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AwTipnon g 6Tpo@opuig
6€ KEVIPIKO OLVONLKG KOL Ol GUVERELES TNG

Onog xotd TNV KAAGIKN Kivnon o€ €vo Kevipikd medio duvauemv —Omov 1o
dtavuopo £ g otpopopung mailel évav kaiplo polo, akpiPodg emeldn eivol
Sl TN PNoIHo— £T0L KO GTNV KPAVIOUN X OVIKT, ] GTPOQOPUT OVOUEVETOL VO, ELVOL
£vag «Baotkog ToikTNG» 610 avTicTolyo TpoPAnuata, Kot avtd Oa eauvel kabopd
67T0 QUECHG ETMOUEVO KEPAAalo, otav Bo avalntnoovpe to TANPeG GOVOLO TOV
ADGE®V TOL OTOUOL TOL LEPOYOVOL. Av DEAETE VO EXETE U0 EK TOV TPOTEPMV
KATOVONGT OPLOUEVOV Y OPAKTNPIOTIKAOV aLTOV TOV ALGE®V —Ta omoia Oa
TpokOYoLV autopata and Tt dtadikacio exiAvong— kavte ta e&Ng:

a)

B)

Y)

Emkalieoteite tnv eicoon

. d(A)

ih e ([A, HY) (1)
nov dgi&ate oTo cvunAnpope ewpiog tov Kepalaiov 4, yio vo cupnepdvete
OTL: gtV Kfaviounyavikij ta. oratnproiua ueyéln eivar exeiva mov uetatilevrar ue
™ yadroviavii Tov mpofiiuatog. AgiEte 6TL ALTN M GLVON KT cvverdyeTuLl oYL
HOvVo TN d1aTNpNOT TG HEOMG TIUNG AAAG Kol TNG afefatdotnTag Kot YEVIKO-
Tepa OANG TNG OTUTIGTIKNG KATOVOUNG TOL peyEboug.

Aei&te OTL kaTd TNV KPAVTOPN Y OVIKT KIVIIGT G€ VO TUYOV KEVIPLKO duVapLL-
KO, M GTPOQOPUN €lval pio ST PNGIUN TOcOTNTO. OO 1 vovy dNAAdT o1
petabetikéc oyEoelg

[H,&]:O, ZEmayvz (2)

apa —ogi&te To— O toybel ko M
[H,£%] = 0. ®3)
Amnd 116 (2) xar (3) og cvvOLAGUO NE TIG [f, £,] = iRl + KuKAKEG peTabécels,

cvpnepavete 6TL T peyén H, £2 ka1 £, elvar copPipactd kat dpa propovy va
€Y 0LV KOLVO GUOTNUA 1310GLVOPTOEMV.
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@)
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ZOUQ®VO PE TOV VOUO TNG YXPOVIKNG HETUPOANG TV pHEG®V TIHOV (BA. Zvumin-
poua Bewpiac 2, Keg. 4)

ih % = ([4, H]) (4)
etvatl avepd otL av [A, H] = 0 —av dnhadn to puotkd péyebog A petatibetar pe
™ YORATOVIOVT TOL TPOPBANUATOC— TOTE i wéon Tov Tl dwatnpeital atalepy ue
T0v ypévo. Av opwg givar [A, H] =0, 16t 0o sivar emiong [A%, H] =0 xat
vevikotepo [A", H] =0 7, oképa, [F(A),H] =0, omov F(A) po tvyobdoa
ouvaptnon tov peyébovg A. Kot emedn n (4) 16yVeL Y10 OTOL0ONTOTE PLGIKO
péyebog —A n F(A)— tote Oa dratnpeitar otabepn pe tov xpovo Oyt povo n péon
TN Tov A 0AAG Kol M afeBatdtnta Ko, YeVIKOTEPA, OAN 1) OTATIGTIKTN KATAVOUN
Tov peyébovg. Metald Tov dAA®V, avtd cuvendyetal kot to €€Ng: Av og pa
OPLGUEVN Y POVIKT GTIYUN M KOTACTOGT TOL GLGTNHOTOG EIval (o 1310KATAGTA-
omn 1tov (dratnpnotpov) peyébovg A, 16t B0 TAPUUEVEL CLUVEXDS 1O10KOTACTOOM
pe TNV 1d1a 1810TIpn.

