1.

YYMITAHPOMA OEQPIAY. KE®AAAIOY 4

Teyvikég vroroyiopov petodetdv

a)

B)

Y)

Mo cvetnpotikotepn pEBodog vtoroyiopuot petabetdv, tnv omoia Oo ava-
nTOEoVUE eKTEVEGTEPA OTOV OeUTEPO TOHO Tov PiPfAiov, exkivel amd TNV
TaVTOTNTA

[A, BC] = [A, B]IC + B[A, (] (1)

7oL deVv £lval mapd 101K TEPINTOON TNG TAVTOTNTOG
n
[A, Ay A LA =D Ar A [A A A A, (2)
i=1

N omoia pag Aéel To €ENG TOAD amAO: OTL O PETAOETNG EVOC TeAEOTN A pE €val
YIVOUEVO TEAEGTOV Aj ... A; ... A, TPOKOTTEL TOLPVOVTOG TOV peETabETN Tob A
pe kabe evav teheot A; (i =1,...,n) TOL YIVOUEVOL Kl TOTODETOVTAG TOVG
vroAomovg teheotég deEld M aplotepd tov petabétn [A, 4;], avdioyo pe ™
GYETIKN TOVG 0Eam G Tpog Tov tekeatn A;. Ocot Bpiokovtal apiotepd Tov A;
tomofeTobvtal 6ta aploTeEPd Tov petabétn [A, A;] kot 6cot Bpickovtot deéud,
dekld. Amodeiéte Tnv TavtotnTo (1) KOl epapudote T YEVIKOTEPN HOPON TNG
(2) Yo va avortogete Tovg akorlovbovg agvvletovg petaléteg oe anlovg

o) [A,B%,  B)[A,BCD], ) [A BCl.

Amodei&te kaTOmMLY OTL T0, AVvaTTOYHATO TOV BpNKate elval cowotd. Ot dniadn
T dVO pEAN elval ek TOVTOTNTOG toe. MTTOPELTE VA EQAPUOGETE TNV TAPUTAVED
TEYVIKN Yoo Tov petafétn [AB, CD] tov omoiov Kot ot 800 TEAECSTEG elval
ATV
OepOVTAG YVOOTEG TIG HETADETIKEG GYETELS TNG GTPOPOPUNG [€y, £y] = iRl +
KUKALKEG HETUOETELS, Y PTNOLUOTOLNGTE TNV «TEYVOAOYIO» TOL TPONYOVUEVOL
EPOTNHOTOG Y10 Vo 0modei&ete TNV eniong Oepeiiddn petadetikn oyéon
Mlﬂe?} =0 (Z:SL‘,:%Z)
Me agetnplo tdpa ) petabetikn oxéon [z, p] = ik (1-D) kot kdvovtag xpnomn
™G 810G OMWE TPV TEXVIKNG 0T0delETE KAl TIG OYECELG
[z, p*] = 2ihp, [z, p%] = 3ihp?, ... [z,p"] = inhp" "
amo TIG OTOIEG TPOKLTTEL EDKOAN KAl 1) YEVIKOTEPT HETOOETIKN oyéon
0A
A(z,p)] = ih — 3
o Alep)] =i (3)

Kabhg eniong Katl n
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0A
A = —ih — 4
[p, Alep)] = —in (4)
omov A(z,p) pa toyoboa cuvaptnon Tev peyeddv = Kol p Tov uTAdg eival
0pKETE OpaA BoTE va puropel va avantuybel oe duvapoceipd Taylor og mpog
x M o¢ tpog p. [Towa givar n yevikevon tov (3), (4) otig TpELG d10.6TAGELS;
Epappoote 11c (3) kot (4) —1f TV TpLOLAGTOTN YEVIKELGT TOLG— YO VO,
vroloyicete Tovg petadéteg
(l) [szL [va} (I-D),

B) [CE’, KTL [1’, fyL [pxy KZL [pJ: Ey] (3'D)

Aven
a) Oo mpémetl va dei&ovpe OTL
[A, BC] = [A, B|C + B[A, (. (5)
Me Bdon tov opiopd tov petabétn, [A, B] = AB — BA, ta 800 pékn g (5)
YpAPOVTUl OG

ABC — BCA = (AB — BA)C + B(AC — CA)

= ABC — BAC +.BAC — BCA

Kat 1 16Ot T TPAyRoTL 16y VEL.
i) [A,B* =[A,BB]=[A,B]|B+ B[A, B
ii) [A,BCD] = [A,B]CD + B[A,C]|D + BC[A, D]
iii) [A, B2C] = [A, BBC] = [A, B]BC + B|A, B|C + B*A, ()
Eleyyoc g (1):
lo péhog = AB? — B?A
20 péhog = (AB —BA)B + B(AB—BA)= AB?—BAB +BAB — BA = lo péhog
KOl TOPOUOL0, Y10, TO, GAAN OVOTTOYUATO.

