0

= y=-.
1%

TN va givatl Suvatdg 0 TEPUATIGHOC, TO v TPETEL VA OTEYEL AT TO S KATA EVOV
axépato apbpd Pnudtov. (v =s—+nl.) H (13) éxer Pabuods d; = —2 xar

dy = —1 dpa £ = 1. Oa glval Lomov v = s + n KAl ETOUEVMG
1
= ) 15
7 s+n (15)
Yyavovtag v (15) 6t0 1eTpdymvo Kot taipvovtog v’ dyiv 611 42 = —2F,
BploKovpe yia TG EVEPYELUKES LOLOTIUEG TNV EKPPUCT
1 1
En:*_—z, ’171:0,1,2,...7
2 (s+n)

OToL 0 s divetal anod ™ (14) cvvaptnoel g dedopuévng tapapétpov G. To
televtaio Ppo €lval Vo amoKOTAGTNOOVUE TIC GLVNOELS O10GTAGELS GTO O-
TOTEAECUATA.

Bijua 4: (AToKatdoTOCT TOV SLOGTUGEWDV)

H amoxotdotoon Tov d1a0Tdce®mV GTNV EKQPOUCT TOV EVEPYELOKDOV 1O10TIHLOV
0o yivel pe TN YVOOTN OVTIKATAGTOOT

Ey — eEy,

OTOV € M XOPUKTNPLOTIKN EVEPYELD TOL TPpoPANUaTog. EminAiéov, to s mpémel
Vo Topapeivel adldotato Y1’ avtd 1o G péca oty teTpaymvikn pila g (14)
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npénel va dtoipedel pe v avtictolyn yopokInplotikn povada Gy. 'a vy
ATOKOTACTAUCT] TOV OlUCTUCEMY GTI KUHOTOGLVAPTNOELS Do ypelacTovuE &-
TioNG Kal TO YapaKTNPLoTIKO UNKOG a. Ag Eekiviioovpe pe To tedevtaio. To
TPOPANUG pag Elval VO KATOGKEVAGOVUE L0 TOGOTNTA UE OLOGTAGELS UNKOVG
and ta tplo peyedn h, m kot g mov eElomoape pe povada. Q¢ cuvibwg, dev o
akoAiovOnoovpe Tov €O aAAd KOmMMOOM TPOMO —vo ypayovue OMAadN
a = h'm’¢g* ko1 va mpocsdiopicovpe ta 1, v, A ElGOVOVTAC TIG S1ACTACEIC—
aArd o cuvdLAcOoLUE BLO-TPELS YVMOTEG EKQPUGELS TOL TEPLEYOLY TA h, M, g
kot 1o a. Emedn oto dvvapkd gpeaviletar o 6pog g/x, 10 g/a Ba £xel do-
otdoelg evépyelag. AlaoTAoELg eVEPYELNG EYEl OPMG Kat M ékepacn h%/ma?,
onw¢ NomM yvopilovpe. E&lomvovtag avtéc Tig 000 opodldcToTEG TOGOTNTEC,
Taipvovue
2 2

g_» B

a ma? mg
Bdlovtac 10 a 610 g/a | 610 h?/ma’® TaipvOLUE Y10 TN YUPUKTNPLOTIKY &-
VEPYELQ TOV TUTO

mg*

TR
Ot druotdoeig Tov G etvar (evépysia) x (UNKog)?, apov o 6pog G/x? eppavi-
fetar oto duvapiko. H oyetikn yopaxtnpiotikn povade Gy 0o givar Aomdv

2
G0:6a2:m—92<h—2)

h2
K2 \mg m’
omoTE M OlLUCTUTIKG ATOKUTACTNUEVT HOPON TOV EVEPYELOK®OV 1OL0TILOV Oa
glvot TelKa

mg2

Ey=——" n=0,1,2,...,
" 2m¥(s+n)’
OToL
8mG
144 /14 22
s = h
2

Mapatnpiote 611 apod 10 G £yet dactaoeig h?/m Sev eivol Stactatikd -
ve€aptnto and to i kar m. Avtd onuaivel OtL av toyxdv emAgyaue vo g&t-
CMCOVLE [LE povada v Tpdda h, m, G avti tng h, m, g 0o eiyope kaver Adbog.
Mg dAlo Aoy, o€ éva TPOPANUHE TOL €XEL TEPIGCOTEPEG ATO TPELS TOPU-
HETPOVG, EYOVHE TO diKaimpo vo dmoovpe avbaipetes TIHEG og OTOLN TPLASO
0éhovpe, vd Tov Opo OTL To UEAN TNG elval dactatikd avedptnta.
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DuoIKY GVAIVGI TOV OROTELEGUATOVY