Katd v xhaoikn Kivnon o€ €va KEVIPIKO SLUVOULKO 1| GTPOQOPUT Elval TavTa
pio 1o TN pNOIUN TocOTNTA. AVTO OTOPPEEL AUECHS 0o TN YveoTn e&icmon

de

7 T=rxF,
OV TOPATNPNOOVUE OTL GE €vO KEVIPIKO Tedio dvvauemv m dvvaun F €xet
axtvikn katevbovon (F|r) kot emopéveg m pomn TG OG TPOG TNV apyn
(T =r x F) undeviletat. AedopHEVNG TNG KEVIPIKNG ONUACLHG TOV VOUOV S1oTh-
pMNONG GTIN QLOIKY, €lvol eOAOYO va mepiuévovpe OtL M aTpoopun Oa eival
EMIONG OLATNPNOIUN TOGOTNTA KOl KATd TNV KPaviopnyovikn kivnon oe €va
kevipikd duvopkd. T va to eléyEovpe Oo mpémer va vroloyicovpe TOLG
petabéteg [¢;, H) ywo i =2x,y,z Kou vo dovpe ov undeviCovtor 1 oyl Oa
anodeifovpe mpdTE OTL Ylo. pio Tvyovco youhtoviavy H = (p?/2m) + V(r)
—omov V(r) éva tuydv (OxL xat’ ovayknv Kevipikod) duvvopiko— toybel m
petafeTikn oyéon

omov T = r X F 1 khooikn €k@pact g pomng yia t dvvoun F = —V V(r), mov
OVTIOTOLYEL GTO 6EG0UEVO BUVOULKO. AV OEYTOVUE, TPOG oTiyunyv, TV (5), eivar
eavepd Ot yio €va Kevipiko dvvaptko V(r) 0o eivar F |l r = 7 =0, onote n (5)
cuvenmayetat 0Tt [¢;, H] = 0 Kol ETOPEVOG OTL OAEG Ol GLVIGTAOCES TOL £ —apa Kal
70 1610 10 d1dvocpa £— gival S10TNPNOIUES TOGOTNTEG, OTMOC KOl GTO AVIIGTOLYO
KAOGLKO TPpOPANUC.

Adym 160dvvopiog OAOV TV KoTeLdhveemv ToL YOPoL, apkel va anodeifovpe
™mv (5) povo yo pio cuvictdca To0 £ 6T TV £,. Aedopévov 0T €, = xp, — Yp,,
N EQAPUOYT TOV KOVOVMOV VTOAOYIGHOVD HETAOETOV TOL avATTOEAUE OTO GYETIKO
ovpnAnpope tov Kepaiaiov 4 6o dwoet
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)

(6., H] = [vpy — yp., H] = [vpy, H] — [yps, H]

= (zlpy, H) + [, Hpy) — (ylpx, H] + [y, Hlp:)
= (o 55) + () - (- 5) + (35,
_ (x(fzh %) + (zh %)py) - (y(fzh Z—Z) ik %px>

= (‘T(Zh Fy) +ih % p:u) - (y(lh F,) +ih % pw)

) ih
= ZTL(IFy —yF,) + m (pxpy - pypz)

=il(rx F),+0=1ihT, 0.£.9.
OTOL GTA TAPATAV® Y PTOLUOTOICUNUE TIG YEVIKEC UETUOETIKEG OYECELG
0A 0A
iy A - h 3 7y A - — h
[zi, A] =i o [pi, A] = —ih 5 -

ol OTolgg yia

Do+l
N 2m

A=H +V(z,y,2)

divovv

OH p;  O9H 9V
api_m7 6:@_811_ !

EVD —AOY® TNG HETAOETIKOTNTOG TOV CLVIGTOC®V TNG OpuUNc— Ba eivor emiong
DDy — PyPz = 0 K.OK.

