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H aiyeppikn pédodog LHong Tov appoviKoy TOAAVIOTN

210 QLOIKO GUOTNHA HOVAd®V TOL appovikoh talaviot) (h=m=w=1) q
YOHATOVIOVT TOL €YEL TN HOPON
1 1 1
H=C= 2 =2 == 2 2 1
Pt = @), M)
N omolo —ov ta x Kot p Ntav KAaolkég (uetatifépeveg) petaPintéc— Oa pog
véBare TV 1860 Vo E1GAYAYOVUE TIG VEEG HETAPANTES

1 1
a=—(z+1p), a* =— (z —1p), 2
7 (z +ip) 7 (z —ip) (2)
Baoet tov omoimv 1 (1) OBa £maipve ™ —caE®OG ATAOVGTEPN— LOPPI] PIVOLEVOD
H=a"a=aa". (3)

Agv givar Loimdv KaBOAov «TpedAdo» Vo oKEQTOVUE PUATMG N E10AYOYN TV d00
VEDV TEAEGTMV (TOVL, TPOPAVAG, 0 £VaG €ival cLLLYNS TOL GAAOV)
1 . ; 1 .
a=—(x+ip), a'=— (z —1ip), (4)

V2 V2

€YEL KATOLO Y PNOIUOTNTO KAl GTO AVIIGTOLY 0 KPavTounyaviko npofinue. Kot
npaypatt £xel, 6Tmg Oa deite akolovddVTAg Ta TAPAKATO PrpoTo.

a) Me agenpia ) Paotkn petabetikn oyxéon [z, p] = dei€te OtL O TEAECTEG a
kat a' 1cavomolovv Ty

[a,a'] = 1. (5)

B) Asgifte 6t M yopitoviavn (1) Ypdeetal, GLVAPTHOEL TOV TEAEGTOV a Kal al,
g

1
H:aTa—i—i, (6)

oL dapépel and TNV KAaoikn Eékepacn (3) og tpog tov otabepd mpocshetéo
1/2. ITob ogeiletar avtn 1 dtaPopd;

v) Amodeifte 611 o1 TEAECTEC @ kot af 1kavomolovy —pe T yapdtoviavn (6)— Tic
akolovleg peETOOETIKEG OYETELG:

[H,a] = —a, [H,a'] = al. (7)
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8)

Baost tov (7), Ssifte 0Tl o1 TeEAecTéEG a Kot al éxovv TNV akdiovdn Pacikn
1310t Ta: ‘Otav dpovv Tave o€ pia 1dtocuvaptnon, Y, TNG YoputAtoviovng H
pe oty E, o pev al avepaler v ot xotd povada, o 8 a v
katefalel emiong katd povada. Oa mpémer ONAadN vo dgifete OTL o1
Kopatoovvaptioelc alp kat ayp sivar 1docvvaptiosic Tov H pe 1810Tipéc
E+1xot F—1 avtictoiyo.

Yréoeién: Apnote o, 800 pEAN Tov (7) va §paceovy Tavm 6TV 1810GLVAPTNoN
PE Y10 TNV onolo 1oy Ve, €€ vtobécewe, 011 Hygp = Eyg.

Opmg, agol yio tuyovoa dtotiun E o E+ 1 gival eniong 1810Tipég, avtd
GULVETAYETAL OTL 1 yapAtoviavy H &xel ioanéyovaes 1010tiués pe otabepn
petald tovg amootacn ion pe éva. Av Aowrov Ey glvar n yapniotepn onod
avTég, TOTE OAEG Ol GAleC Bu mpokhTTOLY Ao aLTNV, aveRaivovtag TPog ta
nave pe pnpa povdda. To cbvoro Tov WroTipmy Oa divetat, Emopévmg, and
oyéon