o Ag eléyEovpe TpdTa TNV 0pHOTNTA TOL UTOTEAEGHOTOG UG, UE KPLTNPLO TO
av M Bgpeddng otabun nEetel N Ol oToV TLOUEVE TOL SLVAULKOD GTO
KAao1ko 6pro h — 0N m — oo. To duvapkd Kritzer yivetar eAdy16t0 6T0
onueio r = xy 6moOL

v 2G g 2G

dz x3+x2 o g

Kot M eAdyiom Tun tov, Vi = V(xp), elvar

_ g
1G

Epeig Bpnxope 01t N evépyeta tng Bepeiiddovg otabung divetal amd tov

TOTO
mg? 14 1/1+8mG/R’

= — e =
! ot MCT 2

210 KLao1kd Opro i — 09 m — 00, 0 6pog 8mG /h? Ty teTpayovikh pilo
YIVETOL TOAD PEYAAOG, OTOTE TO S TEIVEL ACLUTTOTIKA GTNV EKQPUCT)

s — 1/2mG/h*.
\/ 2mG/

'Etot, 0 tOnog yia to Ey divel

‘/min =

mg’ e

Ey=———2 =
"7 on’(2mGyR?) - 4G

G& GUUEMOVIN LE TNV OTCITNON TOL COGTOL KAAGLKOD 0plov.

o O1 13106VVOPTNGELS TOL BPNKANE EXOLV TN HOPON
djn(x) = B_WCF”(CC),

omov F,(x) éva pun axépoio ToAvdVLRO Tov apyilel pe ) pn aképata (gv
véver) ddvapn z° kor teppotiletar otnv z¥ = 25 Ilepiéyel dniadn n
GLVOALKA SLVAUELS. ALTO TOL HOG EVOLAPEPEL VA TOVIGOLNE €0M €lval OTL,
MOY® ™G BeTikng evapkTNplag dOvapung xf, OAeg o1 1810GLVOPTNOELS Wy, ()
undevifovtatl oto = = 0. loyvel dnradn TdvTo N Guvoplakn GLVONKN

¥, (0) = 0.

Avtd 10 amotélecpo glval Oyl HOVO KAAOSEYTO, OAAG KOl GVOUEVOUEVO.
Otav 10 dvvaukd ameipifetor otnv apyn, t0te N 0 M eéicwon
Schrédinger e€avaykalet v Kupotoovvdptnon va undeviletor exel. Xe
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QLOIKN YA®OGA, aVTO ONUOLVEL OTL TO COUATIONO ATOPEDYEL TIG TEPLOYES
anelpng Suvoptkng evépyetag. O OmEIPIOUOC TOL OLVAULKOD GTNV apyn,
tooduvapel 1ol pe v tomofétnon evog adlamEPacTOL TOiY oV, 0 0Toiog
eumodilel To cOUATIOO Vo TEPATEL GTNV AAAT pEPLd Tov dova. 't avtod to
AOY0 Ta, TPOPANUATE VTOD TOL TOTOL &lVOL TPOPANUATO «ULGOD SL0GTN-
potogy. Mdiiota, m cvvoptokn ocuvOnkn ¥(0) = 0 emPairetor mepinov
aUTOWATO amo TNV 1010 TNV elcmMON KOl 08V ATALTEL TNV EVEPYO OIKT HOG
enéppaon. (Epeic mpémel anhdc vo armogbyovus pio aneipt{opevn Avon o€
avTo TO oMuElo.)