IMa éva xevipikd duvapiko Ba givar Aowov 7 =r x F =0 = [(;, H] = 0 ondte
0o eivar emiong kot

(0%, H] = [+ £+, H) = [(2, H) + [¢, H] + [£, H]
= ly[ly, H) + [£, H]L; + kAT
=4;-04+0-,+---=0.
Enopévag —Onme NTav avopevVOREVO— EKTOG GO TIG GLVIGTMGES TNG GTPOPOPUNG
0o gival dtotnpnoiun TocoOHTNTA KOl TO UETPO TNG.

ZOpeovo e To KBOVTOUNYaviKOe KpLtiplo Slatnpnong mov SLTUTOCUUE TPLV
—[A, H] = 0— av éva péyebog givar dtatnpnotpo Ba givor eniong ooufifiacto pe
LOUPIATOVIAVT TOV TPOPANHATOG Katl ETopéVmg Ba propet va petpn et tavtdypova
pe avthv. @0 VILAPYOLY INAAIN KOIVES 1010GVVAPTHGES Y, TOV pneyebov H kot A
yia T1g onoieg B cuvaAnBevovy ot eEloDGELS 1810TIH®V



YYMITAHPOQMA OEQPIAY KE®. 8

Hypa = EYga, AYpa = apa.

Av gmmAéov vmapyel Kol €va devTEpO dratnpnoipo péyebog B mov eival
oupPipaocto kot pe to A —dniadn [A4, B] = 0— 1ote O vrdpyet eniong £va Kowvo
ovoTNUa 1dlocvvapTioeny oV peyebov H, A kot B 161010 O0TE

HwEaﬂ = Ed}Euﬁv AQ/JE(W = OHZ)Eaﬁv BwEuﬁ = ﬂd}Eaﬂ

Kat av 1o cbomnue avtov tov tpltov peyedov —H, A kot B— dgv pmopel va
dtevpuvlel mepartépm —dev vIApYEL, ONAXSN, Kavéva diro péyebog C mov va
petatifetol Kot pe to Tplo and avtd— 10T AEPE OTL T0, HEYEOM avTd cLVATOTEAODY
Eva Apec ovatnua tavtoypova uetpioiumy ueyelanyv. Kot pa dueon ocuvvéneia
aVTNG ™G TAnpotyTag eivar n eENg: Av yvopilovpe Tig TIHEG OA®V TV peYEODV
€VOG TETOLOL TANPOVG GLOTNUATOG, TOTE 1N KATAGTOUCY TOL COUATIOIOL €ival
povoonuavto mwpocdiopiopévn. H tavtdypovn pétpnom tovg —mov eivat,
BePaiwg, duvath apob petatiBevial— GUVICTE o TAHpn UETPHa.

Emniéov, enedn —ommg Oa SoVpe 6TO EMOUEVO KEPAAULO— Ol EKPPACELS TOV
TEAEGTOV £2 KUl £, G GQULPIKEC GLVTETAYUEVEG

19 a0 1 & )
2 _ _ 52 I i i — _ih
E=-h (smo 26" 56+ e &p?)’ b=y

TEPLEYOLV TUPAYOYIGELG LOVO ®G TPOG 6 KOl ¢ —Kal TOv £, HOVO ®G TPOG p—
UTOPOVUE VO TOVUE €K TOV TPOTEPOV OTL Ol 1310GLVOPTNGELS Y(r, B, p) oe éva
KeVTPLKoO duvapkd Ba €xovv ™ yoptlopevn popen

U(r,0,0) = R(0)O(0)2(),
omov N P(¢) Oa elvar WdrocvvapTnon Hovo Tov £,

gzq)(ﬁp) = a'mq)(@)

Kot dpa Ba éxel ™ popen ®(p) = e ¢/, dnov ta a,, Tpocdiopiloviol auicmg
and T cuvOnKn

O(p+2m) =B(p) = a,=hm m=0,%£1,£2,...

oL eKEPAlEL TNV CLTOVONTN ATOITNON Vo €lval 1 KLUOTOCULVAPTNGT] ML
HOVOTIU GOVAPTHGH TOD Ypov, a@oL 1 TEPLGTPOOT KaTd 27 YOp® arnd Tov dEova z
pag Eavagépvel gto 1610 onpeio. Oco yio ™MV TANPN YOVIAKT KOUATOGOVAPTHTNH