E, = E)+ n, (8)
omov Ey 1 1610Tiun g Ogpelddong otddbunc. Agi&te —ypnoipHonolmvIoS TNV
(6) ko1 TO Yeyovog 0Tl M 1dtocvVAPTNoN Yy TNS Beperimdong oTdabung ival n
yauniotepn ovvati— 0t Ey = 1/2, ondte n (8) Ba divel mpaypott 116 Yoo TES
HOG 1810TIHES TOV OPUOVIKOD TOAAVTOTY.

o1) Emwcodeoteite v 1310TNTA TNG 1) TOL AVOPEPOLE TPLV, VIO VA YPAWETE UL

0

n

TpToTdS10 dtapopikn eEiocwon Pacel Tng onolag N Yy propel vo vroroyiotel
apES®OG. Me yvowaot TNV ¢, Tt 00 KAVATE Y10, VO VTOAOYIGETE KUl TIG AVATEPES
wioovvoptnoets; Kavte 1o tovkdyiotov yia tig 800 npmteg and avTés.

AV 1), €LVOL Ol KAVOVIKOTOUEVES 1010GVVAPTHOEIS TOV OPUOVIKOD TOAOVTOTY,
dei€te 011 1 Spdom tov a kot af Thve o avtég Sive

a, = \/';Lv'(/)nfla a“ﬁn =vVn+19,1. (9)

Xpnopononare t1g (9) yia vo vroroyicete pe évav kabupd alyefipuco tpono
—dNAadn xmpig XPNOMN TNG EKTEPPUCUEVNG HOPPNG TOV 1O10GLVAPTNGEDV—
TG HECEG TIUES

<.132> = (¢m$2¢n)a <p2> = (1/}7171721/}71)7 <CL’4> = (1/)7171‘4¢n,)~
To aroteAéopato mov Tpénetl va Ppeite givat:
(22) = () :n—l—%, (2" :% (202 + 20+ 1). (10)

T AOyoug mov TPENEL Vo oag elval 1dN eavepoi, ot terectéc al kar a givar
YVOGTOL O TeAETTEC dnutovpyiac Kol kataatpoprc (creation and destruction (9
annihilation) operators) 1 eniong g teleatéc avafiffaons rar katafifiaons
(raising and lowering operators).
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Aven

@)

B

Me Bdon TG oYEGELG 0pLopoD

z+ip p_xT—ap
a= , a' =
V2 V2

O €yovpe

[a cﬂt]—i L[m—i—z x—1 ]—l[x—&—i x — ip]
) 2 B P, p B D, p

— el Sl =5 () -5 () =1 oéd.
omov, BEPRata, PNOIHLOTOIMNGAUE YEVIKEG 1010TNTEG TOL UETAOETT, OTMG TIG
[A,B] = —[B, A], [A,B+C]=[A,B]+ [4,C],
kabhc kar tn Ogpeiiddn petabetikn oyéon
[z,p] = —[p, 2] = ih
pe h = 1.

Avvovtag T1g (11) ®g Tpog = Kot p Taipvovpe

_a+aJr _afalf
\/§ b p Z\/i’

omote N yauitoviavy H = (22 + p*)/2 0o ypdostar og
1 . 1 .
H:E(Hmfj(aw')?, (12)

OTOV, Y10 TNV EKTEAECT] TOV TEPALTEP® TPaEewv otn (12) Oa mpémer vo AdPfovue
VT Yy OTL o1 TelecTéC a kot al Jev petatifeviar kan smopévag B mpémst va
mpsitar 1 oelpd e ™V omoic moAlamiacid{ovtal o yivopeva Onog Ta aal M
afa. H oe1pd £xel onpocio. Oa gival étot:

(a+ an)2 =(a+ a*)(a —+ aT) =a’+aal +dfa+ (aT)2
Kot mapopote
(a—a"? =a® — ad’ —afa + (a)?

omdte M (12) Oa ypdoetal g

1M, 16030VaUL, O
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omov amd v (13) oy (14) AaBope v’ dyv ) petadetikn oyéon [a,al] =
aa —afa=1 ya va skppdoovps 10 yvépsvo aal w¢ afa+1 kot va to
avtikatactioovpe oty (13). (Téhog g anddeéng.)