e Avctuymg 1o duvapkd Kritzer givar pdriov arotvyio and eaivopevoro-
vikn anoyn. H ék@pacn tov EVEPYELOK®DY TOL SLOTIHAOV Ol HOVO dEV £lval
EVO TPLOVLRO G TPOG N —ONMOG ATOLTEL O GYETIKOC EUMELPLKOG VOHOG—
aAAd dgv B€tel Ko KOvEVAY TEPLOPLOUO GTO n. YTAPYovv dNAadn Gmelpeg
déoeg katootdoels. Ilob ogeiletar dpaye m advvapic oLTOL TOL
SLVOIKOD VA OVOTOPAYEL TO EUMELPIKO dovnTikd @dopo; o va pnv
paxpuyopovue, o A0yog eivatl o e€ng. Onmg sinape aAlov, ot SLVAUELG TOV
GLYKPATOVV T ATOWO GTO HOPLO €lval TOAD HIKPNG eUPELELOG Kal YivovTal
TPOKTIKG UNOEV OTOV TO ATONAKPOVOLHE KOTO pia 1 600 OTOMLKEG
Stapétpouve. Opmg pto 1060 ypnyopn eacbivion eival yopoKTnPLOTIKT
evog ekbetucov vopov. Ilepipévovpe dnradn o6t o 6e&ldg KAGOOG ™G
KOUTOANG &VOG TPAYUATIKOD HOPLaKOU duvapkoly o meplypdeetol and
Kkamoto @Bivov ekBeTikd. ‘Oco yio Tov aplotepd KAGSO, ALTOG TPOEPYETAL
KUPLOG 0O TNV NAEKTPOCTATIKY ATMGON TOV d00 TUPNVOV KOl ETOUEVMG
npémel va anelpiletar oav 1/r otn yertovid g apyng. ZTo eOG CLTNG TG
avaivong katalafoivovpe apécc 0Tt T0 Pactikd EAUTTOIO TOL SLVAULKOD
Kréitzer givatr 0Tt ofnvel mTOAD apyd GTO GNELPO —KOL GLYKEKPLUEVE AV
1/r— xar oy exbetikd, Omog omortel to Tpaypatikd TPOoRAnua. Eival
dnradn éva duvopikd peyding —kat pdiiota dnsipnc — eppéietag. Kat
elvar yvootd —Ovunbeite 1o mopdderypa tov dvvapikod Coulomb— o711
TETOLAL OLVAULKE £ 0LV ATELPO TANOO0C déoplov Kataotdoemy. Ocov apopd
N GULUTEPLPOPE TTNY apyh, TO duvopkd Kritzer ansipiletor cav 1/7? kat
oL cav 1/r omwg Bo énpene. Opws 1o Pacikd Tov EAATTOUN SEV Elval AVTO.
Eival n ovumepipopd yio peydro r.

o To «bidaypa» elvar capég: mpénet va avalntioovps £va Hoplako duvaptkod
7oL va 6PN vel ekBeTikd oe peydieg anootdoelg. EmnAéov mpénetl va gival
Kot emtAvoipo. To mog avalntodue GLUGTNUATIKA TO ETIAVGIUN SLVOULKO
dev Ba to cuintnoovpe £d®. ATAOG Ba APKEGTOVLE GTO VA TAPOLUE ETOLUO
TO AEYOUEVO woplaxo ovvauuco Morse

V(z) = Vo(e M — 2¢727) (16)

() Avvapikd mov oBfivouy cav 1/r Bempodvial dreipng euféleiag.
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TOL OTOIOL T YPUQEIKN TWOPACTACT OIVETOL OTNV APy TNG ETOUEVNS
napaypaeov. H popen avtod 1ov duvapiKol amaltel 0ploHEVES dLELKPLVI-
ocic. [Mapatnpnote xat’ apydc 0Tl mdel oto UNdEV Y £ — +00 Kol GTO
anelpo ya x — —oo. Aniadn dev ameipiletar otV apyn, OTMOG EUELG
0élovpe, aAAG 0TO —00. AV OU®G TO PETATOTIGOVNE TPOG Ta deELd, BOTE TO
eLGY1oTO TOL va EMDEL GTO OMUELD 1GOPPOTING T = Ty TOL HOPlov, TOTE O
aplLeTEPOC TOL KAGDSOC, AOY® tNg ekBeTikng avodov Ttov, Ba kdyel tov
KoTaKOpLPO A&ova TOGO YNAL, OCTE TPUKTIKG €lval Gav va £YOVUE €VO.
duvapikod mov anetpiletal oto z = 0. Enetdn oumg ovtn 1 HETATOTION TOL
duvapikobd Morse otn «QuGIKN» Tov Béom dev enmpedlel TG evepyElaKES
LOLOTIHEG, YU avTd Kot SaAEEQUE VO TO YPAWYOLUE G EKELVT TN LOPOT GTNV
omolo 10 eAAY16TO TOL £lval 6To podnuatikd o BoAikd onueio x = 0. O
HUGTNPLOONG GLVTEAEGTNG «dVO» avdpecso ota ekBetikd g (16) avtdv
akpifog to okomod efummpetel. Gépvel dnAadn To gAdyioto oto x = 0.
Opwg to duvoulkd Morse gival okplpdg ETIAVGIUO KOl GTN YEVIKOTEPN