Ta mponyolpeva toybovy, BeBuing, Kol oTNV TEPITTM®GT TOL TO YIVOUEVO Elval
GTOV TPMTO OPO TOL HETAOETN, AoV propel mavta vo petapepdel otov de0TEPO e
xpnon g wottag [A, Bl = —[B, A]. Kot o Tpaktikdg Kavovag ivatl akptpeg o
idrog: IMapadeiypatog yapv

[AB,C] =[A,C|B+ A[B,C]
M, axdpo
[ABC, D] = [A, D|BC + A[B, D|C' + AB|C, D].
‘OcGoV 0Qopd TNV TEPITTMOOTN TOL KUl 01 dVO Opotl Tov peTabdétn eival yvopeva,
VTN AVAYETOL GTO TPONYOVUEVH BE@POVTAG APy LKA TO TPADTO YIVOUEVO OG Evay
Tele0TI] Kol €@appolovtac HETd kol YU avtoév tnv 16wa teyvikn. Iapadeiypatog
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[AB,CD] = [AB,C]D + C[AB, D]
= (A[B,C] + [A,C]B)D + C([A, D) B+ A[B, D])
= A[B,C]D + [A,C|BD + C[A, D|B + CA[B, D]

KOl EVOTOKELTUL GE 060G VO, EAEYEETE OTL AVTO TO AVATTLYO ELVAL TPAYHOTL COGTO.

B) Oa eivor dradoyikd:

21 2 2 21 2 2 2
[ £ = 60y + 2+ 2] = [0, 2] + [0, 2] + [0, )

T T

0
= [la, £yly] + [z, L]
= [l €))8, + [0y, )] + [Cs, £.), + L.]L,, L]
— ihl.by + ihby L. + (—ihl,)0. + L.(—ihd,)
= ih(Lly + Lyl — Lyl — L.0,) =0
KO TOPOROLL Y10 TOVG GAAOVG petabétes (£, £2] xau [, £2].
v)  Oa gival
o [2,p°] = [z, pp] = [z, plp + plx, p| = (ih)p + p(ih) = 2ihp ~ 6.£.8.
o [2,0°] = [2,p? - p] = [2,9°]p + PPlo, p] = (2ihp)p + p*(ih) = 3ikp®  0.£8.
KOl ETAYOYIKA

o [z,p"] = ihnp™ L.

I'o o toyovea cuvaptnon Az, p) Tov 0VATTOGGETUL GE SLUVALOGELPE OG TPOG P

Awp) =3 ealelp

n=0

Oa eivot

[m,A(m,p)] = [m,ch(x)p"} = Z [a:,cn(x)p"]

n n

= Z en(z)[z,p"] = Z o (z)ihmp™ ™t = zhz cn(2)(np™™1)

.0 0 0 .
=ih gp;cn(x)p =ih op A(z,p) 0.£.8.

Kol EVIEL®G avaloya
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HE avTioTOYEG (TPOPAVELS) YEVIKEVGELS OTIC TPELG OLOOTAGELS, TIG

0A 0A
opi’ Ipi; 4] ! ox;

mov £xovv, BéPara, mg apetnpia Tovg TIg Oepelddelg petabeticéc oyéosig 0éong-
opung
[zi,p)] = ih &

eV 01 cLVISTOCEG Kabevog amd ta dvo dravicopata (Oéon kal opuuaf) petotibevrat.
Aniadn

[, 25] = 0, [pi; pj] = 0.
Q¢ epapuoyn TV Tapundve Oa vToloyicovue Tovg PETUOETES:
1) [IvH}’ [pv H] (I'D)

H 2
q%m:m%gzmgxéﬁvuozm%:mv
OmoV v = p/m 0 TEAESTNG TNG TAYVTNTAG

., OH L dveo
e [p,H| = —Zh%— —ZTLE—lTLF(CIJ)

11) [17&0], [1'7 gy}s [ ;mear]a [pwagy]s (3'D)
o [x,4;] = [z, yp, — zp,] = [z, yp.] — [z, zp,] = 0 (81011 0 x petatibetar pe Kabe
0po TOL KGBe yvOoUEVOL YOPLETH)

Eniong:
L Ol
o [5,8)) = [, 2Dy — 20:] = [, 222] — [, 0p:] = 2l pe] — 0 = iz
n
[z,0,] =ik g:;z =1h aim (2py — xp,) = ihz
Lol 0 B
d [ .L7€./L’} = —ih Oz = —ih 6_1 (ypz - Zp;l/) =0
o [py, 4y = —ih % = —ih 2 (2py — xp,) = ihp,.

or or