O npdobetog 6pog 1/2 otnv (14) —mov dev LTAPYEL GTNV KAAGLKT EKQPOCT TNG
evépyelag a*a— opeiletatl, PEPuta, otn uy petaleticdtyTa ToV TEAECTOV af Kt a,
otV omolo evtomileTal Kot N Pactkn Stapopd PETaED KAUGIKNG Kol KPAVTIKNG
HNYOVIKNG.

v) Oa givar

1 ,
[H,a] = {aTa—i——, a} =la'a,a) =[a',a]a+a/[a,a]=—-a 0.6.9.
2 —— —~—
OTOL €3G Y PNOIULOTOINGUUE TT) YEVIKT 1310TNTA TOV HUETAOETN
[A, BC] = [A, B|C + B|A, C]
Tov 1oy VEL, PBEPata, kot dtav To YIVOUEVO Elval GTOV TPMTO TEAEGTY, dNAadn
[AB,C] =[A,C|B+ A[B,C]
K01 0 TPOKTIKOG KAvOVOG EIVOL KOLVOG KUl GTLG D0 TEPITTMCELS, ONMG EIOAUE OTO
oYETIKO Tupminpopa Bsopiog tov 3ov Keparaiov.®) Eviehédc avdloya yio tov
petadétn [H,a'] 0o éxovpe
[H,a] = [a'a,a'] = [a},a' |a + a'[ a,a | = o
—— ——
0 1
nov etvatl Eavd n oxéon mov Béhape vo amodeifovyle.
d)  Av apnoovpe Tdpa To. 000 HEAT TOV peTABETIKOV GYEoE®V

[H,a] = —a, [H,a'] = a

Vo $pAGoLY TAV® GE [ 10100LVAPTNGT YE TNG yaAtoviaving H pe wotiun E
—dniadn Hyp = Evg— Ba £ypovus:

o To v npdTn petabetikn oyéon

(*)

O xavovag gival Told amAog Kot ek@paletal cupporikd og eENg:

[A, BC] = [A, BC) + [A, BC] = [A, B|C + BJA, O],

OV pog AEeL OTL 0 PHETAOETNG EVOG TEAEGTN UE VA YIVOUEVO TEAEGTAOV TPOKVTTEL TO.IPVOVTOG
TOV HETUOETN TOL TEAEOT pE KGO OpO TOL YIVOHEVOL YOPLOTE KAl TOTODETMOVTAG TOLG
LTOAOITOVG TELEGTEG TOL YIVOUEVOL, de€1d N aploTeEPd TOL anAol petabétn, avaioyo pe ™
GYETIKN TOVG BEom g TPog Tov Opo Tov emAEYTNKE. ANAdT, YEVIKA

[A, A1 Ay AjA - AN = ZAI s Aia[A AiAi - Ay
i=1

Kot akplpdg To 1810 6Tav TO YIVOUEVO ELVAL GTOV TPOTO OPO TOL UETAOETT.
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[H,alYp = —ayp = (Ha—aH)Yp=—ayg
= H(ayp) — a(Hyp) = —ahg
= H(app) —a(Eyg) = —avp

= H(ayr) = E(ap) — (app) = (£ - 1)(avp)

Kol TOo ovunépacpo givor mpoeavég: H kuvpoatoouvvdaptnomn ayr —mov
TPOKVTTEL ATO TN OPACT] TOL TEAECTN a TAV®O GTINV 1310GLVAPTNON YE—
glvar mail 1droovvdptnon pe wotipun £ — 1.