Hopen
V(z) = Ae™* — Be™

M omoio TPOKLTTEL pe pio avbaipetn petatoénion tov x otn (16). H Adon tov
divetal oty Tapdypaeo mov akoiovbel. H povn adlayn otnv mponyov-
HEVT] «KMOIKOTOINUEVI» dladlkacio elval OTL TOPA TO SLVOULKO OTOTEAEL
Qo dppnty ovvdpton T OTOl0 TWPEMEL WPOTAL VO YIVEL PNTN HE [
KOTAAANAN aAhayn aveEdptntng petaPAntne. Avtn n «pnrtomoinen» g
eEicwong tov Schrodinger eival Tpoeavag avaykaia, 610TL OAN N Bewpia
TOL OVOTTOEQUE VOPITEPO ELVAL EQUPUOCIUT HOVO Y10 EELOMGELS UE PNTOVG
ovvteleoatéc. (O omoiot, BEPara, propoby mavTa va YiVOLV TOAVOVLLO AV
TOALATAOGLOGTOVV LE TO EAAYLOTO KOLVO TOAAUTAGGLO TOV TAPOVOLACTOV
tovg.) H e&ilomon tov Schrédinger yia €va dppnto duvopikd V(x) propel
olyovpa va pnrtomoinbei Otav to V(x) elval pia pntn Guvaptnemn Tov
ekBetikov. H katdAInin adiayn ave&aptntng petoPintng t = t(z) elvar
t0te M t = exp(£x). Ag onuEL®GOLHE OU®S OTL Yo TOAAG amd T dppnTa
duvapikd mov emAbovratl akpiac (m.x. to V(z) = —V,/ tanh? Az) ivol o
BoAlkd va ta pnTOomOINGOovKE UE TNV OAANYT ¢ = tanhz, yiati | GLVAPTN-
GlOKT TOVG LopPN elval cuvnOm¢ pia amAn vrepPoilkn cuvapInon.
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4.2. To uopraxo ovvoyixko Morse

E&iocwon tov Schrodinger

V(x)=V,(e “2e™) 2
0 w//+h_7;l(E_%e—2Am+2VOef)\x)w:0

XXHMA 2. To poprokod duvopikd Morse.

Avoy:

Bijua 1: (Awaotatikn anilonoinemn)

Edm é&yovpe tnv eguyépeta vo e£1GOCOLHE [e povAda pia omd TIG TPLAOES
(A,m,\) M (h,m, V). IIpotipovpe v mpdTN, yiott yioo A = 1 n aAloyn pe-
ToPANTIG t = exp(—Ax) = exp(—z) mov Oa kdvovpe e Alyo, Bo docel a-
TAOVGTEPOLE aPLOUNTIKOVC GUVIEAEGTEG OTN HETOOYNUATIONEVT] e&lomon
Schrédinger. 'Eoto Aowmdv

h=m=A=1

= ' +2(E — Voe ™ + 2Vge ") = 0. (17)

Bijua 2: (Pntomoinon g e€iocwong tov Schrodinger)
H (17) amoktd pntovg GLVTEAECTEG HE TNV AAAAYT HETAPANTNAC

yio, TNV omola gival

Kol 0edopEVOL OTL
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N AN dp . dy
(B (=t )

N petaoynpaticpévn popoen g (17) Oa sival
120 + tih + 2(E — Vo t2 + 2Vt )p = 0. (18)

Inueidote Ot 6tov M pETAPANTN X Kiveital amd pelov AmELpO UEYPL GLV
amelpo, to t (= e~ %) ndel and GLV AmeELPo Emg UNdEV. Oa gival AoiTdV

0=t=o0

Mopatnpnote axodpa 6t1 M (18) eivar pa tpiadua eEicoon pe Babupovg undév
(6pot 129, th, 2E0), éva, (6pog 4V, t1h) kat dvo, (Opog —2V, t24h). Eamilovpe
OUMOC OTL [E TNV 0QPAIPEST] TOL OCLUTTOTIKOD TAPAyovIo 6T0 t = oo 1 &&i-
cwon Oo petatpanel og d1fabuia. Ag To TpocTaBNGOLLLE.