Y(0,9) = 0(0)2(p) = O(0)e™,

avtn Oo mpokVTTEL G 1d106LVAPTNON Tov Tekeothy £2 —Oa elval SnAady
L2Y = aY — xan emeldn M €xk@pacmn avtod Tov 1ehesth| givorl mavto 1 idwo (Sev
e€aptdtal omd TO GULYKEKPIUEVO KEVTIPIKO OLVAULKO), 1| HOPON OLTNG TNG
YOVIOKNG Kupatoouvaptnong Ba mpocdiopiotel dnal did mavtog kot o givar
KON Y10 OAo To KEVTPIKE duvoptkd. Etot, avto mov Oa aropévet Oa eivar n Abon
povo pag aktivikng eéicoong ya ™ cvvaptnon R(r).

Eivotr gavepd voTepo omd TO TUPUTAVOD OTL KaTd THY KIVION G€ §va KEVIPLKO
ovvauixo, ta ueyéOn H, €% xar £, ovypotodv éva miijpes obotnua tavtéypova
petprioiuwy  ueyelav, o@ov petatifevror petagd Tovg KAl EMMAEOV —OT®G
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UTOPELTE VO OE1TE LOVOL GOG— JEV LTAPYEL KOVEVH GAAO TOL Vo PETOTIOETOL KOl pE
ta tpio. H tprddo H,£2 xar £, Ba Stu8étet smopévag éva kKo1vo TApec cOOTUA
dtocvvapthoey Tov Ba Tposdiopiletat and v anaitnon vo cuvaindebouvv ot
Tpelg €£16MGELS LOLOTIHMV

2
H 'anﬂm = E’n"/’nfm: £ wnfm = aﬂpnémy Ezwném = ﬂmwném» (6)

onov E,, ag, B, o1 1810Tiuég tov peyedov H, €2 kot £, avtictoryo kot n, £ kol m
Tpelg avtiotor ot kfavtikol aptfpol mov Tpocdiopifovy TiG EMITPENOUEVES TILES
tovg. Kot 6mwg 0o dovpe 6t0 endpevo Ke@AAaLo, Y10 TO GTOLO TOL LIPOYOVOL OL
EMITPENOUEVES VTEG TIHES O elvat o1

met 1
E”L:_Q—h?ﬁ’ n=12...
ap=h* 00+ 1), 0=0,1,2,...
B = hm, m=—{,...,+{,

To ciyovpo gival 6TL KATd TNV Kivnoen 6€ £va KeEVIPLKO SUVOUIKO —Kal 0VTO TOV
Hag eVOLOQEPEL KUPLOG €00 Elval To dvvauiké Coulomb— €kTdG 0md TNV EVEPYELL
Tov copoTdiov Ba umopobue vo yvopilovpe TOLTOYPOVO TOGO TO UETPO TNG
GTPOPOPUNG TOL OGO KOt TNV TPOoPoAN TG oToV dEova 2.

Ol avayvmoeTEG TOV EPYACTNKAV TAV® GE TOLTO TO ZLUTANpoud Bewplog Oo
EYOLV TNV guKulplo GE AlY0 —OTAV TPOY®PTNOOLY GTN UEAETT TOL EMOUEVOL
KEPAAOIOV— VO, SLOTLGTOGOLY OTL T0, Ooa eimape dm Oa tovg fondncovy va dovv
amd o vyMAOTEPT OKOTLE TN S10dIKAGIo TANPOVG EMIAVGTG TOV GTOUOL TOV
vépoyOVOL Kol To amotelécpata mov Ba mpokvyouvv amd avtnv. Onwg otnv
KAOOIKT €TO1 KOl GTNV KPOVTIKT pnyovikn 1 vmopén ototnpnoiuov peyedmv
S1eLKOALVEL ONUAVTIKG TN AOGT €vOg TPOBANUOTOG, YU AVTO KAl 1 HEAETN TOV
vopov dtotnpnong eivatl éva Paotko Bépo oe o Tpoympnuéva padnpata gite
KAOGIKNG €lte KPOVTIKNG PN OVIKNG.