T tn 6ebtepm petabetikn oyéon

[H,a"lp =a'vp = (Hd' —d H)yp=alyp

= H(a'vp) - at(%) = alyp

Evp

= H(a'yp) = E(alyp) + (a'vp) = (B +1)(a'yp)

K0l TO GUUTEPACHA ELVOL TAPOUOLO E TO TpoNyovpevo. H dpdomn tov tedeotn
a' mave otic evepyslakéc 18106VVAPTAGELS LEAVEL TNV 1810TIUN TOVE KUTE.
povéda. Eivor gavepd, dniadn, o1t ot tekestéc al kal a Spovv og telecTég
avafifacns Ko katafifaons ®g TPog To vepyeloKoO edcua. O TpOTOS Hog Tdel
pio 0éon Mo YynAd otV €vepyElakn OKAAQ Kol O dgVTEPOG Uio. BEom mio
yapnid. Kar dedopévov axdpa 6tt ot1g¢ ocuvnbelg povadeg 1o «ua 0éon mo
ynAd» onuaivel TposOnKn 6to cOLGTNHO TNG EVEPYELNS hw VOGS KPAVTOL, EVQD
TO «pa OEGM TLO YOUNAGY» aeaipeon TG eVEPYELOG EVOC KPBdvTov, YU avTd Kal
ot terectéc al kal a ovopdfovial emiong kol TEAESTEC Snuiovpyiac Kot
KATAGTPOPHS OVTIGTOLYO.

Aedopévou TmPo. OTL TO €VEPYELNKO QPACUE TOL COPHOVIKOD TOAOVIOTN E€ival
QPOUYUEVO TPOC TO KOAT®O HE M0 €AGYLOTN 0T Ey —TNV 310TIUN TG
Bepeiimdovg otdbunc— t0te M dpdon tov teleotn katuPifocng a mAve oTnV
avticTolyn dtoocvvdptnon vy 0o mpémer va divel undév, d1OTL SLOPOPETIKA M
Kataotaon ayy 0o NTov plo wtocvvaptnon pe wiotiun Ey — 1 o€ aviipaom pe
mv mapadoyn 0t n Ey eival n xounAotepn dtotiun. Oa givat Aoinov

apy = 0,

ondte M dphon Tov yapitoviavod teheoth (14) —H = ata + (1/2)— néve oty
1y B0 dwoet

Hvpg = ((ITGJF%)% = a'(ayy) Jr%wo = 0+%1/)0 = %1/)0 = Eyho

= E() ==
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Kat a@obd OAEG 01 LTOAOLTES LSLOTIHES TPOKVTTOLY O TNV Fy aveBaivoviag Tpog
10 mdve —pe dpdon tov af— pe PApa povdda, to cHvoro TV 150TIHAOV TOV
talovtot) Oa divetor amd T oyéon

1
E,Lon+nEn+§, n=0,1,2,...
ot1) Oftovtag Topa
1 1 d
a=—7(x+1i =—l|z++— h=1
V2 ( P) ;Hf’l. ., V2 ( da:) ( )
—
n oyéon ayg =0 —n omoia amoterel oTnV ovoia &vav alyefpid opigué e
Oe e Acdd0vs KaTaoTdoems— YPUPETUL MG
d /
a ~ Tt o = by + Py =0,
dnradn g pa anhodotatn Ypoupikn dtagopikn eélomon mpmtng taENg, mov
AOVETAL OUECWOG HE ATOTELEGHLO
ol(w) ~ e 2,
I'vopifovtag v ¥y, n Y1 Ba vroroyiletar apéowg pe dpaom Tov TEAECTN
avopifaong
1 d
al :ﬁ (x —ip) ~ <m—%>
TAvVe otV Yy. Andadn
1 ~ althy ~ <T a d_> Yo = athy — Yy = we T2 + g2
Xr
= Yi(z) ~ ze 2
KOl KATOTLY
d " 22
Py ~ althy ~ <9: — d_> Py =z — ) = 22e 2 — (ze "2
o
_ 56267172/2 _ (1 _ 132)67172/2 ~ (2z2 _ 1)671’2/2
= da(z) ~ (227 = 1)e "2,
and Omov gival QovePO OTL TAIPVOLUE TPAYHOTL TS YVOOTEG EKPPUCELS TMOV
1310GLVAPTHOEMV TOL APHOVIKOD Talavimth —oeite oyeTikd, Keg. 7, oel. 293—
xopig, PBEPata, TOV OCLVIEAECTN KOVOVIKOTOINGMG TOvg mov Ba mpémer va
VTOAOYIGTEL EK TMV LGTEPMOV.
) Av 6¢hovpe vo TaipVOLUE TIG 1810GLVAPTNGELS TOL TUAUVTIOTN GE KOVOVIKOTOL-