Bijua 3: (Apaipeon Tov 0GUUTTOTIKOV TO.PAYOVTO.)
310 06plo0 t — 0o amd TOoV GuvteAEsTn Tov ¥ otnv (18) Ba emlnoel povo o
-2V t%, ondte  aovpntwtiky eEicoon Oa sivat

i) + thoe — 2V t21hne = 0. (19)

Av vrobécovpe emmiéov 0Tt (AOY® TNG LIEPOYNG TOVL 2 évavil tou t Y
peyaAa t) 0 6pog t21hs KupLapyel TAve 6TOV t)s, —umdleom Tov Oa eheyyDel
Kol €K TV votEpmv— tote M (19) Ypdoetatl mg

2hoe — 2Vp 24P = 0
= Yoo = e v =V2W

KOl YU 0UTO TO OMOTEAEGHA 1GYVEL TPAYHATL OTL t21hss > tihe Y100t — 00, OT®G
glyope vrobéoel. Onwg navta, Kpotape to eOivov ekBeTiKd Kot KAVOLHE GTNV
(18) v avtikatdotoon

Y(t) = e F(t)
Yo TV omoia elvat
b= e MEAF), = e (F - 2y 1 F), (20)

onote M (18) —avtikabictdvTag Kat TNy mapduetpo Vy pe 1o icov g 72 /2—
yivetal

tH(F = 2yF 4+ 42 F) + t(F — vF) 4+ (2E — 41> + 2¢°t)F = 0.
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Mopatnpnote 6t ot 6pot t242F xar —*t*F and v npdTn kot televtaio
OlGda OVTIoTOLY O, ATUAELPOVTAL KOl XAPLC G AUTN TNV ATOAOLPY] KOTAAN-
yovue ot ofabuia elicwon

PF+ (t—2v)F + (2E+ (29 —9)t)F =0 (21)

™¢ omoiog elayiotoBaduiot 6pot givar ot 2F, tF, 2EF pe Pabpd undév kat
peytotoBaduior ot —2yt2F xat (292 — ¥)tF pe Babuod ovv éva. To Brpa eival
l=1.

Bijua 4: (Avalntnon teppatilopevov Acemv)
a. XovOnin évapéng

)+ t(t*) + 2E(t°) = 0
= (s(s—1)+s+2E)t° =0
= s*+2E=0. (22)
B. ZvvOikn tepuatiouov
— 293 (8) + (297 = (") = 0

= (—2w+ (2+? —7))15”+1 =0
1
= V:'y—§. (23)

Eme1dn) €60 elvan £ = 1, ) ouvOnkn v = s + nl divel v = s + n ondte Pdoel Twv
(22) kot (23) Oa Eyovue

1 1
En:7*82:*§(1/*77,)
1 1\?
:>En:—§ TG (24)

omov y(= 2V ) wo yvooth tapduetpog tov tpoPrnpatog. Mpocitte dpog
YTl TOpo T0 n deV PUTOPEL VO TAPEL [0, 0OGOONTOTE PEYAAN OKEPOLA TUULY|.
IIpdypatt, enedn 1o s mpénel v eivol mavto BeTikd (OGTE 1M KLUATOGV-
vaptnon vo gival menepacpévn oto t =0 = r = —00), 1 oYEoN

v=s+n=vy—1/2
dlvel apeécme TNV avicotnTa

s=~vy—-n—1/220,
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dniadn

1
nsy—-, 25
75 (25)
N omolo ONUALVEL OTL T0 TPOPAnua Exel Temepacuevo TAbog déouiwy Kataotd-
TEWV.

Bijua 5: (AnokatdoToGN TOV d106TAGEDV)

Aedopévov 6TL M petafAntn Az tov exBetikov mpénet v eival adldeToTN, TO A
0o £xel 6100TACELG OVTIGTPOPOL UNKOLE, ONANST OL0CTACELS KVHOTAPLOHOD.
‘Etot, maipvoviac og Bdon tov yveotd tono E = p?/2m = h*k?/2m Prénovue
AUECOC OTL O PHOVASIKOG GUVOLOGUOG TOV f, m KOl A LE OLOGTAGELS EVEPYELAGC
glvat o