NUEVN Lope1 o TPETEL VO LTOALOYIGOLE EMIONG KAl TOLVG CLVTEAEGTEG ¢, KAl d,
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n

TOL UETUTPEMOLY TIG OYECELS ath, ~ Yn_1 Kal alth, ~ 1,11 and avoloyisc oe
160N TES. ZNTOVvE dNAAdN ¢, Kat d,, TETOL0 MOTE Va Elval

C“/Jn = ann—l (A)7 aj’d)n = dnwn-%—l (B)

"o Tov VTOAOYIGUO TOV ¢, (KaT apydc) anuitobue and o dVo HEAN NG (A) va
gyouv ioca k™ agov mpokettol Yo ica Staviopata. Amaitodpe Sniady vo
glvat

llatonll = lenl - [¥n-all = lenl,

omov Oécape ||v,—1]] = 1, apod BELovpe Oheg o1 ¥, —apa Ko M P,_1— Vo glvar
KAVOVIKOTOINUEVEG 181OGUVOPTNOELS KAl ETOUEVOC —OTN YAMGOA TOV SLOVUGHA-
TOv— va éxovv wikog uovdda (||Y|| =1). Oa elvar Aowmodv, ocOpeovo pe o
TAPATAV®,

leal” = [|atnl® = (athn, atpn) = (alathy,n)

= <<H - %) /ll)nad)n) = <(En - %) 1/#“1/%) = n(wm d)n) =n

:\/ﬁv

omov, BéPaia, ypnoponooapse —amd T SevTEPT 1GOTNTO GTNV TPITN— TNV
1310t Ta-0plopRd TOv GLLLYOVG TEAEGTT, VO UETAPEPETUL ATO TO £V SLAVLCUA
EVOG TLUYOVTOG EGMOTEPIKODL YIVOUEVOL GTO GALO, PETATPETOUEVOG GTOV GLlvyn
TOU: (w,AQS)g(AT?/),gb). Aworéyovtag ¢, =+/n (dnradn mapdyovia @aong
povdda) n oxéon (A) 0o ypdoetar TeEAKA ®G

a¢n = \/ﬁwn—l» (15)

onwg pog {ntndnke va deiovpe. Evo pe tov 1810 akpiPdg Tpodmo omodeikvoeToL
Kol 1 oyéon

= Cn

GT’lﬁn =vn+1 wnJrl- (16)

H Baocikn 18¢0 sivar amnAif. Agod 1 Spdomn tov TehestdV a kKot al mdve oTic
1010GLVOPTNOELS ¥, €lval YVOOTN, &V Ol TEAECTEG X KOl p eK@palovtol
GLVOPTNHOEL OVTOV UECH TOV CYETEMV

_a+ al _a— al
\/5 ) p i\/§ b
1OTE dev Exovpe Tapd vo sloaydyovue t1g (17) otig ex@paoelg tov {ntoduevov
PEC®V TIHMV Kol va kKGvovpe tov vrohoyiopd. Etot, yio tn péon tun (z?) =
(tn, 1) O Exovpe KAt apyhg
, 1

1 1
e’ =3 (a+ah)? =3 (a+a)(a+a) =3 (a® + a'? + aal + d'a),

(17)

) @uunbeite Tov opiopd: ||v| = (v, 1/))]/2 (Keo. 3, ogh. 169).
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OTOL amO TNV TEAELTALO EKPPACT GULVEIGPEPOLY OTN HEOT TIUN UOVO o1 Hvo
telgvtaiol Opot —eENYNOTE YlaTi— Y10 TOLG onoiovg Ba elvat

aaw)n = a,(aTz/)n) =avn—+ 11/1114—1 =vn+ 1 (a¢n+l)
=vn+1lvn+1vy, = (n+ 1)1/)"’

Kot

CLTG/llJn = CLT(C“l)n) = aT(\/E 1/%—1) = \/’E (a’“ybn—l) = \/T_L \/’E Ir[)n = nwna

omote yio tn péon tipn (?) Oa &yxovpe

() = 5 (ool + i) =3 (04 1)+ )) = (104 5) )

1
= (xQ):n+§, (18)
ommg pog (ntmonke va deifovpe. Eva pe tov 1610 akpipdc tpdémo Ppickovue OT1
1
W)= (n+3) (19)

Yy mpaypatikotnta, to arnoteiéopato (18) kat (19) propodv va mpokvyouvv
OUEC®S, Taipvovtag TN HEOM TIUN NG YXOUIATOVIAVNG H:%(mQerZ) Kot
0epOVTOG TPOQUVEG —AOY® TNG GULUUETPIKNG EUGAVIONG TOV T KUl p OTNV
éxppaon g H— 611 Oa givar (2?) = (p?). Eror Oa &yovpe

1

(H) =5 ((2) + (%) = (%) = (") = By =+ 5. 0.63.

ot péon T tov 2! Ba sival kat’ apydg

1 1 1 1
374:aUQ-95225((12—0—rﬂ2—|-aa1 —I-CL‘La)E(CLZ—F(LT?—&—CL(L1 +dla)

KOl KOVOVTOG TG TPAEELS GE AT TNV EKPpaoT 00 TPETEL VA KPATALE PHOVO OPOLG
pe 160 aplOpd telest@®V dNpovpYiog KOl KATUGTPOPNS, 610TL HOVO T€TOLol Opot
0o ddoovv un undevikd anotérecpa otny Ekepacn (¢, z*,) e péong Tung
(e€nynote yatl). Oa gival Aonov

s 1 B B
T 1 (a® + a? + aal + d'a)(a® + a'® + ad’ + a'a)

1 - s . .
=1 (a’a™ + a®a® + aa'aa’ + aa'®a + ala®a’ + alaa'a)
+ 6pot pe drapopeticd apBud a ko al.

Mo kabévay and toug Topandveo dpovg o Exovue
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a2a12¢n = aQUj(a“ﬁn) = a2aT< vn+1 ¢n+l) =vn+1 G'Z(au/"mrl)
=vn+1d (\/n 42 ¢n+2) =vn+1vn+2a(a,,e)

=vVn+1vn+2a(Vn+2vP,1)
=Vn+1vn+2vVn+2(ah,1)

= (n+1)(n+2)¢n

a?ay, = aalap,) = vV a(au_1) = Vi Vn—1 al (aT,_s)
=VnvVn—1vVn—1(a'¥,1) =vnVn—1Vn—1vn,
=n(n—1)¢,
Kol EVIEADG avAloYa:
aa'aalth, = (n + 1)21/17“ ataata, = n*y,
aaﬁaw” =n(n+ 1), aTaQaWJ” =n(n+ 1),
omote Y10 to (2t) O &yovpe

(zty = ((n+1)(n+2)+n(n71)+(n+1)2+n(n+1)+n(n+1)+n2)

e

=7 (6n* 4 6n + 3) = Z (2n® +2n + 1) 0.6.8.