2S

m

€

INa vo emavagépovpe Tig cuvnbelg draotdoelg otny (24) mpénel va, TOAAG-
TAOGLACOVIE TO OEVTEPO UEAOG TNG HE TN YAPAKTINPLOTIKN €VEPYELD €. E-
TITAEOV, 1| TAPAUETPOG ¥ TPETEL VO, KpatnOel adtdototn, Hia Kot Tpocstifetal
pe adraotateg TocoTNTeG. Acdopévou axopa 0tL to Vy otov timo v = +/2V)
£xel d100TAoELS EVEPYELAC, TPETEL Va, dlaipedel Le €, DOTE TO ¥ VO TOPUUELVEL
ad14ototo. O gival dnAadn v = 1/2V) /€ Kal ETopEVMS

2
€ 2‘/() 1
E,=—; — —n— 2
2 ( e 2) (26)
N 7O AVOALTIKG
R2N2 (\/ZmV, 1\
En=—%m < A _§> 27

DuGIKI] OVAIVGY TOV OMOTELEG UATOV

e Q¢ ovvnbog, To TpmTo pog Kabnkov eivatl va eAéyEovue Tnv opbodTTo TOV
anoteheopudtov. O Mo amAOg EAeYY0G €lval va dovpe av M BepeAlddng
otabun méetel otov mubpéva tov dvvapikod ©6To KAUGLKO Oplo. Edd

Bprkape Ot

Ey =

om A 2

RN <\/2m‘/b 1)2

¥t0 60pto h—0 N m — oo emlel poOvo o mTPOTOG OpPOg pPEGH OINV
nopévheo, onote Ba Exovpe
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E0—>—

R2N2 (2mVy \°
)=

To gldyloto tov duvapikobd Morse eivar —Vy kar smopévag N Ey €xel
TPAYUATL TO 0®OGTO KAAGLKO Oplo.

Ag dovpe topa av ot gvepyelokéc 1010TIHEG (27) GLUE®VOLV pE TO
eaivopevoroykad ogdopéva. IMapatnpnote kat’ opydc Ott M €KEPOom
E, = E(n) mov PBpnkape eivor mpaypott Eva devtepoPaduto tpid@vupo og
npo¢ n, OTMG 0EAape va copPaivet. Edikdtepa, n (27) uropel va ypagel mg

12Vh 1 h2\? 1\°
E,=-VW+ —In+<)— += 2
0+ hA (n 2) 5 n+3 (28)

N omoia elvol aKpLB®MG N EUTELPIKN EKQPACT

1\ e 1\°

TTOL Y PN|CLULOTOLOVY Ol PUGLOTOOKOTOL Y10 VO TEPLY PAYOLV TA TELPUUATIKG,
dedopéva.

H guneipikn nopdapetpoc € otnv (29) divetor otn Oempntikn €kepoon
(28) and Vv mocomta & = h2X%/m, Snhadn omd TN FAPAKTNPLOTIKY
povada evépyetog. (YrevOopilovpe 611 10 € €lval To atabepd Tooov, KAt TO
0010 LELDOVETUL 1] OTOCTACT] TOV YELTOVIKOV 6Tabudv kabng avePaivovus
ot0 @dopo.) H aviimapaBorn tov (28) kot (29) pog Aéet akdpo OTL 1M
nocOTNTO A\\/2V)/m mpémel vo maploTdvel T GLYVOTNTO wy TOV HKPOV
TOAOVIOCEDV YOP® and Tov Tubuéva tov dvvapikov Morse. [pdaypartt, av
BuunOovpe 611 n oTabepd ehatnpiov k 6Tov TOTO wy = \/k/m dlvetar amd
™ 6eVTEPN TAPAYWYO TOL SLVAULIKOV GTO GTNUELO TOL £)YEL EAAYLOTO, TOTE
Yo TNV TOPLVN TEpinTOon Oa Exovue

k— V//(O) _ [‘/()(672/\10 _ 267/\95)];/:0 _ 2‘/0)\2

AT 5
Y L W £AL] 0.5,
m m m

BAémovpe Aotndv ot to duvapitkd Morse avanopdysl TAN PG Tov Bactko
EUTELPLKO TOTO TOL TAAAVIMTIKOD (PUGHOATOC TOV SATOUKOV popimv. Avto
onuaiver 0Tt amotelel pio. TOAD aflOmIGTN TWEPLYPAPN TOV OLVOUE®DV
avapeco oto dtopa. IIpdypatt, o kPaviounyavikdg LIOAOYIGHOC AVTOV
TOV SLVAUEMV CUUPOVEL OPKETA KOAG e TNV KOUTOAT Morse, ektog BEPata
amod TNV TEPLOYN TNG UPYNG, OTOL TO TPAYUUTIKO SLVOULKO amelpileTat.




